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Abstract. Let C,,, denotes the class of all pairs {F. G} of functions F =[F,, ..., F.]:
A—C" and G=[G,,...,G,): 4—C", A={zeC: |z| <1}, where F{,..., F,, G, ....G, —
analytic and univalent mappings in 4 such that F,(z)# F;({), k#j, k,j=1,..., m, when
m=22 G@)#G;(0), k#j, k,j=1,...,n when n22 F@G{)#1 k=1,....m, j
=1,...,n, for all (z,)ed x4 ([8], [10]).

Let F=[F,,...,F,]: A—C™" where F,, ..., F,, are analytic and univalent mappings
in 4 satisfying, for all (z, {)ed x4, in the case m > 2 the condition: F,(z) # F;({} for k # j,
k,j=1,...,m. We say that: FeC,, il Fy(z)F;({}# 1 for (z,{)edx4 and k,j=1,...,m;
FeCXif |Fy(2)l <1 for zed and k=1,...,m; FeCy if F,(2)F;({) # —1 for (z, {)ed x4 and
k.j=1,....,m (2]}, [4) (7] [9D.

In the present paper there have been constructed general admissible variations of the pairs
{F, G} (functions F) belonging to non-compact classes C,,,, m,n>1 (Ch, m>1,1=1,2,3),
and given, in the form of differential-functional equations, necessary conditions for a pair
{F. G} (a function F) to be a local maximum for Re J (Re J'), where J (J%) is a functional
having on C,,, (C!) a complex derivative in the sense of Gateaux.

Introduction and basic definitions. Let C be the open complex plane,
4 =1{zeC: |z|] <1}, and m, n be any positive integers.

Let o, = (A, T) be a topological vector space (abbreviated t.v.s.)
over the field C, where &/, , is a vector space (v.s.) whose elements are pairs
{F, G} of vector functions F =[F,...,F,]: A—C" and G =[G, ...G,]:
A—C"withF,, ..., F,, G, ..., G,are analytic mappings in 4, in which there
have been defined a mapping ({F, G}, {F, G})—{F+F, G+G} of the prod-
uct o, X, in A, , as well as a mapping (4, {F, G})+— {AF, AG} of the
product C x &, , in &/, ,, and t is the topology on ,, , defined as follows:
if the elements of the sequence ({F?, G?}) and {F, G} belong to .+, ,, then
{FP, G*} - {F, G} if and only if Ff—-F,, k=1,...,m and Gf- G,
k=1, ..., n, uniformly on each compact subset of 4. A set Y is called open in
the tvs. o/, , if Y= f,,\X, where X is a some subset of ./, , identical
with the set of all pairs |F, G}e o/,, for which there exist sequences
({F?, G?}) c X such that [FP, G?} - {F,G}. By a neighbourhood of
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|F, G}e o,, we mean any open set in the t.vs. ., , containing {F, G}.
Let C,,, = C,.(Ao, By), see [8], [9], stand for the class of all pairs
{F, G} of vector functions F = [Fy, ..., F,}J: 4+—C™ and G = [G,, ..., G,]:
A—C" of the form
F2)=Ag+A z+...+AZ+ ..., G(z)=Bo+B,z+...+B, 2+ ...,
A,=[au,..., ak,,,], B.=[bt1,..-, blll]’ k=0, l, 2,...,

where F,, ..., Fn, G,, ..., G, are analytic and univalent mappings in 4 such
that

FL@)#F;(0), k+#j, k,j=1,...,m, when m2> 2,
G # G0, k#j, kj=1,...,n, when n>2,
Fk(z)GJ(C)#la k=1,""m’j=ls-'-9 n,

for all (z,{)eAdxd. Note that the class C,, is not compact; for if
{FP, GP}eCp,for p=1,2,... and {F?, G?} - [F, G}, then, in virtue of the
Montel theorem and the corollary from the Hurwitz theorem, we find that
either {F, G}eC,,, or F,(z) =aq, for some k=1, ..., m or G,(z) = by, for
some k=1,...,n

Let o/, = (.o, T) be a t.v.s over the field C, where .7, is the vs. of all
functions F = [F,, ..., F,]: A—C™ such that F,, ..., F,, are analytic map-
pings in 4, in which there have been defined a mapping (F, F)+— F+ F of the
product &/, x o, in &/, and a mapping (4, F)— AF of the product C x «/,,
in .2/, while 7 is a topology of locally uniform convergence.

Let F=[F,,..., F,]: A—C™ be a function ol the form

F(Z)=A0+AIZ+...+Akzk+..., A,‘=[a,,1,...,a,‘,,,), k=0, 1,2,...-,

where F,, ..., F, are analytic and univalent mappings in A satisfying, for
m > 2 and for all (z, {)ed x 4, the condition

Fo(z)# F;({) for k+#j, k,j=1,...,m.
We shall say that:
FeCpn=Cn(d)) if Fi(@F;(()#1
for (z,{)edxA and k,j=1,...,m,
FeC%=Ci(A,) if |F,(2) <1 forzedand k=1,...,m,
FeCp=Ca(d) if Fe@F;(0)# -1
for (z,{)ed x4 and k,j=1, ..., m.

