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Multivalued contraction with parameter

by L. RyBinski (Zielona Gora)

Abstract. Let X be a paracompact perfectly normal topological space. Y be a Banach
space, and let CCI(Y) be the class of nonempty closed convex subsets of Y. We show that if a
multivalued mapping G: X x Y— CCI(Y) is continuous in the first variable and is a generalized
contraction in the second variable, then there exists a continuous mapping g: X — Y such that
g2(x)e G(x, g(x)) and we state a Krasnoselskii type fixed point theorem.

1. Preliminaries. Throughout the paper, if it is not assumed otherwise, X
is a paracompact perfectly normal topological space, Y is a nonempty closed
convex subset of a Banach space (Z, |‘|). Let C1(Y) be the collection of all
nonempty closed subsets of Y endowed with the generalized Hausdorff
metric defined by

max (sup {d(a, B): ae A}, sup{d(b, A): be B})
D(A, B) = if the supremum exists,
+ o0 otherwise,

where d(e, C) =inf{le—c|: ceC}. CI(Y) is a generalized metric space
(see [12]).

Let CCI(Y) be the family of convex elements of CI(Y).

In this paper a multivalued mapping F: X +— CI(Y) is called continuous
if it is continuous in the sense of the generalized Hausdorff metric and is
called lower semicontinuous if

(1) {xeX: F(x)nG # @} is open for any open G Y.

Clearly, if F is continuous, then it is lower semicontinuous (see [12],
Lemma 14).

The symbols R, R*, C(R) denote the real axis, the positive halfaxis, the
class of all nonempty convex subsets of R, respectively. A multivalued
mapping K: X+—C(R) is said to be lower semicontinuous if (1) holds.

Let us assume that ¢: X x R* — R™* is a function such that:

1° ¢ is continuous,
2 ¢(x,-): R —R" is nondecreasing for xe X,
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a
3 Y o"(x,t)<oo for xeX, teR", where ¢°x, )=t ¢"(x,1)

n=0
=¢(x, " 1(x, 1)),
4 for any continuous function 6: X+— R* the function S: X—R"
defined by S(x) = ) ¢"(x, 6(x)) is continuous.
n=0
We will prove the following theorems.

THEOREM 1. Suppose that a multivalued mapping G: X x Y+ CCI(Y) is
such that

(1) G(+, u): X—CCI(Y) is continuous for ue,

(i) D(G(x, u), G(x, v)) < @(x, [u—vl) for any function ¢ satisfying 1°—4°.

Then there exists a continuous function g: Xw—Y such that
g(x)eG(x, g(x)) for xe X.

THEOREM 2. Let I': Y+ X be an operator, G: I'(Y)x Y —CCI(Y) be as
in Theorem 1. Suppose that for any continuous function g: I' (Y)Y satisfying
g(x)e G(x, g(x)) for xe I'(Y) the superposition goI': Y+ Y has a fixed point.
Then there exists an element aeY such that ae G(I'(a), a).

In particular, if Y is bounded and I is completely continuous, then G needs
only fulfil (i) and (ii) with any function satisfying 1°-3° and
4° for teR* the function S, X—R" is continuous on I'(Y), where

Sx)=Y ¢"(x,1).
n=0

Similar theorems were given by Melvin for singlevalued mappings [6],
by M. Kisielewicz [2], and also by M. Kisielewicz and the author for
multivalued mappings in a uniformly convex Banach space [4]. Theorems
presented here generalize those results. Other results of this type can be
found in the papers of Rzepecki 9], [10].

2. Lemmas. -

LEmMMA 1. Suppose that ¢: X x R* — R™* satisfies 1°, 2° and ¢(x, 1) <t
for xe X, t > 0. Let 6: X+—R" be a continuous function. Define the function
k: X—R* as follows:

(2) if 6(x) >0 then
{sup >0 @(x, 8(x)+1) <d(x)) if it exists,
k(x) = .
1 otherwise,
3) if 6(x)=0, then k(x) =0.

Then k is lower semicontinuous and k(x) > O whenever 6(x) > 0.

