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An implicit function theorem in Banach spaces

by JURGEN LEITERER (Berlin)

Franciszek Leja in memoriam

Abstract. Let E, F. G be real Banach spaces, let U<E and V< F be open
neighbourhoods of 0, and let T: U = V, §: V — G be continuously differentiable maps such that
T0)=0, S(0)=0, T(U)<S '(0), image(Ty) = kernel(Sy) and image(S,) is topologically
closed in G. Then, for all sufficiently small xe S '(0), the equation Tv = x has a solution.

If T is a differentiable map between open sets in Banach spaces, then we
denote by T the derivative at x. In this paper we prove

1. TueorReM. Let E, F, G be real Banach spaces, let U < E, V< F be
open neighbourhoods of 0, and let T: U—V, S: V-G bhe continuously
differentiable maps such that:

(i) TO)=0, S(O)=0, T(WU)<= S '(0);

(i1) image (Ty) = kernel(Sp);

(i11) image(Spy) is topologically closed in G.
Then there exist € >0 and a continuous map

R: {yeST'(0): IVl <} - U

such that TRy =y for all yeS™'(0) with ||y|] <e.

In the case that S =0 and kernel(75) is complemented in E, this
theorem is well-known. For the case that S =0 but kernel(T;) is non-
complemented, see, for instance, [1]. Theorem 1 is not valid without
condition (it)). However, I. Reaburn [3] proved the following result: Let E, F,
G be complex Banach spaces, let U < E, V = F be open neighbourhoods of
0,and let T: U—->V, S: V— G be holomorphic maps such that conditions (i)
and (ii) are fulfilled (whereas (iii) can be violated). Then there exists ¢ > 0
such that, for each open set D = C" and each holomorphic map h: D
— S 1(0) with ||h(x)|| <€, xe D, there is a holomorphic map H: D — U with
h(x) = T(H(x)) for all xeD.

Observe that Theorem 1 can be applied in the theory of holomorphic
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vector bundles (see [2], Section 2). This is the motivation for the present
paper.

In the proof of Theorem 1 we need some lemmas. First we introduce
some notations.

Let E, F be real Banach spaces. Denote by L(E, F) the Banach space of
bounded linear operators from E to F. Let AeL(E, F). We use the
abbreviations Ker A = kernel(A4), Im A = image(A), and we set

dist (x, Ker A)
k(A) = su ,
( ) er\KErA ”AX“
where dist(x, Ker A):=inf {||x—yl|: ye Ker A}. Observe that k(4)= 1A=,
where A: E/Ker A » Im A is the operator induced by A. By Banach’s open
mapping theorem, k(A4) < oo precisely when Im 4 is topologically closed in F.

2. LEMMA. Let E, F be real Banach spaces, and let A, Be L(E, F). Then:

(1) dist(x, Ker B) < k(B)||A—Bl||||x|| for all xeKer A;

(i) dist(x, Im B) < k(A)||A - B||||x]| for all xelm A.

Proof. (i) Let xeKerA. Then |[Bx|| <|A-BJllx|| and thus
dist(x, Ker B) < k(B)||A—B]| ||x||.

(i) Let xelmA. Choose a sequence y,eE such that Ay, =x and
| yall <(k(A)+1/n)|x|l. Then dist(x, ImB) < ||x—By,|| < ||[A—BJ|(k(4)+
+1/n)]ix]l.

3. LemMA. Let E, F be real Banach spaces, and let A,, Ae L(E, F) such
that k(A) < x and lim||A,— Al| = 0. Then lim k(A4,) = k(A).

Proof. Choose x,cE such that ||x,|| <2, dist(x,, Kerd)=1 and
k(A) < 1/||Ax,||+1/n. Then it follows from Lemma 2 (i) that
lim dist(x,, Ker 4,) > 1. Hence lim k(A,) > lim 1/|Ax,|| = k(A).

4. LeMMA. Let E, F be real Banach spaces, and let Ae L(E, F). Suppose

there are a map a: F—-E and numbers 0 <q <1, C <o such that
llax|] < Clix|| and ||x— Aax|| < ql|x|| for all xe F. Then ImA = F and k(A)

=C/l-¢).

Proof. Let xeF. Set yo =0 and y,,, =y +a(x—Ay) for k=1, 2,...
Then [[yes—yill <q*Clixl| and [|x—Ay,ll < ¢*||lx|i. Therefore y:=limy,
exists and Ay =x, [ Y| <Y [ ye+1 =yl < ClixlIA1—-q).