The classes C.,, | =1, 2, 3, generalizing the classes of Bicberbach—Eilenberg,
bounded and Grunsky-Shah functions, respectively, were- introduced in a
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somewhat different form by Gromova and Lebedev [4] and examined by
means of methods of L&wner type as well as those of Grunsky—Nehari type
in [1], [2], [7]-[9]. These classes are not compact.

By a variation of {F, G}eC,,, (FeCl, | =1,2,3) we mean a con-
tinuous mapping ¢+ {F*(e), G*(¢)} (¢— F*(¢)) of the interval (0; 1) or of
the interval (—4,1), 4>0, in o, (H,) such that {F*(0), G*(0)}
= {F, G} (F*(0) = F). The variation is called admissible if, for all ¢ suf-
ficiently close to zero, {F*(e), G*(e)} € C,,n (F*(e)e Ch).

- Let J (J',1=1, 2, 3) be continuous functionals defined on «,,, (+,).
{F, G}eC,, . (FeC}) such that

ReJ ({F*, G*) <ReJ({F, G}) (ReJ'(F*) < ReJ'(F))

for all {F* G*} (F*) belonging to an intersection of C,, (C,) with some
neighbourhood of [F, G}(F) in the tvs. .of,, (s,) is called a local
maximum.

In the present paper variauonal methods for the classes C,,, C,,
I=1,2,3, m,n>1 are given. In Section 1, general admissible variations of
pairs {F, G}eC,,, and of functions FeC,, were constructed. Section 2
included, in the form of differential-functional equations, necessary conditions
for {F, GleC,,, (FeC}) to be a local maximum for Re J (Re J)) if J (J')
has a complex Gateaux derivative on C,, , (CL).

1. General admissible variations

1.1. Admissible variations for pairs of vector functions. Domains
Dy,....,D,, E,, ..., E, = C will be said to have the property of a pair if they
are simply connected, ag, €Dy, k=1, ..., m bo,€E,, k=1, ..., n, and if they
satisfy the conditions:

1) DnD;=Q, k+#j, k,j=1,...,m when m> 2,

2 E,nE;=Q, k#j, k,j=1,...,n when n>2,

(3) D\n1E;=@, k=1,....m, j=1,..,n,

where 1/E; = {w: l/wekE;}, j=1,...,n Vectors U=[uy,...,u,l, V=
[vy, ..., v,] are called admissible with respect to the domains D, ..., D,

E,, ..., E, having the property of a pair if u, # u; for k£ j, k,j=1,...,m,
v #v; for k#j, k,j=1,...,n if uueD,\|ag} or yueQ for k=1,....,m,
and if v,eE,\{bo} or 1l/v,eQ for k=1,...,n where Q=C\cl(D,u...
..UD, U(1/E}) U ... U(1/E,)).

Let
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_where r;, s; are any fixed positive integers, p;, q; are any fixed non-negative
integers not greater than 1, and let

¢(W) = (ID(U, V; W) - ﬁ (W—aoj)p; ﬁ (l_bOJW)J

j=1 w=uy)™? ;5 (l—vjw)qj,

Y(w)= YU, Viw) = —w?2@(1/w),

with an additional assumption that s, = 0 whenever by, = 0, and that ¢, =0
whenever v; =0, for some k, /=1, ..., n
We shall first prove

THeoreM 1.1.1. If the domains D,, ..., D, E,, ..., E, have the property
of a pair and vectors U =[u,, ..., u,], V =[vy, ..., v,) are admissible with
respect to these domains, then, for all ¢ sufficiently close to zero, the domains
DY, ..., DX E¥, ..., E¥ such that

(@) éDf =wk, (@D, k=1,...m, OEF=wt(6E), k=1,...,n,

where

(5)  whe(w)=wHed(w), wh, (W)= 1/wh.(1/w) = w+e¥(W)+0(o),

have the property of a pair.

Here and throughout the paper, o(ec) indicates that o(e)/e -0 almost
uniformly as ¢ - 0.

Proof. Let r be a sufficiently small positive number such that if u, € D,
then U, = |w: lw—u| <r) c D\lag! or if ueQ then U, cQ for all
k=1,...,m and if veE,, then V,={w: |w—u|<r} c E;\{by} or if
1/v,€9Q, then 1/V,cQ for all k=1,...,n. with that U nU; =0 if
Uy, UjcQ k+#j,and ,nV, =0 if 1/, 1/V;cQ, k+#j, and U, n(1/V))
=Q if U, 1/V;cQ; let W be a domain contained in cl C such that
W=08U,u..oU,u(l/V)u...u(l/V)).

We shall demonstrate that the mapping wj, is univalent in W. Assume
that it is not the case, 1.e., let wj . (w) = w} . (w) for some distinct points w, w
of the domain W. Hence follows the equality

(6) 1+eT(w, w) =0,

where
d(w)—
T(W, w):M)’ w#w’
w—w
(w, w)e Wx W.