Prool. Since ¢(x, ) is continuous and ¢{x, t) <t for ¢t > 0, we have
lim ¢(x,s) <t for t >0. Thus k is well defined and &(x) > 0 implies

st
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k(x)>0. If for any x we have 6(x)=0, then obviously Lm inf k(z)

> k(x) = 0. o

Let x be any element with 8(x) > 0. Choose an arbitrary le[0, k(x)).
From the continuity of 4(-) and ¢ (-, 6(-)+1) it follows that there is an open
neighbourhood V;(x) such that ze V(x) implies

(4) 8(x)—8(z) <$(8(x)—o(x, 6(x)+1)),
(5) @z, 0@+ )—o(x, 8(x)+1) <3(5(x)~o(x, 5(x)+1)).
Hence, from (4) we have
() +eo(x, 8(x)+1) <d(z) for ze K(x),

and from (5) we have

@(z, 32 +1) <3800+ @(x, 5(x)+1)).
Thus ¢(z, 8(z)+1) < 6(z) whenever ze Vj(x). This means that ! < k(z) for
ze Vj(x). Therefore k is lower semicontinuous.

LeMMA 2. Suppose that ¢: X x R* — R* satisfies 1°-4°. Then

1° o(x,00=0, go(x, 1)<t for xeX, t >0,

2 for any continuous function 6: X +— R™ there is a sequence of con-
tinuous functions h,: X+—R*, n=0,1, ..., such that h,(x) <2™" for xe X
and the sequence of continuous functions W,: X — R* defined by y,(x) = d(x),
Ya(X) = @(x, Y (X)+ h,_ (X)) satisfies the inequalities
(6) Yo (x) < (l’k (Xs 5()‘))» Yo+ (X) < ‘Pk (Xa 5(x)),

7) if hy(x) =0, then Y,(x) =0 for xe X.

Proof. If for any t>0 we have o¢(x,t)=t then t<o(x, 1)
<o(x, o(x, D) =0*(x, ) < p(x, @*(x, 1)) < ..., by 2°, so ¢"(x, 1) >t. But
4° implies @"(x, t) >0 as n — oo. Therefore 1 holds.

2° Define ky: X+—R™ as k in Lemma 1. Let K,: X — C(R) be defined
by

(0, ko(x)) if 8(x) > 0,
Ko(x) = {{0} if 5(x) = 0.
Since k, is lower semicontinuous, K, is lower semicontinuous (use
Proposition 2.1 of Michael [7]). Then K, has a continuous selection
([7], Theorem 3.1""). Thus there is a continuous function k,: X — R* such
that 0 <ky(x) < ko(x) if 6(x) >0, ko(x) =0 if 6(x) =0. Let hy: X+—R*
be defined by

(8) ho(x) = min (2, ko (x)).
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It is clear that h, is continuous, hy(x) =0 iff 5(x) =0 and hy(x) <2 for
xe X. Now,

) ¥1(x) = @(x, (x)+ho(x)) < 8(x) = ¢°(x, 6(x)).

Moreover, ¥,(x) < ¢°(x, 6(x)) whenever &(x) > 0. Evidently , is con-
tinuous. Define k;: X—R* by ky(x)=¢%x, d(x))—¢,(x) and then
h: X—R" by

(10) hy (x) = min(27, k, (x)).

Observe that if ¢, (x) > 0, then d(x) > 0, but in this case k,(x) > 0. Hence
(10) defines a continuous function such that h,(x) <2~ ! and if ¥, (x) >0,
then hy (x) > 0. Now, ¥, (x) = ¢(x, ¥, (x)+h, (x)) and we have

(11) ¥, (x) < o(x, ¥y () +ky (%)) = @' (x, 6(x)).

Clearly, y, 1s continuous. Define k,: X+— R™ as k in Lemma 1 taking y,
instead of . Then k, is lower semicontinuous and k,(x) = 0 iff ,(x) = 0. As
above for kg, choose for k, any continuous function k,: X +— R* such that 0
< ky(x) < ky(x) if Yo(x) >0 and k,(x) =0 if ,(x) =0. Let h,: X+—R" be
defined by

(12) hy(x) = min(272, k,(x)).
Then h, is continuous, h,(x) =0 iff Y,(x) =0 and h,(x) < 272 Now,
(13) Y3(x) = @(x, Y2 (x)+hy (X)) S ¥, (x) < @' (x, 6(x)).

