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- 1. Introduction. Let V, be an n-dimensional Riemannian space of
class C* with a non-singular fundamental quadratic differential form
ds? = gy(z)da'da’.

Denote the curvature tensor, Ricei tensor and scalar curvature of
the space by Ry, By and » = Ry g7 [n(n—1), respectively.
A tensor a; ;. .1y Where 2<<p < m, is called a 1/p X p tensor (cf.

[5])) if

a; and a

1-edipiyedpl = Wy dpiy..ipl i)ipline dpll = ®iyipiy.iple

If n>4 and 2<p<n—2, the tensor

2
0 —_ 9 ﬂl...a -P, . ﬁl...ﬂ _
(1) ail...ip].l...jpl - (p!)2 I n 11...1paﬂl...ﬂn_ppl...ﬁn_pll n pjl.]p’

where I; ; is a unit n-vector and ¢ = (—1)P®~P/ ig ¢alled the. dual

of the tensor Q..o pirerip_pl (cf. [5]).
If n =2p, a 1 [p X p tensor a; . ; ;. Which sa,tlsfles the identities

Oa,

... =0q. . . ,
1...1p11...7pl azl...tp:)l...]pl’

where @ = 41, is called a self-dual 1/p X p tensor. Moreover, if @ = 1,
the tensor a; i ; . j,1 is called a self-dual 1/p X p tensor of the first kind,
and if ® = —1 — of the second kind (cf. [5]).

2. A necessary and sufficient condition for a Riemannian space V,
to have constant scalar curvature. Consider a 4-dimensional Riemannian
space of class C* with a non-singular metric tensor g,;.

Let By be a tensor field of class ! of the form

at
(2) Bhijk =a (thgij —Ryi i+ Rijns —Rikghj) + bR (ghkgij —Gniix)»

where a # —2b are arbitrary constants.
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THEOREM 1. A Riemannian space V, has constant scalar curvature if
and only if the covariant derivative of tensor field B,y is a self-dual 1/2 X 2
tensor field of the second kind.

Proof. From (1) and (2) as well as from the formula (cf. [2] and [4])
I'r-fmmi1- j”Iil...imkm+l...k,. = m!(n—m)! Affm+1-Inl
it follows that
a
“Buigie = (Iniap Litys B e8” — IniapLinys B, 9" +

“+Tniap Lieys B?,09% — Iniap Liiys B, 9™) +

bR 0
+— (TniapLiiys9™° 9% — Iniap Linys9°” 9%°)

= —a (R;oghjg{k +Rors o 9ii +Bij o Onic — B o G0 —
— R0 91k —R, oInkdsf) — bR, (994 — Inisj) -
Heénce
(3) "Buirie = —0(Bpr;o 94 _llghj:egik'i'R{'j;eghk—
— By oOng) + (@ +0) B, , (92945 — Ing 9ik) 5
where semicolon denotes the covariant derivative.
Now, if the covariant derivative of tensor field B,y is a self-dual

1/2 x2 tensor field of the second kind, i.e., if Bjyia = —°Bhyxa, then
we infer from (2) and (3) that

B, o (gre95 — 9ns9ax) = 0.
Multiplying the last identity by ¢**¢” and summing for the indices
tyj, h, k, we obtain R,, =0 or, equivalently, R = const.
Conversely, if B = const, then from (2) and (3) it follows that
Bhiji;o = (Bpk;a9s5— Ry afix +Bijya I — Bk o I1s)
and

°Bwk; a = —@ (Rﬁk;agij —th; a9ix +Rij; a9nk _Rik;aghj) ’
hence

Bijk;a = —°Bpijiza-
Thus By, is a self-dual 1/2 x2 tensor field of the second kind.

3. Some properties of a conformal-symmetric space V,. As is known,
the conformal curvature tensor Cyy;. of a V, is defined by the formula

1 .
5 (Byygnie —Bingni +Bpegy —Bpygin) +

Chﬁk = Rht'jk—

1
+ n—1)(n—2) E(94 90— Juc9ns) -
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Chaki and Gupta [1] have called a Riemannian space V, conformal-
-symmetric if the conformal curvature tensor of this space satisfies iden-
tities Chyr,a = 0.

Hence, if V, is a conformal-symmetric space, then there is

, 1 _
(4) Buyga = n_2o (Bak;a9is —Bag;a Qi+ By, o I — Rt o Irg) +

+ (n—1)(n—2) R, . (9590 — Ine9s) -

By virtue of theorem 1 and formula (4) we have

THEOREM 2. A conformal-symmetric space V, has constant scalar cur-
vature if and only if the covariant derivative of the curvature temsor of this
space i3 a self-dual 1/2 X2 tensor of the second kind.

If a Riemannian space V, is a conformal to flat space, i.e., Cpy = 0,
then V, is a conformal-symmetric space and, consequently, the curvature
tensor of this space satisfies identities- (4). In particular, we have

THEOREM 3. A conformal to flat space V, has constant scalar curvature
if and only if the convariat derivative of the curvature temsor of this space
18 a self-dual 1/2 X2 tensor of the second kind.

Let f7 be an arbitrary self-dual bi-vector field. Then, by the defini-
tion (cf. [3]), there is
f7 =0-31%f*,
where @ = +1.

It is easy to show (cf. [56]) that for an arbitrary pair of self-dual
bi-vector fields of the same kind hold the identities

(5) FORD = 3™ hy.

If- a Riemannian space V, is a conformal-symmetric space, then
from (4) and (5) it follows that
Ryt fMW* = — 1R, f*h,,
or, equivalently,

(6) (Bnsj;1 + %R;zg[h[jgilk])f k=0,
where

at
Iinii 95y = 3 (Gngi Gy — Gsts Inirg) +
Now, if we put

a
(7) Fryw = Ry + < By i
then, by (8) and (7), we get
F Mjk;lf Mak = 0.
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This identity implies, as is easy to show (cf. [5]), that

Friji;i = —Fhijit-
Therefore, we have
CorOLLARY 1. If a Riemannian space V, is a conformal symmetric

space, then the covariant derivative of tensor Fy, defined by formula (7)
i8 a self-dual 1/2 X2 tensor of the second kind.

In particular,

COROLLARY 2. I [ a Riemannian space Vg i8 a conformal to flat space,
then the covariant derivative of tensor Fri defined by formuia (7) is a self-
-dual 1/2 X2 tensor of the second kind.
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