= ?'(w), W=,

Since
d(w)=7p, w+7y,+ % Z ﬁj

—_‘——_.+ - a:
j=1 (w— j)p" j=1 (1_ij)qJ
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for some 7y, 7o, %1, ..., %m, By, ..., B,€C and [w—uj>r and [l—wyj
2 r/(r+1vj) for all wecl W, then

m Ial n 20
IT(w, @) < Ipal+ ), Z—JPJ+ 3 1B v (1 + [v/r)™™.
i=1p j=1

Consequently, T is an analytic and bounded mapping in cl Wxcl W, whence
it immediately follows that equality (6) does not hold for all e sufficiently
close to zero, which contradicts the assumption. The contradiction obtained
proves the univalence of w§, in W from which it follows directly, in virtue of
the inclusion (D, v...uD,U(1/E,)u...uU(1/E,)) < W, that the domains
D%, ..., Dk, EY, ..., E¥ with boundaries defined in (4) satisfy conditions (1)
and (2).

We shall show that these domains satisfy condition (3) as well. Indeed, if
it were not the case, let w and 1/w be elements of the sets Wn D, and
W (1/E;j), respectively, such that wj (w)wg, (w) = 1. Then we would have
1 +¢eT(w, 1/w) = 0, which does not hold for all ¢ sufficiently close to zero,
despite our supposition; because w and 1/w belong to disjoint sets. We have
thus come to a contradiction. It still remains to notice that wj,(aq)
=agueDy, k=1,...,m and w§, (bo) = b€ Ef, k=1,..:, n

For all k =1, ..., m such that p, # 0 and for all k=1, ..., n such that
q # 0, let

Go(w) = B, (U, Vi w) = 2% 5
(w— aoy)
and ( “
w— vk
= U, Viwy=—"—
qlh(w) '{’l( s > W) (W — bo,‘)z .Il (W)’
respectively.

We shall now prove

Tueorem 1.12. If !'F,GleC,, and vectors U =[uy,...,u,), V
= [vy, ..., v,] ‘are admissible with respect to the domains D, = F (4), k
=1,....m E,=G,(4), k=1,...,n, then, for all real a, the following
variations are admissible: e [F*(g), G*(e)}, F*{¢) =[FY, ..., Ft], G*(¢)
=[Gt,...,G*), €20, where for k=1, ..., m,

(7) F¥(2)=F,(z)+ee“PoF,(2)—

z+ {1 (Fk(Cu)"aOh
z—Ca \ Can Fi(Cyid)
1+205, [(Fk(Cu)—awc
1—283 [\ Caa FulCua)
when u, = F,({,,) and p, # 0, or

—4eezFi(2)

2
) D0 F ({1 +

+lee " zF(2)

5 _
) ‘pkopk(Cu)] +o(e)
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8) F(z) = F,(2)+ee*POF,(2)
when u,eQ or p, =0, and, for k=1, ..., n,
(Y) Gf@) =G (2)+ee”"¥YoG,(z)—

z+ {5 (Gk(CZk)_bOk)z y .
G
z—{n X L2k Gi(C2) k© t(gu)-’-

1420, [(Gk (C21) —box

~4eé” Gy (2)

+3e72Gi(2)

2 —_
) q’hOGh(Czk)] +o(e)

l—ZEu o G (L)
when vy = G, ({3) #0 and q,# 0, or
(10) G (2) = Gy (2)+ee”" P0Gy (z)+0(e)

when 1/v,eQ or q, =0.

Here and throughout the paper, ( )~ indicates the complex conjugate.

Proof. Let D¥, k=1, ..., m Ef, k=1, ..., n, be domains with bound-
aries defined in (4). The proof of the theorem will be finished if we show
that the functions F¥, k=1,...,m, G¢, k=1, ..., n defined by formulae
(7)-(10), respectively, have the property that F¥(4)=Df, k=1,...,m,
Gl A)=EHk=1,...,n

Assume that v, =F,({;) and p; # Oforsome k = 1, ..., m. If r, is a radius
of the closed disc with centre at {,, contained in 4 and if

0= min |[F(2)—F,(w),

2~ Gl =ry
then from the univalence of F, follows that |F,(z)—F,({;) > ¢d for all
zedn(z: |z—{y,| >}, so as, the function F,, given by the formula

Fy(z,e) = F (2)+e€*PoF,(z), &=0,

for all real a and for all sufficiently small ¢, is analytic and univalent in
1z: rg <|z| <1}, where ry = (] +r;. In consequence,

(11) F¥(2) = Fi(9)+eh(2)+ole),
where

h(z) = e POF(2)—zF(2) {Si (2)+ e =[S (1/2)]” — &), zeA4,

with that S, is the principal part of the expansion of the function H, given
by the formula

_ _®OF,(2)
=R

in a Laurent series in the annulus {z: ry <|z| <1}, while ¢, is an arbitrary
constant; the proof of formula (11) in the case when ¢, # 0 is some
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modification of the proof of this formula given in the case ¢, = 0 by Goluzin
[3]. A direct calculation yields

resCyy Hy (2) eiaCu (Fk(Clk)—aOk)z y
S = = &, oF
(@) 2= =8 \ G Fre(lhd) . k(Cae)
and if
(F (Cu)"%h)z
C ='e"(¢————;——— D, 0F, ({y1),
FE R ) e

then (11) may be condensed in the form of (7).

