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1. In [3] there were obtained necessary and sufficient conditions for
functions x belonging to an Orlicz class IY(E, &, u) in order that the
function g (&) = j @ (&, Ix(1))du defined for indices £ e Z, where (Z, 7, m) is a

E

measure space, be integrable over subsets Ze 7 of finite, positive measure m,
in the case of a finite, atomless measure u. This was extended in [4] to
infinite, atomless y, and in [5] there was considered a more general case with
two families of indices (see also [1], § 19) again in case of u finite and
atomless; in [2], these considerations were extended to general (convex or
concave) functionals in place of integrals.

The aim of this note is to obtain analogous results in case of spaces of
sequences, i.e. a purely atomic, infinite measure u. Let (2, 7, m) and
(H, %, n) be two measure spaces, where 4" resp. % are o - algebras of subsets
of Z resp. H. Let & and 2* be two fixed non-empty families from # and
#, respectively, such that 0 <m(Z) <o and 0 <n(Z*) <o for ZeZ,
Z*e Z*. We consider two functions ¢: ExR, - R, and y: HxR, - R,,
R, = (0, ), such that

1° ¢(-, w) is & -measurable with respect to ¢eZ and Y (,u) is ¥-
measurable with respect to ne H, for every u > 0,

2 (&, ) and Y (n, -) are @ -functions (see e.g. [1], p. 4) for m-ae. (e E
resp. n-ae. neH,

3° ¢(-, u) is m-integrable over Z and ¥ (-, u) is n-integrable over Z* for
all Ze 7, Z*e 7~

In the sequel, we shall need the following condition:

1) Y uwdn<cfo(é udm for 0<u<u,.
z* VA
Finally, let X be the space of all real-valued (or complex - valued)

sequences convergent to 0, and let (p;) be a sequence of positive numbers. We
define two functions

9, =Y pje Ith and g,(m=Y p¥(n It}
j=1 j=1
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for x =(t;) e X. Moreover, we shall write L(Z) = L(Z, &, m) resp. L(Z*)
= I} (Z*, ¥, n) for the spaces of all m-integrable functions over Ze Z resp.
n-integrable functions over Z*e Z*.

2. The following direct theorem on connection between spaces L(Z)
and L(Z*) holds:

THeOREM 1. Let 0 <p;< x for j=1,2,... Then:

1) If

(a) there exist sets Ze ¥, Z*e X* and constants c, ug > 0 such that (1)
holds,
then

@) if g,eL(Z) for every ZeZ, then there exists Z*e Z* such that
gy € L(Z%).

2 If

(b) for every Ze & and Z* e Z* there exist c, ug > 0 such that (1) holds,
then

(b) if there exists Ze Z such that g,e L(Z), then gye L(Z*) for every
Zre 7~

3 If

(c) for every Z*e Z* there exist Ze %, c, ug > 0 such that (1) holds,
then

(¢') if g,€ L(Z) for every Ze %, then g, € L(Z*) for every Z*e Z*.

4 If

(d) for every Ze Z there exist Z*e Z* and c, ug > 0 such that (1) holds,
then

(d') if there exists Ze Z such that g,e L(Z), then there exists Z*e Z*
such that g, e L(Z*).

Proof. Let us fix the sets Ze 2, Z*e Z* and numbers c, up > 0 and
let us suppose that (1) is satisfied. Then, taking any xe X and denoting T
= {j: Itjl < up}, the complement T' of T is a finite set and we obtain

2 foymdn<c ( go(&)dm+ Y p; [ W (n, Ity))dn,

JjeT’ 7°

where the second term on the right - hand side of this inequality is finite, due
to assumption 3°. In order to prove 1), let us suppose that g,e L(Z) for all
ZeZ and let us take sets Ze %2, Z*e Z* specified by (a). Then the right -

hand side of the inequality (2) is finite, and so j’g, (mdn < o, i.e. g, € L(Z*).
Parts 2)—4) of the theorem are proved analogously, applying inequality (2).

3. Now we are going to prove, under some additional assumptions, a
converse theorem. Namely, the family & is called o - absorbed if there exists a
nondecreasing sequence (Z;) of sets Z;e 2 such that for every Ze Z there
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exists an index k for which Z = Z,, and the family 2°* is called o - absorbing,
if there exists a sequence (Z) of sets Z¥e Z* such that for every Z*e 2*
there is an index k for which Z* = Z* for all i > k (see [5], 1.2 or [1], 19.2).
The following theorem holds:

THEOREM 2. Let us suppose that there are a, b > 0 such that a < p; < b
for j=1,2,... Then:

1) if & is o-absorbed and Z* is o -absorbing, then (a’) implies (a),

2) (b') implies (b),

3) if & is o-absorbed, then (c') implies (c),

4) if &* is o-absorbing, then (d) implies (d).