5. LemMa. Let E, F, G be real Banach spaces, and let Ae L(E, F),
Be L(F, G) such that

(1) ImA = Ker B
and
2 k(B) < 0.
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If A,e L(E, F) and B,c L(F, G) are sequences with

(3) lim||4,— A|| =lim|B,—B|| =0
and

(4) ImA, = KerB, for all n,
then

(5 limk(A4,) = k(A),

(6) lim k (B,) = k(B),

and, for sufficiently large n,
7 Im A, = Ker B,.

Proof. By (1) and (2), k(4) < o0 and k(B) < oo. By Lemma 2 (i), we can
find maps y,: Ker B, — Ker B such that ||y, x—x|| < 2k(B)||B— B,||||x|| for all
xeKer B,. In view of (1) there are maps «,. Ker B— E such that Aa,x = x
and ||, x|| < (1+1/n)k(A)||x|| for all xeKer B. Set 3, = «,0y,. Then for all
xeKer B,

n+1
19, xI] < Tk(A)(l +2k(B)||B— B,||)lixll

and
llx—A4,8,x|]| < 2k(B)||B—B,||||x]|.

By Lemmas 3 and 4 this implies (5) and (7). It remains to prove (6). To do
this we choose x,e F with

8) dist(x,, KerB) =1, |Ix,]| <2,

and

9) k(B,) < +1
1Byl ' n

In view of (1) and (7) it follows from Lemma 2 (1) that
dist (x, Ker B,) < k(A)||A,— A||||x]| for all xe Ker B. By (8) this implies that

lim dist(x,, Ker B) > 1.

Taking into account (9) and (8), therefore it follows
— —— dist(x,, Ker B,)
limk(B,) = lim < k(B).
B = g 215 B, <~

Together with Lemma 3 this gives (6).
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Proof of Theorem 1. Since STx =0 for xeU, it follows that
Im T, < Ker S7, for all xe U. Hence, by Lemma 5, after shrinking U we can
assume that

(10) ImT; =KerS7, for all xeU,

and, for some constant 1 < C < oo,

(11) k(T)), k(St,) <5C  for all xeU.

By Taylor's formula, after shrinking U and V, we can further assume that
1

(12) 1Ty —Tx— T (y— )l Sglly—XIl for all x, yeU,

and
1

(13) ISy —Sx—S.(y—x)l SEIIY—XII for all x, yeV.

Choose € > 0 so small that all ye E with || y|| <&C belong to U. Set
M = {xeS '(0): ||x|| <e}.

Claim. Let' 6 <¢, and let f: M - E be a continuous map such that

(14) (X)) <3eC  for xe M,
and

(15) ITf(x)—x]| < for xe M.
Then there exists a continuous map f/* M — E with
(16) If()—f (I <36C  for xe M,
and

(17) T (x)—x|| <346 for xe M.

Proof of the claim. Since STf = 0, it follows [rom (13) and (15) that
ST (Tf (x)—x)|| < 8/C  for xe M.

By (11) and a partition of unity argument, we can therefore find a continuous
map w: M — E such that

(18) Iwx)ll < %6 for xe M,
and
”S'Tf(x)(Tf(x)“X—W(X))“ <6/C for xeM.
Hence by (11)
dist (Tf (x) — x—w(x), Ker S7,) <330 for xe M.
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By (10), (11) and a partition of unity argument, we thus obtain a continuous
map v: M — E such that

(19) ol < f%C(ITf (x)—x—w(x)[|+7¢d) for xe M,
and

(20) | T v ()= (Tf (x) = x—w(x))| < {66 for xe M.
(19), (18) and (15) imply

(21) lo(x)| <$6C  for xe M.

Set f = f—v. Then (16) is (21), and (17) follows from (12), (20), (18) and (21):
1T )= xll S WTF ()= TS (%) + Ty v (N + I TS (%) — T 0(x) — Xl

1
< Ellv(x)ll-l-llw(x)ll-f-ﬁé <46 for xeM.

The claim is proved.
Set fo(x) =0 for xe M. Then by the claim we can find a sequence of
continuous maps f,: M — E such that

X)) =fic 1 () <27%1eC  for xe M,
and
T (x)—x|| <27*e for xeM.

Then R:=lim f, exists uniformly on M and TRx = x for xe M.
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