Moreover, ¥3 (x) < @' (x, 6(x)) whenever ¥, (x) > 0. Put k3(x) = o' (x, 5(x))—
—Ya(x) for xe X and then

(14) hy(x) = min(272, k; (x)).

Thus hy: X—R* is continuous, hy(x) <2 2 and if Y,(x) >0, then
hy(x) > 0. Now, ¥,(x) = @(x, Y3(x)+h3(x)) and we have

15 Ya(®) < @(x, Y3 () +k3 (x)) = @(x, @' (x, 8(x))) = @*(x, 6(x)).

Continuing this procedure we obtain the sequences (h,), (¥,) satisfying
assertion 2°.

LemMa 3. Denote B={zeZ:|zl<1}, B®={zeZ: |z| <1}, n(x)C
= !n(x)z: zeC). Suppose that F: X —~CCl(Z) and n: X+—R* are lower
semicontinuous. If F(x) nn(x)B® # Q@ for xe X, then the multivalued mapping
F: X+—CCl(Z) defined by F(x) =F(x)nn(x)B is lower semicontinuous.

Proof. We will show that for every xqe X, yoe #(xo), ¢ > 0 there
is a neighbourhood U of x4 in X such that for every xeU we have
d(ye, F(x) <e.

First assume that n(x,) = 0. Then F(xo) Nn(xe)B = {0}. It suffices to
show that there is a neighbourhood U of x, such that for every xe U there
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exists a ze F(x)nn(x)B, |z] <& From the lower semicontinuity of F it
follows that there is a neighbourhood U, of xo such that for xe U, there
exists a ze F(x) with (z| <& Now, if n(x) > ¢, then zen(x)B. In the case
7(x) < ¢ there exists a ve F(x) nn(x) B with |v| <, since F(x)nn(x)B # Q.

Assume that 7(xo) > 0. Observe that F(x)nn(x)B = F(x)n(x)B°

=F(x)nint n(x)B (C denotes the closure of C). Now, the proof of
Proposition 2 in [5] can be repeated with slight changes to show that # is
lower semicontinuous in Xg.

LeMMma 4. Let F: X+—CCIl(Y), g: X—Y be continuous, h: X —R* be
lower semicontinuous. Suppose that for any xe X, d{g(x), F(x)) > 0 implies
h(x) > 0. Then there exists a continuous selection f of F such that

(16) If () —g(x)| <d(g(x), F(x))+h(x).

Proof. Define F,: X—CCl(Z) by F,(x) = F(x)—g(x). It is easy to
check that F, is continuous. Let 7(x) = d(0, F,(x))+h(x) for xe X. Clearly,
n: X+— R* is lower semicontinuous and we have F,(x)nn(x)B°®# @ for
xe X. In virtue of Lemma 3, the multivalued mapping #: X +—CCl(Z)
defined by F(x) = F,(x)nn(x)B is lower semicontinuous. Thus by the
Michael Selection Theorem ([7], Theorem 3.2) it follows that there exists
a continuous function f;: X +—Y such that f,(x)e #(x) for xe X. Let
f(x)=f,(x)+g(x) for xe X. Then f: XY is continuous and f(x)e F(x)
for xe X. Moreover,

If () =g ()l = ()] < n(x) =d(g(x), F(x)+h(x).