Formulae (8)-(10) are proved in an analogous way.

Remark 1. Two functions F and G are called an Aharonov pair |F, G}
if they are univalent in 4, F(z) =a,z+a,z*+ ..., G(z) =b,z+h, 22+ ...,
and F(2)G()# 1 for all (z,{)edxd. If m=n=1, ay =by, =0, r,
=p;,=1,5, =q; =0and if ¢, =0, then Theorem 1.1.2 of the present paper
is reduced to Theorem 3.1 of paper [S] concerning Aharonov pairs, where
the Schiffer variational formula were used in the proof.

1.2. Admissible variations for generalized Bieberbach—Eilenberg, bounded
and Grunsky-Shah functions. Domains D}, ..., D}, = C, [ =1, 2, 3, | is fixed,

are said to have the disjointness property if they are simply connected,
ageD; for k=1,..., m,

(12) DinD,=Q for k#jand k,j=1,..., m when m>2

and, moreover,

(13) Din(1/Dy=Q for k,j=1,...,mif l=1,
(14) DicA fork=1,...mif =2,
(15) D}n(—=1/D}) =@ for k.j=1,....mif I =3,

where —I/Ef_ = {—1/w: weD}‘}, j=1,...,m A vector U =[u;,...,u,] is
called admissible with respect to the domains D1, ..., D}, having the disjoint-
ness properly if u, #u; for k#j and k,j=1,...,m, when m> 2, and if
e Di\ {ag,) or u,eQ for k=1, ..., m, where
Q' =C\cl | (Dp u(1/Dy)) if I=1,
k=1
=4A\cl | D} if 1=2,
k=1

—C\d () (D}u(=1/D}) ifl=3.
k=1

2 = Ann. Polon. Math. XLV.3
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Let

m m
Y (rj+s) <t+ % (pi+4)).
i=1 j=1
where r;, s; are any fixed positive integers, p;, ¢; are any fixed non-negative
integers not greater than 1, and let

ot (w) = 0" (U; w) =€ ﬁ (W_ao;)'j(l —ay; w)

=1 (w—u)" (L —u;w)"

, ifl=1,

e‘-a ﬁ (W—aoj)r',(l _on W)S"

- — l=2,
=1 (w=u) (1 —i;w)”’

if =3,

_ ﬁ (w—aoj);’:(l +ci0,w3fj,
i=t (w~u) (1 +i;w)”
Yhew) = —'*(1/w) if 1=1,
= —[e>* (1/W)]" if I=2,
= —[p>*(—-1/®]" if =3,
P (w) = "% (W) +¢* (),
where « is real, with an additional assumption that s,.= 0, where ag, = 0 for

some k=1,...,m and g, =0, where y, =0 for some k=1,..., m.
The following theorem holds.

THEOREM 1.2.3. If domains D, ..., D!, 1=1.2,3, | is fixed, have the
disjointness property and a vector U = [u,, ..., u,] is admissible with respect to

these domains, then, for any real a and for all ¢ sufficiently close to zero, the
domains D'*, ..., D'* such that

(16) oD* =wk(D), k=1,....m,
where
(17) w¥(w) = we'® ™ = w4 ewd* (w)+0(), &0,

have the disjointness property.

Proof. Assume that r is a sufficiently small positive number such that,
if ueD}, then U, = [w: |w—u <r] < Di\ lag) or, if u,e’, then U, c Q'
for k=1,...,m. Let W' be a domain contained in cl C such that
W' '=0(U,u...oUpu(I/Vi)uU...u(1/V,)), where V, =U,, V,; =0,
Vi, = — U,. We shall consider a function ¥** defined in cl W' xcl W' by the
formula

_ P (w)— 4 (w)
B w—w ’

v (w, w)

= M (w), w=w.
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It is an analytic and, what is more, bounded mapping on this set. Indeed, if

we W, then also w,e W', where w, = l/w, w, = 1/W, wy, = —1/W. So, for all
wecl W', we have \w—uj| =r, lwy—ujl = r, [1—vyw| = rir+Iol), [1—vyw|
= rf(r+|vyl), where vy; = u;, v,; = @;, v;; = —it;. Consequently, adopting the
notation

oy oy . ’
tP‘“(w) = WH+7+ Z [ -+ 4 7+ By -+ Bis p<]9
1

= —u,) w—u)” " (L=vy w7 " (1 —vyw)”
we find that

" fo  la 1,,| oo o\
(¥ (w, w)| < |yl + Z +‘—+|,Bu vl L+—) +I1Bj; vl 1+—r
r

.Ilrp-’

for all (w, wyecl W!xcl W'

We shall prove that the mappings w}* are univalent in W'. Suppose it is
not the case, i.e., let wi¥(w) = wf(w) for some distinct points @ and w of the
set W' Then, by applying the inequality |1 —exp w| < |w|exp|w|, we obtain

lo—w| = |0} |1 —exp[e(w—w) ¥ (w0, w)]|
< elo(w—w) P (o, w) exp [el(w—w) ¥ (o, w)|].
However, this inequality is impossible for all ¢ sufficiently close to zero. We
have thus come to a contradiction.