Proof. In order to prove 1) let us suppose that (a) does not hold.
Then, taking the sets Z;, and Z}* from the definitions of ¢ -absorbicity, we
may find a sequence (u;) decreasing to zero such that

3) (¥, u)dn>2 [, u)dm, i=1,2,...
z z;
Moreover, [@(¢,u)dm—0 as j— x, by the Lebesgue dominated
Z'

convergence theorem and by 3°; hence we may choose u; so small that
o, u)dm <2771 for i=1,2,... Then
Z;

27 (@ w)dm)™ =27 ([, u)dm)" > 1, i=1,2,..
Z; Z;

and so we may find positive integers N;, i =1, 2, ..., such that

@ 27 ([0 wdm) T <N, <27 ([ @@ uydm)l, i=1,2,...
Z; Z;

We take a sequence (E;) of pairwise disjoint sets of positive integers such that
the number of elements of E; is equal to N;. Now, let us take t; = u; if je E,,
i=1,2,...,t; = 0for remaining j's, and let us define x = (t;). Of course, xe X.
We shall see that g,e L(Z) and g, ¢ L(Z*) for all Ze 7, Z*e 2*, whence (a)
does not hold. Indeed, let ZeZ be arbitrary and let k be such that
ZcZ,cZ; for i > k. Then

Igw(é)dm < b Z N,' I(P(é, u,-)dm
Zz i Z;

i=1

i=k

k—1 ®
<bY N [0, u)dm+b Y N; [, u)dm
i=1 Zy i Z;

k—1 3 1
<b ) N;|e(, u,-)dm+F < x,
i=1 N

by (4) and 3°. Moreover, taking any Z*e Z* and k such that Z¥ — Z* for
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i 2 k, and applying (3) and (4), we obtain

a0 [ o}
fgymdn=ay N, [y, u)dn=a} N2 [o(¢ u)dm= .
z° i=k : i=k Z;

Now, in order to prove 2) we observe that supposing (b) to be not true,
we get the inequality (3) with some fixed Ze Z, Z*e€ Z* in place of Z; and
Z¥. We choose N; by means of (4), where Z; is replaced by Z and we define
(E;) and x =(t;) as in case 1). Then

{gw(é)dm <b Z N; [(p(é u)dm < b < o,

but
fgy(mdn>a Z N; 2‘I¢(é, u;)dm = oo,

o
a contradiction to (b’). Proofs of 3) and 4) are performed in an analogous
manner, with N; defined as in 1) in case of 3), and N; defined as in 2) in case
of 4).

4. A very special case of the above theorems is obtained supposing =
and H to be one-element sets, the measures m, n being normalized to 1,
2 =\E}, 2* = {H}. Then, denotmg by I and l: the Orlicz classes of

sequences, generated by modulars Z p;o(t;) and Z p; ¥ (It;l), respectively,
; =
Theorems 1, 2 give the known result that supposing 0 <a<p; <b <cc,

ji=1,2,..., there holds I I‘:, if and only if, there exist constants c, u, > 0
such that ¥ (u) < co(u) for 0 < u < u,.

Another application is obtained taking as = = H the set of all positive
integers, the measures m,n of a single element being 1, ¥ and Z*
constituted by sets {1}, {1, 2}, {1, 2, 3}, ... Then e.g. application of part 3) of
our theorems yields the following

CoroLLARY. Let 0<a<spj<b<oo, j=1,2,... and let (p;), (Y;) be
two sequences of ¢ -functions. There holds

n Lt
i=1

if and only if, for every index | there are an index k and numbers c, uy > 0 such
that

k

]
Yy,w<cY o, for all 0<u<u
Jj=1 i=1

(for the case of a single function ¥ in place of a sequence (y;), see [6],
Th. 1 (1)).



EMBEDDING THEOREMS 261

The reader may easily conclude other statements of the same type.

5. Let us still remark that analogous results may be obtained also in
case of a space X of measurable, finite a.e. functions x = x(t) defined over a

measure space (E, &, y) with an infinite, atomless measure u, with g, and g,
defined as

9o() = [o(& Ix(®))du  and g, (n) = [¥(n, |x(0))dp.
E E

Condition (1) has to be replaced by an analogous one, replacing 0 < u < u,
by all u > 0. One has then to omit u, in the formulation of the theorems.
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