3. Proof of Theorem 1. Let us fix an arbitrary ue Y. Since the mapping
G (-, u) is continuous, the function §: X +— R* defined by (x) = d(u, G(x, u))
is continuous. Choose the sequences of continuous functions (h,), ({,) as in
Lemma 2. By Lemma 3 we can find a continuous selection of G(-, u), call it
g1, such that

(17 19y (x)—u| < 8(x)+ho(x).
The function 8,: X+ R* defined by &, (x) =d(g,(x), G(x, g,(x))) is con-
tinuous, since g, and G(*, g,(‘)) are continuous. Since g, (x)e G(x, u), we
have &, (x) < D(G(x, u), G(x, g,(x))). Thus

d;(x) < q’(xs 19, (x)-ul) < ‘P(x, 6(x)+h0(x)) =¥, (x).
Then we can find a continuous selection g, of G(-, g;(-)) such that
(18) 1g2(x)—g1 ()] < 61 (x)+hy (x) < ¢ (X)+hy (x).
Define §,: X+—R" by &,(x) =d(g,(x), G(x, g,(x))). Clearly, &, is con-
tinuous and &, (x) < D(G(x, g, (x)), G(x, g5(x))). Thus

62(%) < @(x, 1920~ g1 (X)) < @(x, ¥y () +hy (x)) = ¢2 ().
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Continuing this procedure we obtain a sequence of continuous functions
gn: X—Y. n=0,1,2,..., such that go(x) =u g,+;(x)eG(x, g,(x)) and

(19) 1+ 1 (X) =g, (X)} < Y (x)+ b, (x).

Let us write y,(x)=¢*(x,8(x)) for n=2k or n=2k+1, nk

=0,1,2,..., xeX. Obviously Y 7,(x)=2S(x). Thus, by Lemma 2,
from (19) we get e

n+p—1

Ign+p(x)_gu(x)| < Z '}’,'(x)+2—"+l.

Hence (g,(x)) is a Cauchy sequence, and therefore there exists lim g,(x)

n—aw

n—1
for xeX. Denote g(x)=limg,(x), R,(x)=25(x)+2"""1—Y y(x)

n—m i=0
for xeX. By 1° and 4°, R,: X—R" is continuous for n=1, 2, ...,
obviously, R,(x) decrease to 0 as n— oo.

We have
d(g(x), G(x, g(x)) < lg(x)—gn(¥)] +d(gn(x), G(x, g(x)))
for n=1,2,..., xeX. But g,(x)eG(x, g, (x)) implies
d(g,(0, G(x, ¢(x)) < @(x, [g(x)=gn-1 (X)) < |g(0)—gp-1 ().
Since |g(x)—g.(x)] < R,(x), we have
d(g(x), G(x, g(x)) S R, (x)+R,- (x), n=1,2,..., xeX.

Therefore g(x)e G(x, g(x)) for xe X.

It remains to show that g is continuous on X. Fix an arbitrary x,€ X.
For ¢ > 0 let m be a positive integer such that R, (x,) < ;&. Choose an open
neighbourhood U,, of x, such that |g,,(x)—gm(xo)l <&, [Rpy(x)—Rn(xo)l
< 3¢ whenever xe U,,. Since

|9 (x) =g (x0)l < [g(X)—gm (X)| +1gm (%) = G (Xo)| +gm (X0) — g (Xo)l
< Ry (%) +1gm (X) — gm (Xo)l + R (X0)
for xeU,, we have
g (%)~ g (Xo)l < Ru(Xo)+3e+26+ Rp(x) <,

Therefore g is continuous. The proof is complete.

Remark 1. One can see that for multivalued contraction with no
parameter the iterative technique used in this paper leads to the following
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principle covering the results of Wegrzyk ([12], Theorem 2.1) and Turinici
({117, Theorem 2.1).

Tueorem 3 ([8]). Let (Y, ¢) be a complete generalized metric space,
G: Y—CI(Y) be a multivalued mapping, u: R* — R* be a nondecreasing

function such that Wim p(s) <t and Y, p"(f) < oo for t >0, where u°(t) =1,

st n=0

u'(t) = p(p" (1) for n=1,2, ... Suppose that for any € >0 and for every
ueY with d(u, G(u)) < oo there exists ve G(u) such that ¢ (v, u) < d(u, G (w)+
+¢, d(v, G(v) < ple(v, up). If for uge Y we have d(uy, G (ug)) < oo, then there
exists a sequence (u,), n=0, 1,2, ..., such that u,, € G(u,) and u, converges
to some point ze G(z).