It follows directly from the univalence of the mappings wi¥ in W' that

the domains D%, ..., D!* with boundaries (16) are simply connected; let us

also notice that ayeD* for k=1, ..., m, which follows from (17). These
domains also satisfy, respectively, conditions (13)-(15). Suppose it is not so.

Then w(w)wf(w)=1 or wi(w)w}(w) =1 or wi(w)w}(w) = —1 for some
points w and w of the sets W'~ D} and W‘nD' respectively. Since

PLr(w) = — @1 (wy), BP(w) = —[DF(w)]T, B(w) = — [P (wy)]",

we would_ have that

lw—w)| = lw[1—exp {e(@—w) ¥"* (0, w)}]|
< glw(w—w) P4 (0, w)lexple(w—w) P (o), w)
that does not hold for all ¢ sufficiently close to zero.

This contradiction completes the proof.
For all k =1, ..., m such that p, # 0, let

@ (w) = (W—“a)pk (w—aq)~ 2 M (w)
and, for all k=1, ..., m such that g, # 0, let

L) = (w—u)™ (w—ae) 2y (w).
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We shall now prove a theorem which is a counterpart of Theorem 1.1.2.

THEOREM 1.24. Let [=1,2,3 be fixed. If FeC!, and a vector U
= [uy, ..., u,) is an admissible vector with respect to domains D} = F,(4), k
=1, ..., m, then, for all real a, the following variation is admissible: &+ F* ()
=[FY, ..., F¥], e =0, where, for k=1, ..., m,

(18) F¥(2) = Fi(2)+eF, (2) D" OF,(2)—
z+{, (Fk(Ck)_aOk)z 9
Z*Ck CkF;c(Ck)
x Fo(G) [ox* o Fo (L) + ¥ o P (L] +
) 1'*‘&2{(’;}((1‘)_001;)2
LezF
T2 k(Z)l—ZkZ G Fie(Cy) 8 B
xF&(Ck)[(Pllt'IOFk(Ck)+¢baOFk(Ck)]} +0(e)
when u, = F,({), p # 0 and g, # 0, or '
(19) F¥(2) = Fi(2)+eF, () D" 0 F, (2)—

2+4 (FuC)—ao\ o . I .
F “oF
Z‘Ck( L FilG) ) (G o o Fy({y) +

1+Za2|:(Fu(Cu)—aOt
I_Zkz G Fi(Co)
when u, = F.({,), p # 0 and q, =0, or

120) F¥(z) = Fy(2)+eF,(2) " 0 F, (2) =

z+8, (Fk (0~ Ao
z "'Ck Ck Ffz (Ck)

—%ezFi(2)

—1ezFy(2)

+3ezF,(2)

2 -
) Fh(Cu)fP:éaOFk(Ck)] +0(¢)

—3ezF(2)

2
) F ¥ o F({)+

1+ F (L) —ao \* -
+{ezFy(2); _S:j [( 23‘;&5“) Fu) wz-"omck)] +o(e)
when u, = F, ((), pp =0 and q, # 0, or
(21) F¥(2)=F (2)+eF,(2) D" o F\ (2)+0(g)

when u e Q'

Proof. We shall confine ourselves to the case where u, = F,({,), px # 0
and g, # 0. Hence, if r, is a radius of a closed disc with centre at (,,
contained 4 and 6 = rniln |F(2)— F($)l, then it follows from the uni-

|z =&l =rg
valence of F, in 4 that |F,(z)—F,({)l > 6 for all zedn {z: [z—{| > r}.
Thus, for all real @ and for all sufficiently small ¢, the function F} given by
the formula

Fi(z,e) = Fy(2)+eF, (2) P OF,(z)+0(e), €=0,



Bieberbach—Eilenberg, bounded and Grunsky—Shah functions 223

will be analytic and univalent in {z: ry < |z] < 1}, where ry = |{;| +r,, and, in
consequence, if Di* is a domain with boundary dD}* defined by formula (16);
in which D; = F,(4), then a mapping F¥: 4+ Di* F¥(0) = aq,, is given by
the formula

(22) Fi¥(2) = F,(2) +ehi(2) +0(9),

where

h(2) = Fi(2) 9" o F, ()~ zF, (2) {Si(D) + i~ [Si(1/D)]” —(c) "},  ze4,

with that S; is the principal part of the expansion of the function Hj defined
by the formula
Fy(2) 9" 0 F,(2)

zFi(2)
in a Laurent series in the annulus {z: r, <|z| < 1}, whereas c} is an arbitrary
constant. Since

Hi(2) =

Si(2) =

Ca (Fh(Ck)_GOk
Z—Ck N CkFi(C..)
formula (22) for

v (Ful)—ao g La La

Ck =I(“—,—_) Fi (G [oe® o Fi (L) + ¥ o Fi (G,
. GFi(@)

will take the form (18).

