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The numerical method of solving ordinary differential
equations with the Cauchy initial condition

by WIESLAW W. SorLAk (Krakdow)

In the present note an attempt is made to show a numerical method
of solving ordinary differential equations.

The first part is concerned with the ordinary differential equation
with the Cauchy initial condition; the right-hand term f(x,y) of the
equation will be given the upper and lower estimation by the linear
formulae bound with the function f.

In the second part the condition for an upper and lower estimation
of the differential equation integral curve will be given. This part of
the note could be used in the Czaplygin method [1].

1. Let us consider the equation

11 ’y’ = flz, y),
where z, < x < w with the condition
(1.2) Y(Ze) = Yo.

For the right-hand term of equation (1.1) it is assumed that

1° f is of class (%

2° f, # 0,

3° (@, w)—f(x, v)| < Llu—ol.

We look for the solution of equation (1.1) in [z,, w] with condition
{1.2). The interval [z,, w] is divided into » equal parts h = (w —x,)/n.

Let us write »; = zy+1h, © = 0,1, ..., %, and

u(%y) = Uy = Vo = V(%) = Y.

Then with (1.1) we associate the continuous function u(a) satisfying the
equations

(1.3) u = a;x+bu—+c;,
(1.4) w(x;) =u, ¢=0,1,...,2—1,

where ze[x;,r;.,], and the continuous function v(x) satisfying the
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equations
(1.5) V' = o+ B0+ s,
(1.6) v(x) =0, 1=0,1,...,n—1,

where ze [x;, 2;,,].
The coefficients of the above equations are defined as follows:

of (;, u;) b of (@, u;)

a;, = ——, = ——

¢; = fla;, u;) — a2, —bu,,

[ am T ay ’
@ — f@;+h, y,+ k) +fe,+h, y, — k) —2f (%, v,)
() 2h ’
g, — f@i+h, v;+k)—f(a;+h, v,— k)
T 2’0 ’

v: = f (@ ) — a2 — B0,

Solving equations (1.3) (1.5) with conditions (1.4), (1.6) in the i-th interval,
we get the formulae

Q; 0; + C; a;

a;x+¢; a;
b, * b;

(1.7) u(x) =( b B’

+ ui) ebi(z_z‘i) —

Tty a (r—zy T TV: o
1.8 v(x) = (——+—q+pi)gﬁz(z ) T v
(1-8) 5B B

Let us assume that in every interval we have the inequality

(1.9) ai$+biy+ci<f<w’y)<aiw+ﬁi?/+7i7 t=0,1,...,n—1,

for (z, y)e Il;, where

1,

k

T S8 By,
k
Yy~ @) SY<S Yt (@)

is satisfied.
Considering the fact that w«, = v, = y, and inequality (1.9), it is
easy to prove that ’

(L.10) u(@)<y@)<wv(z) for velz;,z;,],%=0,1,...,5—1.
From Taylor’s formula we shall estimate the difference in the first
step:
o(@) —u(x) =} Lo(@—x0)?, e[y, ],
Ly = [bo[f (%o Yo) + @010 — Bo[f (2o, Y,) + ag] 0],

where £, e (g, #1)-
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From formulae (1.7), (1.8) and the assumptions 2° 3°, we shall obtain
in the ¢-th step:

v(w) —u(x) = v, —u;+ [(a;2;+ B0+ ;) — (@2, 4+ bu + ¢;) | (@ — @) -+

(® —x,)?
+ L; 2

(v —x;)?
5

< o—ugl+ Liv,— w,l(w—x,)+ L;

h2
< |v;— ;| (1 + Lk) +Li'2—7
L; = |b;[f (s, u;) + ;16" ¢~ — B, [ f(@,, v;) + a2,
&, Ee (i, @)y, X, < &< Bipq;
hence -
2

h ) )
Vipr— Uip1 < o [Lo(1+Lh)Y+ L(1+ LAY ' +...+ L;].

From Taylor’s formula we obtain the formulae for I;:

27

: h
L; = b, L+0()](v;—u)+0(k), L;=2bb;,... boL'T)—-i—O(k)-

Writing M, = maxL;, we obtain the inequality

Vgpy—Ugyy < $B2M,[(1+ LR) + (1 + Lh) 1 +... +1],
t=0,1,...,n—1;
hence

]
Oy — Uy < é M, [(1+Lh)*—1].

Keeping in mind that » = (w—x,)/n, we have for every =:
h L{w—~xzy)
'vn"_un<ﬁ-zun[e o —1].

It is easy to show that when max(df/dy) is limited, lim M, = 0,

n—oo

where b — 0, k¥ — 0. This means that the functions v, and u, tend towards
the solution y(z) of equation (1.1).

2. Now we shall give a sufficient condition for the inequality

(2.1) ax+byte<flz,y) <ar+py+y
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for (x,y)e 1], where
To< <yt h,
nm . I
Yo— — (0 —2o) KUY Yo+ — (2 —2),
h h

a = f,(Xo, Yo), b = f,(zo, Yo), ¢ = f(%o, Yo) — Ao — by,

1 . _
a = oh [f(xo+hyyot+k)+flxo+ly 40— k) —2f (24, yo) ],

To+hy Yo+ k) —f(@g+ Iy yo— k)],

1
p Y

y = f(Zo, Yo) — ay— BY,-

This condition may be obtained from Taylor’s formula for the funcuon
f(a, y) in the neighbourhood of (x, y,).

]‘.
THREOREM. If the function f(x,y) ts of class ¢%, h < 3 e, y) < M
[2] and f, # 0, the sufficient condition for imequality (2.1) is
@f >0  for xe[my, xy+h], yelyo—k, yo+ k]
Proof. Now from Taylor’s formula we shall obtain

flz,y) = f(-"?o, Yo) +Fo (X Yo) (T — ) +fu(mo; Yo) (Y —Yo) +
38f |2y 0@-ags  Where 8¢ [0,1],

Vot+0'v—ug)

— this is the left-hand term of (2.1).
Let y(t) be a function defined on the straight line

x =x0+Rht, Yy =y,+kt,
as follows:

p(t) = fl@y+ht, yo+ kt) — ag(@o+ It) — f(yo+ kt) —y

From the above definition we have y(0) = (1) = 0 and from the as-
sumption that d*f> 0 we have also d*y = @*f > 0 for te[0,1]. From
Rolle’s theorem it follows that ¢ (f) < 0 for te [0, 1].

In a similar way one can prove that (t) < 0 on every edge of the
triangle 77, as well as in the interior of I7;,. This ends the proof of ine-
quality (2.1). Analogously, we can consider the inequality

(2.4) artpy+y < f@,y) < av+by+e
for (x, y)e Il
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From inequality (2.1) we obtain the estimations
(2.5) w(x) <y(x) L<o(x) for xe[ry,xo+h]
and the initial conditions
(2.6) w(xzy) = v(xy) = Yo-

To the functions «(x) and v(x) the Czaplygin Theorem 1 could be
applied. If the curves ¥y = u(z) and y = v(x) pass through the point M,
and if the differential inequalities are satisfied,

(2.7) w (x) —fle, u(x) <0, o'(z)—f(e, b(m)) >0,
we gel for o > x,

(2.8) ul{zr) < ylxr) < vz,

(2.9) (&) — u, () < %,

where ¢ depends neither on « nor on %, and the convergence process
by the Czaplygin method is very rapid.
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