Remark 2. Assumptions (i), (ii) in Theorem 1 can be replaced by:

(1) G: X xY—CCI(Y) is continuous,

(ii’) for every pair of continuous functions g: X+— Y, h: X —R", with
the property that d(g(x), G(x,g(x)))>0 implies h(x) > 0, there exists a
continuous function g;: X + Ysuch that |g, (x)—g(x)] < d(g(x), G(x, g(x)))+
+h(x) and d(g,(x), G(x, g, (%)) < @(x, Ig; (x)—g(x)l) for any function ¢
* satisfying 1°-4°.
Remark 3. A particular case of Theorem 1 is the case with

(i) D(G(x,u), G(x,v)) < k(x)lu—v} for any continuous function
k: X—[0,1), u,ve?,

instead of (ii). Obviously, ¢ defined by ¢(x, t) = k(x)t satisfies 1°-4°.

Proof of Theorem 2. By Theorem 1 (with I'(Y) instead of X), there
exists a continuous function g: I'(Y)—Y such that g(x)eG(x, g(x)) for
xel(Y). Then there exists an aeY with =g¢g(l'(a)). But
g(T'(@)eG(I'(a), g(I' (a)). Thus aeG(I(a), a).

If Yis bounded and I' is completely continuous, then I'(Y) is compact.
In this case we can repeat the proofs of Lemma 1, Lemma 2 and Theorem'1
with the constant function d,: X - R* defined by &,(x)=1,
= max {d(u, G(x, u)): xe I'(Y)}. Therefore 4° can be replaced by 4°. Now,
for any continuous function g: I'(Y) Y the superposition go I is completely
continuous, hence it has a fixed point in virtue of the Schauder Theorem.

Remark 4. One can get another version of Theorem 2 without the
assumption that I" is completely continuous, provided some condition is
assumed wich makes it possible to apply to gol a fixed point theorem of
the Darbo type (see e.g. [1]).

Remark 5. An application of Theorem 2 to the generalized functional-
differential equation x(H)eF(t. x(), x(+)) with F: IxC x "+ CClR), p
> 1, can be given in the same way as in [3] for p > 1.



282

(1]
(2]
31
[4]
(5]
(61

(7]
(8]

(%]

[10]
(1]

[12]

L. Rybinski

Referemces

J. Banas, K. Goebel, Measures of noncompactness in Bunach spaces, Institute of
Mathematics, Polish Academy of Sciences, Preprint nr 7, seria B (1979).

M. Kisielewicz, Generalized functional-differential equations of neutral type, Ann. Polon,
Math. 42 (1983), 139-148.

—, Nonlinear Functional-Differential Equations of Neutral Type, PWN, Warszawa—Poz-
nan 1984.

—, L. Rybinski, Generalized fixed point theorem, Demonstratio Math. 16 (1983),
1037-1041.

S. Lojasiewicz, Jr, The existence of solutions for lower semicontinuous orientor fields,
Bull. Acad. Polon. Sci, Ser. Sci. Math. 28 (1980), 483-487.

W. R. Melvin, Some extensions of the Krasnosielskii fixed point theorems, J. Difl.
Eqgs. 2 (1972), 335-348.

E. Michael, Continuous selections, I, Ann. of Math. 63 (1956), 361-382.

K. Przestawski, L. Rybinski, A note on multivalued contraction mappings (in
preparation).

B. Rzepecki, A generalization of Banach’s contraction theorem, Bull. Acad. Polon. Sci.,
Ser. Sci. Math. Astronom. Phys. 26 (1978), 603-609.

—, An extension of Krasnoselskii’s fixed point theorem, ibidem 27 (1979), 481-488.

M. Turinici, Multivalued contractions and applications to functional differential equations,
Acta Math. Acad. Sci. Hungar. 37 (1981), 147-151. '

R. Wegrzyk, Fixed-point theorems for multi-valued functions and their applications to
Sunctional equations, Diss. Math. 201, PWN, Warszawa 1982.

Zaklad Matematyki

Szkota In2ynierska, Zielona Géra

DEPARTMENT OF MATHEMATICS

COLLEGE OF ENGINEERING, ZIELONA GORA

Recu par la Rédaction le 13.09.1983