The remaining cases are proved in an analogous way.

Remark 2. From (19) and (21), if m=1, a4, =0, r,=5,=¢9, =0,
py=1 and if ¢} =0, follow the results of Hummel and Schiffer ([5],
Theorems 2.2 and 2.3), when | = 1 and the results of Jondro ([6], Theorems
2 and 3) when /=3, concerning Bieberbach—Eilenberg functions and
Grunsky—Shah ones, respectively.

2
) F . ($o [‘Ri"OFk(Ch)'*"l’L'aOFk (€],

2. The local maximum theorems

2.1. The local maximum theorems for pairs of vector functions. Let the
functional J have a complex Gateaux derivative on C,,, ie., let the
following asymptotic formula

(23) J({F+£F°, G+£G°}) = J({F, G})+s[i J(FD)+ i J;,,(G,?)]+o(£)
k=1 k=1

hold, where {F, G}eCn, (F° G%ednn Ju(FO)=Ju(F,G);FQ), k
—1,....,m Jp(G® =Ju({F, G};G?), k=1, ..., n with that J,y, ..., Jym,
J3ys ..., J3, are continuous linear functionals on F?, ..., FS, G?,..., G,
respectively, depending also on {F, G}.

Hence, if {F, G}e€C,,,, and y, = F;({yy)fork =1, ..., mand v, = G, ({2
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for k=1, ..., n, then, for the pairs {F* G*} defined in Theorem 1.1.2, by

making use of the fact that Re {x} = Re{X} we have
Re J ({F*, G*})

= Re J({F, G})+¢Re {&"*| Z M, oF, ({)+ Z N, oG ((a]} +ole),
where
(24) M, oF, ({10

Fi (1) —aox

2
=J1k[¢OFh(zlk)]—(_y ; ) Q1) P 0F,({1s), when p, #0,
L..lth(CuJ

=Ju[PoF,(z1W)], when p, =0,
(25) NyoGi(la)

-7 Gk (Czk)—bm ? r
=Ju[YoGy(z)]— *_C Gz 02 (2) P0Gy ({), when g, #0,
2k U624

=Ju [P oGi(za)], when ¢, =0,
with that
Q1 (0) = Ik () +Re Jyy [21x Filz0) 1+ U (1707,
1) = i [z1 Fi (20 Nz — )1,
Q4 (0) = I () +Re J 5 [22 Gi(z20)] + U2 (1/0)] 7,
L (§) = J o [220 Gic(220) Nz2u— C)]—

Since a can be arbitrary, we obtain for [F, G} being a local maximum of
Re J

(26) Z Mo F, ({1 + Z N,oG({) =0
k=1 k=1

and, in particular, for all k=1,..., m such that p, #0 and for all k
=1, ..., n such that g, # 0, we have, respectively,

@ (i

2
\M) Py o Fy(Cu) = Quillun)

ang (G

2
M) P20 Gi (820 = @2 (C2),

where

(28) Py oF(C1)

= {Ji[PoF,(z;9]+ Y MjoF;((;)+
i=1

J
j#k

N;0G;((2)}/Pr o Fyl{1a)
=1

J
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and
(29)  Ppu oGl

= {Ju[Y0G,(z)]+ Z, N;o0G;((z)+ _Z,I MjOFj(Clj)}/lIlkOGk(Clh)'

J
Jj*k
Consequently, after changing in (26) the roles of {4, ..., {ims C215 -+ C2a
and z,y, ..., Zipm, 221, ---» 224, WE Obtain

THEOREM 2.1.5. If the functional J has a complex Gateaux derivative on
Cpn» as in (23), and if {F, G} is a local maximum with respect to Re J, then
Sfor all z,\, ..., Zyms 221, .-, Z22,€ A\0, satisfy the differential equation

(30) Z M;oF,(z;)+ Y NioGil(zy) =0.
k=1 k=1

What is more, ImJ, [z, Fi(z,)]=0 for z,,ed. k=1,...,m,
ImJy [254Ge(z2)] =0 for zjued, k=1, ...,nand Q,,(2) <0, k=1,...,m,
0,20, k=1,...,n for zedA.

