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On vector fields coinduced on a differential space
and their Lie product

by W. WALISZEWSKI (X.6d%)

Abstract. Let f: M - N and D let be the differential structure f-coinduced from
O to the set N. The condition for a veotor field X defined on (M, 0), necessary and
sufficient in order that the vector field f, 0 X to be of the form Zo f, where Z is a veotor
field on (N, D), is given. Such a vector field Z being uniquely determined by X is
called f-cotnduced from X. The formula for the Lie product of the vector fields f-coin-
duced is derived.

O. Preliminaries. Let M be any set and let C be a set of real-valued
functions defined on M. We denote by 7, the weakest topology on M such
that all functions of C are continuous. For any subset A of M we denote
by C, the set of all functions f defined on 4 and such that for every
point p of A there exists a neighbourhood U of p open in 7, and a function
a of C such that |ANTU = a|ANnTU. The set C is said to be closed with
respect to the localization iff C,; = C. We denote by scC the set of all func-
tions of the form ¢(a1( )y eeny agl- )), where ¢ is an arbitrary C*-function
on R% a,,...,qa, belong to C and s is an arbitrary natural number. The
set C is said to be closed with respect to superposition with real-valued C™-
functions, if scC = C. The pair (M, C), where C is a set of real functions
closed with respect to the localization and superposition with real-valued
C>-functions, is called the differential structure of this space (cf. [1], [2]
and [4]). Let f be a function defined on M having the values in N, i.e.,

(1) frM->N.

We say that f maps smoothly the differential space (M, C) into the
- differential space (&, D), which we denote in the form

(2) f:(M’G)'—"(Ny-D)v

iff for any B of D the function fo f belongs to C. For any real-valued function
defined on N we set f*(B) = pof. If C is a differential structure on M,
then the set f*~'[C] (see [4]) is the differential structure on N, the so-
called differential structure coinduced from ¢ by the mapping (1), or equiv-
alently, f-coinduced from C to the set N. In [4] we have proved that
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0.1. The differential structure D is f-coinduced from C to N if and
only if for any function g: N—P and for any differential structure F on
P in order that

(3) g:(N, D)~ (P, F)

be a smooth mapping it is necessary and sufficient that gof: (M,C)~ (P, F).

0.2. If D is the differential structure f-coinduced from C to N, then the
f-image f[M] of the set M is open in tp and the topology induced in N —
—f[M] by ©p is discrete.

The smooth mapping (2) is said to be weakly coregular at the point p
iff there exist neighbourhoods U and V of points p and f(p), respectively,
open in 7, and 7, and @ smooth mapping o: (V, Dy) - (U, Cy) such that
of f(p)) = p and fos = id,. A mapping weakly coregular at every point
of M is called weakly coregular. In [4] the following lemma is proved.

0.3. If the mapping (2) i8 weakly coregular, then D is the differential
structure f-coinduced from C to the set N and the mapping f: (M, 7¢c) ~(N, 7p)
i8 open.

A mapping v which to any function a of C assigns the real number
o(a) in such a way that for any functions a« and # of C and for any real
number a the equalities

v(a+p) =v(a)+0(8), v(aa) = av(a),
v(ap) = a(p)o(8)+ B(p)v(a)

hold, is called a vector tangent to (M, C) at the point p. The vectors » and
w tangent to (M, C) at p can be added and multiplied by reals as follows:
(v4+w)(a) =v(a)+w(a) and (a'v)(a) = av(a) for any a of C. We then
obtain the linear space (M, C), of all vectors tangent to (M, C) at the
point p, the so-called tangent space to (M, C) at p.

1. The f-coinduced vector fields. For any smooth mapping (2) we
define a mapping f, which to every vector v tangent to (M, C) at any point
assigns a vector f,v tangent to (N, D) and defined by the formula

(4) (fov)(B) = v(Bof) for BeD.
In particular, for any p of M we have the linear mapping
(5) Jo: (M, C)p—~(N, D)y, .

From formula (4) it immediately follows that for every smooth map-
ping (2) and (3) we have (gof)s = gx0Jfe.
If C is a differential structure on M, then the set C, of the form .
(£*[f*'[C]])x is & differential structure (cf. [4]) on M. Evidently, C, < C.
For any vector v tangent to (M, C) at p we set v,(a) = v(a), when a<C,.

-
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We then obtain the linear mapping
(6) v >0 (M, C), > (M, Cp)yp.
We will prove the following lemma:
1.1. If D is the differential structure f-coinduced from C to N, then for

any point p of M there emists evactly one isomorphism fp of the zmage of
(6) onto the image of the linear mapping of the form (5) such that

(7) f,,(a,) =fov  for v of (M, C),.

Proof. Assume that the vectors v and w of (M, C), fulfil the equality
J«? = faw. Then, for every f of D we have v(fof) = w(fof). Let ae(f* [D])p-
Then there exist a neighbourhood U of p open in 7y and a function
aef*[D] such that a|U = a,|U. Then we have a|U = f,0f| U for some
f, of D. Thus we get v(a) = v(f,0f) = w(p,0f) = w(a). Hence it follows
that v, = w,. Therefore, there exists a linear mapping 1, of the image of
(5) such that I,(f,v) = v, for v of (M, C),. Now, if v, = w,, where v and
w are of (M, C),, then v(a) = w(a) for acf*[D). Thus, v(fof) = w(Bof)
for feD. In other words, f,v = fow. Setting fp = 1,7, we obtain the

isomorphism f;,. It is easy to state that (7) characterizes this isomorphism.

