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LIST OF THE MOSTLY USED SOMBOLS

Q — the set of all formulas (S8ee. 2),

I — the set of all instructions (8ec. 2),

I — the set of all finite sequences (lists) of instructions (Sec. 2),

Fr(X) — the set of all n-argument partial functions with the domain and
range in X (Bec. 3),

F(X) — the set of all many-argument partial functions with the domain and

range in X (8eo. 3),
R"(X) — the set of all n-argument relations in X (Sec. 3),

R(X) — the set of all many-argument rejations in X (8ec. 3),
M — & model (8ec.3), ,_

Vi — the set of all valuations in M (Ses. 3),

Ty — the set of all transvaluations in M (8ec. 3),

A — a flow-algorithm (Sec. 4),

Fy — the output functions of U (Sec. 4),

ADF (M) — the set of all algorithmically definable functions in M (Sec. 5),
o(%,, ¥,) — the separation of A, with %; (Sec. 6),

A, 0%, — the simple composition of %; with A, (Sec. 8),
A+ — the iteration of U (Sec. 6),

A=, — the complex composition of %; with %A, (Sec. 8),
%, 19, — the recursive composition of %, with ¥, (S8ec. 8),

%A, — (A, ") — the conditional composition of A;, A; and Ay (Sec. 6),
= — the natural equivalence (Sec. 7),
— the operation of substitution (See. 7),
— the operation of immediate recursion (Sec. 7),
— the operation of minimum (8ec. 7),
R(M) — the set of all algorithmically definable relations in M (Sec. 8),
— the operation of conditional definition (Sec. 8),
GRF (M) — the class of generalized recursive functions over M (Sec. 9),
GRR (M) — the set of all generalized recursive relations over M (Sec. 9),
CA — the class of canonical algoritims (Sec. 10),
CDF (M) — the set of all canonically definable functions in M (Sec. 10),
CDR(M) — the set of all canonically definable relations in M (8ec. 10),

A — the general algebra of algorithms (Sec. 11),
~ — the equivalence relation in A4,
SPL — simple programming language (Sec. 12),

PDF (M) — the set of all SPL-.definable functions in M (Sec. 12).



1. INTRODUCTION AND SUMMARY*

In this paper we study the semantics of machine-independent pro-
gramming languages. In particular we are concerned with answering
the following three questions:

1. What do we mean — or rather what we intend or should mean —
when saying that a given program = computes (defines) a given func-
tion f?

2. What can be said about the set of all functions computable (defi-
nable) by means of programs in a reasonable class of programming lan-
guages?

3. How to prove that a given program = computes a given func-
tion f (the problem of adequacy of a program)? In particular, what
structures of programming languages are desirable in order to make
these proofs sufficiently easy and applicable?

In order to resolve the three problems in a possible formal way,
the general intuitive notion of a program should be replaced by some
abstract mathematical concept. To this end we introduce the notion of
a flow-algorithm (or simply algorithm) which is similar to the well known
notion of a flow-diagram or graph-schemata (cf. [5] or [6]). A flow-algarithm
is thus a finite, directed, binary ramificated graph (loops are clearly admit-
ted) with exactly one input and exactly ome output (see Sec. 3). With
every vertex of this graph there is associated a pair (d; o) Where a is a fi-
nite string of expressions of the form

a;:= Fr(a;, ..., a; ),
called instructions and p is a single expression of the form
R:n(ajlv ceey ajn)y

called formula. Instructions and formulas are elements of a basic language,
being a language over the union of three infinitely denumerable alpha-
betes: of variables a;, of functional symbols F,, and of predicational sym-

* This paper has been prepared during the stay (October—December, 1969)
of the author at Istituto di Elaborazione della Informazione (CNR), Pisa, Italy.