Proof. Let w*(z)=¢€*z, where ¢ is real, let w**(2)=K 'o
[K(2)/(1+¢e)] =z+ezp(z)+o(e), p(z) =(z+€)(z—€"), where £¢>0, K(z)
=zf(l+e “z)% a is real, and let e—1F*(e), G*(c)}, e IF**(¢), G**(¢)}
be admissible variations defined as follows:

FY(2)=F;(2),  F*(z) = F;(2), j#k,
= F,ow*(2), =F,0ow**(z), j=k,
Gl (2 =G;(2), G¥*(2)=G;z), j=1....,n

for k=1,...,m and

F¥(z) =Fj(z),  FI*(2) =F;(2), j=1,...,m,
GH 2 =G,  G*(2) =G, e
= G, 0w*(2), = G, ow**(z), j=k, ! T

for k=1, ..., n Then, since F,ow*(z) = F (z)+iczF,(z)+o0(¢), G,ow**(2)
= G, (2)+ezG(2) p(z) + 0 (¢), we have

(31) Re J({F* G*))
=Re J({F, G))+¢ Re|iJ [z, Filz,)] +ole), k=1,...,m,
=Re J([F, G})+e Re{iJy [25 Gi(z2)]} +ole), k=1,...,n,
and
(32) Re J({F** G**}))
=Re J({F, G})+e Re J, [z, Fx(z ) P(z1)] +ole), k=1,...,m,
=Re J({F, G})+e Re J 5, (254 Gi(z2) P(z2)] +0(e), k=1,...,n.
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From (31), since ¢’is real, if follows that Im J,, [z, Fi(z,,)] = 0, Z €4,
k= L. cees My and Im Ju[zz,‘G,’t(zu)] =0, ZZkEA, k=1, I (B

As ¢>0 we get from (32) that Re J [z Fi(z)p(z1)] <0, k
=1....m Re J5 [22: Gi(z2) P(z2)] <0, k=1,...,n. But p(zJ=1+
+2¢"/(z—€"), and therefore

Qi (€”) = Re Jy, [214 Fi (2101 + 2Re 15, (e")

=Re J [z Filzidp(zd], k=1,....m,
Q2 (e™) = Re J 3 [224 Gy (1)1 + 2Re I3 (e™)

=Re J5 [z Gi(za) p(22)], k=1,...,n.

Consequently, Q,,(¢®) <0, k=1,...,m and Q, (%) <0, k=1,...,n for
—n<a<T.
Let

XU, V)= Z Ji[®oF,(z;)]+ Z Ju[¥ oGy (2],
k=1 k=1

Y(F, G) = C\[kgl Fo(4)u kQI 1/G(4)].

There also holds the following

THeOREM 2.1.6. If J and |F, G} are such as in the preceding theorem,
then, for all k=1, ..., m such that p, # 0,

zF; (z 2
(%—) P, 0F(z) = Q. (2) for ze 4\ {0}
k1<) Cok
and, for all k=1, ..., n such that g, # 0,
zG (z 2
((;(z%—> PZkOGk(Z) = QZk(Z) for ZEA\{O}
N 3 0k

Here the function P, oF, (the function P,,0G,) is defined by equation (28)
(equation (29)) in which (y, =z ({5 = z), z is arbitrary, and (4, ..., C1x—1s
{lk+11 LK Cimo Cle reey CZn (Clls LR ] Clms C21! e CZk—ls C2k+1a ces ‘:Zn) are
fixed points of A\ 0}

If the mapping P,, (P,,) is analytic outside some isolated singularities and
not identically zero, then the set OF,(4) (0G, (Q)) lies on the trajectory of the
quadratic differential P, (w)(w—ag)~ 2dw? (Pyy (W) (w—bg)~ 2 dw?).

If the expression X (U, V) is not identically zero with respect to the
variables u,, ..., u,, vy, ..., v,, then the set Y(F, G) has no interior points.

Proof. The inequality Q,,(z) <0 (Q(z) <0) for zedA implies the
inequality Q,,(z)z72dz?> 2 0 (Qy(z)z"*dz* 2 0) for zedd, which proves
that the set OF,(4) (0G,(4)) lies on the trajectory Py, (w)(w—ag) 2dw?
2 0 (P (W) (w—bo)~2dw? > 0).
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Suppose that the set Int Y(F, G) contains some disc Y,, and let
Uyy ooy Up, 1/0g, ..., 1fv,e Yo, Then, in virtue of Theorem 1.1.2 (formulae (8)
and (10)),

Re J({F* G*}) =Re J(|F, G})+¢ Re[¢* X (U, V)] +o(e).

Hence, since [F, G} is a local maximum, and « is real, it follows that
XWU,V)=0 for all u,,...,u,, /v, ..., 1/v,eY,, which contradicts the
assumption that X (U, V) # 0.

The proof of the theorem has therefore been completed.

2.2. The local maximum theorems for generalized Bieberbach-Eilenberg,
bounded and Grunsky-Shah functions. Let / =1, 2, 3 be fixed. Let the func-
tional J' have complex Gauteaux derivative on C., ie. let the following
asymptotic formula

(33) J'F +eF° = J'(F)+¢ i JLFY)+0(e)
k=1

hold, where FeCl, Flesf,, JL(FQ) =J'(F;FQ), k=1,...,m with that
JYi, ..., JI, are continuous linear functionals with respect to FY,..., F?,
respectively, depending also on F.