The function V which assigns to every point p of M the vector V(p)
of the space (N, D),,, is said to be an f-vector field on (M, C) tangent
to (N, D). The vector field is called a smooth one iff for every function
p of D the function 8, f defined for pe M by the formula 3, 8(p) = V(p)(8)
belongs to C. If (M, 0) = (N, D) and f = id, the f-vector field is called,
shortly, a vector field on (M, C).

1.2. If D is the differential structure f-coinduced from C to N, then
every f-vector field V of the form V,of, where V, i a vector field on (N, D),
8 smooth if and only if V, is smooth on (N, D). Therejore, ¥V, t8 uniquely
determined by V.

Proof. Suppose that V is a smooth f-vector field on (¥, D). For any
BeD se have 0,8 = (3, f8)of. The function 9,8 belongs to D. From 0.1
it follows that 0y,B also belongs to D. In other words, V, is smooth on
(¥, D).

Let V, and V, be f-vector fields on (N, D) and V,of = V,of. Then-

Volf(M] = V,|f[M]. The set f[M] as well as one-point set {g}, where
geN —f[ M], are open in 7;,. Hence it follows that V,|N —f[M] = V| N —
—f[M]. Thus, V, = V,.

1.3. If D is the differential structure f-coinduced from C to the set N,
X is a vector field on (M, C), then fyo X is a vector field of the form Yof,
where Y is a veotor field on (N, D) if and only if the following condition ig
satisfied:

(i) for any p, p’e M, if f(p) = f(p’), then X(p); = X(p’);.
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If fooX = Yof, then XY is8 uniquely determined by' X. If, moreover,
X is smooth, then Y is smooth.

Proof. Let us suppose
(8) fsoo X = Yof.

Then, for any p,p’¢« M such that f(p) = f(p’), we have f.X(p)
=fuX(p'). Lemma 1.1 yields f,(X(p),) =fo(X(p’)). Hence X(p),
= X(p');. Now assume (i). From 1.1 we obtain f. X (p) = f« X(p’) when
f(p) = f(p'). Hence it follows that for any gef[M] there exists a vector
¥ (q) of (N, D), such that for every pe M the equality f,X(p) = Y(f(p))
holds. Setting Y (q) = 0 for ge N —f[M], we get the vector field ¥ satis-

fying (8). The second part of the statement is an immediate consequence
of 1.2. '

The vector field ¥ on (N, D), where D is f-coinduced from C, satisfying
equality (8) will be denoted by fX and called the vector field f-coinduced
Jrom X. The vector field X satisfying (i) will be called f-factorizable.

1.4. If D is f-coinduced from C to N, F is g-coinduced from D to P, then
Jor any f-factorizable vector field X on (M, C) such that fX is g-factorizable,
‘the equality
(9 afX =(gof) X

holds. Moreover, if X is smooth, then fX and (gof) X are smooth.
In particular, if (2) and (3) are coregular and onto, then (9) i8 satisfied.
Proof. Suppose that X is f-factorizable and fX is g-factorizable.
Then we have

fooX = fXof and g,0fX = (gfX)og.
Hence, for any pe M we get

(90£)e X () = ga[fo X (p)) = ga(FX(f(p)) = (af D) (g(f(8)))-

Thus, (gof)soX = g(fX)o(gof). This yields (9). The second part
of the statement follows from Lemma 0.3.

2. Lie product of f-coinduced vector fields. Let- X and Y be smooth
vector fields on (M, C). For any pe¢ M and aeC we set

(10) [X, Y](p)(a) = X(p)(dpa)— Y (p)(dxa).

We obtain (see [3]) the vector field [X, Y], the so-called Lie product
of X and Y. The correctness of the definition of the Lie product of X and
Y given by formula (10) requires the vector fields to be tangent to (M, C).
On the other hand, f,o[X, ¥] is an f-vector field. It would be convenient
to obtain a formula for this f-vector field. Therefore, it will be sufficient
to obtain a formula for f[X, ¥].
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2.1. If D is the differential structure f-coinduced from C, then for every
J-factorizable vector fields X and Y which are smooth on (M, C) the vector
ield [ X, Y] is f-factorizable and the equality '

Ja1) f1X,Y] =[fX, fY]
holds.

Proof. Suppose that X and Y are vector fields f-factorizable and
smooth on (M, (). Then f,X = fXof and f, Y = fYof. Thus, for any
pe M and BeD, we have '

axB(f(p)) = FX(f())(B) = f+ X (p)(B) = X(p)(Bof) = dx(Bof)(p).

Similarly for Y. In other words,

(OrxB)of = 0x(Bof) and (9ppP)of = ar(ﬂof)‘-

Consequently,

[FX, fY1(f(2))(B) = fX(f(P))(Osx B) — FY (f(2))(9yxB)
= f.;x(P) (0s7 B) —f. Y (p)(0,xB)
= X(p)((f’;yﬂ) Of) - Y(P)((af:\rﬂ) Of) .
= X(p)(0x(Bof)) — X (p)(dx(Bof)
= [X, Y}(p)(Bof) = fu[X, X1(p)(B).
Therefore, fyo[X, Y] = [fX, f¥]of. Then [X, Y] is f-factorizable

and equality (11) is satisfied.
Ag an immediate corollary of 2.1 we obtain

2.2, If the mapping (2) i8 weakly coregular and onto, then for every
f-factorizable smooth vector fields X and Y on (M, C) the vector field [X, Y]
18 f-factorizable and (11) holds.
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