Let

P'w) = "),  @a(w) =g°(w), D' (w) = (W)+y'(w),

Yrw) =yt w),  w) =g’ w),  B(w) = o (W) + i (w).
So, if u, = F,({y), (e 4\ !0} for all. k=1, ..., m, then, for the functions
F* = F*(¢) defined in Theorem 1.24,

Re J!(F*) = Re J'(F)+¢ Re[€* i M, oF,({)]+o(e),
k=1

where
F - 2
o MR = Rene '(M> 0L (L) KL o Fy (G-
G Filo)
[ (F@—aaY 1o\ 1 o F ]-
[( NAS ) G LoFuly |

with that, for k=1, ..., m,
Qc(0) = L(O+Re (Ui [z Fr (21} + L (1017, L) = Ji [z Fa(z) {fz— )],
Ry oFy(zy)

= Ji[Fi(z) 9' 0 Fi(2))] if 1=1,

=Ji [Fk(zk)¢lopk(zk)]+{‘,;t [Fx(z)y'oF (2]}~ if 1=2,3,
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KioF,((y) = FL L BioF({y, LioF,({)=0 if [=1,
= F, (L) ei o Fi (L), =F1(C1)W£0F1(Ct) if 1=2,3
when p, # 0 and g, # 0, or
KioF (&) =F (L) eioF (), LioF.({y=0 if1=1,23
when p, # 0 and ¢, =0, or
KioF () = FLC)¥ioF (), LioF({) =0 if =1,
=0, =F.)¥oF (&) if1=23

when p, =0 and g, # 0. Because a is arbitrary, we have for F a local
maximum of Re J'

Y. MioF,({) =0
k=1

and, consequently, for all k=1, ..., m,

M ? i ]
(hre) erions
F - 2 -
+{(—Z’fi,;1@30k) Qi) LLOFt(Cx)} = PyoF (W),

where m
(33 PLoF,({) = RLoFy(z)+ Y. MLoF, ().

j=1

ji#k
In particular,

(F,, (C,‘)—ao.‘) PLoF(C) = Q5o
where
09 PoRu=|RioRw+ T MioF GVKioFG)
i=1

j#k
when /=1, p,#0and g #0 or I=1,2,3, p,#0 and ¢, =0 or [ =1,
pp=0and g, # 0, or

’ 2
( G PGy ) [PLoFu(ll™ = [QLEIT,

Fy($)—ao
when
(37) PLoF,({) = [RioF,(z)+ Y, MjoF;(()Y/[LioF (W]
j=1
J#k

when 1=2,3, p,=0 and g, # 0.
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Let

X'(U)= ) RioFy(z),
k=1

Y'(F) = C\k[:)l [FdU(I/F )] if1=1,
=M\ ) Fu(4) if 1=2,

k=1
- C\k[:)l [Fi(d)o(—YF@)] if 1=3.

The following theorems hold:

THEOREM 2.2.7. Let 1 =1,2,3 be fixed. If J' is a functional having a
complex Gateaux derivative on C, as in (33), and if F is a local maximum with
respect to Re J', then all z,, ..., z,€ A\ |0} satisfy the differential equation

z MIIxOFk(zk) =0,

k=1
where the functions My, k=1, ..., m, are defined in (34). What is more,
ImJi[z, Fi(z)] =0 for z,ed, k=1,....,m, and QL(z) <0 for zedd, k
=1,...,m
TueoREM 2.2.8. Ler [ =1, 2,3 be fixed. If J' and F are as those in the
preceding theorem, then, for all ze A\ !0},

Fk(z)_aOk 2 ] 1
(—Z—Fk—(;—) (2K o F(2)+
Fo(2)—ag \2 -
+[(—%§—) 0L(2) Ly oF, (z)] = PLoF,(2)

for all k=1, ..., m and, in particular,

(_ 2F, ()

Fi(z)—an

2
) PloF,() = 0L(2)

when =1, p,#0 and ¢, #0 or 1=1,2,3, p,#0 and g, =0 or 1=1,
p=0and g, #0, or

( zFy(2)

Fy(z)—ag

) [PioFy(2)]™ = [Qi(2)]”

when 1=2,3, p, =0 and g, # 0, where the functions P,oF,, PioF, and
P} oF, are defined by equations (35), (36) and (37), respectively, in which {, = z,
z is arbitrary, whereas (y, ..., (-1, {yeys ooy {m are fixed points of 4\{0}.
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If X'(U) is not identically zero with respect to the variables u,, ..., iy,

the set Y'(F) has no interior points.

If the mapping P, ([PL]7) is analytic off isolated singularities and not

identically zero, then the set OF,(4) lies on the trajectory of the quadratic
differential PL(w)(w—ag)~ 2dw? ([PL(W)]™ (w—aq,)” 2dw?).

The proofs of Theorems 2.2.7 and 2.2.8, as quite analogous to those of

Theorems 2.1.5 and 2.1.6, are omitted.

m
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