8 Algorithmically definable functions

bols R — and of one finite alphabet of auziliary symbols. By a model
we mean a pair M = (X, J), where X is an arbitrary nonempty set and J
is a function associating partial functions in X with functional symbols,
and relations in X with predicational symbols. Now we introduce the
concept of a valuation to be a total function defined in the set of all varia-
bles and with values in X. This notion is similar to the McCarthy’s state-
vector (cf. [7] and [8]), however valuations seem to be more efficient in
formulating theorems about programs (flow-algorithms). Now, with every
algorithm U and every valuation v in a given model M we associate,
in a natural way, a sequence (go, ¥), (¢15 ?1), ... called the trace of v in %,
where g,’s are vertices of U and v;’s are successive valuations (successive
in the course of performance the algorithm % with the input (data) valu-
ation v). Clearly, the trace may be finite or infinite. If it is finite and ends
with a pair of the form (g;, v;), where g; is the output of U, then v, is said
to be the value (for v») of the output function Fy of A in M. I.e. in this
case Fy(v) = v;. The notion of the output funetion permits to define
the notion of a function defined by a given algorithm U in a given model M
(Def. 5.1 in Sec. 5}. By ADF(M) we denote the set of all functions algo-
rithmically definable in M.

In this way the question number 1 has been answered. Now we
come to the second questign, i.e. to the problem concerning the pro-
perties of ADF(M). Not much can be said about ADF (M) in the general
case, however, we can prove that ADF(M) is never empty and that it
is closed under the operation of substitution. On the other hand the
models of many programming languages like ALGOL-60, ALGOL-68,
FORTRAN, PL-1, etc. have some common properties which can be
assumed now for our abstract models to handle with more particular
and material cases. To this end we introduce the notion of a normal model
(Def. 7.1, Sec. 7) to be a model M = (X, J), where N < X (N is the set
of all natural numbers) and where the successor in N, the function equal-
ling zero for all z in X, and the identity relation in N, belong to the range
of J. As it turns out, if M is normal, then ADF (M) has very regular
properties. Namely, for every normal model M, the set ADF (M) is the
least set of partial many-argument functions in X, which contains a set
of elementary functions (elementary in the sense of M) and is closed
under three schemes of effective operations (see Sec. 7 and Theorem 9.1
with Definition 9.1 in Sec.. 9). It is to be emphasized here that this the-
orem — which answers the question number 2 — has a general charac-
ter, since in normal models the set X may contain, besides natural num-
bers, arbitrary elements like real or complex numbers, matrices, functions,
functionals, sets etc. and the range of J may contain, besides the three
required objects, any finite or infinite number of arbitrary functions
and relations in X.
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The answer to the third question is more complicated and requir-
es few preliminary comments. Note first that, given an algorithm %A,
we can consider all possible traces in U, find the output function Fy and
then prove that U defines, or not (in the sense of the Definition 5.1),
@ given function f. This way, although theoretically possible and used
in this paper in proving general theorems, has no value for the program-
ming practice, since it leads always to long and complicated proofs. In
order to solve the problem of adequacy in a more efficient way, we sug--
gest the following technique: We define two binary. operations o and *
in the set of all flow-algorithms (Sec. 6) and we prove theorems of the
following form: if F, and F, are the output functions of N, and U, respec-
tively, then the output function of W, 0U, (or A, 1A,) s 80 and so (see Lemmas
6.2 and 6.5 in Sec. 6). Now we consider the least set of algorithms which
contains the set of all two-vertex, loop-free algorithms (called elementary)
and is closed under the operations of o and {. The elements of this set
are called canonical algorithms (Sec. 10). Clearly, for every canonical
algorithm 9 the problem of adequacy is relatively simple, since if U is
elementary, then the problem of finding Fy, is very easy, and if U is not
elementary, then it can be decomposed by means of the operations o
and 1 and appropriate theorems can be applied in finding Fy. The prob-
lem is, that not every flowalgorithm is canonical. However, we can prove
the following theorem: for every normal model M and every function f
algorithmically definable in M there exists a canonical algorithm which
defines f in M. This theorem gives particular suggestions concerning the
structure a programming language should have in order to guarantee
relatively simple proofs of the adequacy of programs. In Section 12 we
describe a simple abstract programming language SPL which follows
these suggestions. Now, if the language is specified, we go further in the .
adequacy-proving technique. Namely we use the fact (the answer to
the second question) that for every normal model M the set ADF(M)
is an algebra with three schemes (classes) of operation and we formulate
theorems of the following from: if f; is defined by U, for ¢ =1,...,n
and f = O;(f,, ..., [,), then the algorithm which defines f is so and so (cf.
Theorems 12.6, 12.7, 12.8 and 12.9). Clearly, these theorems permit to
construct algorithms (programs) which — by this construction — are
proved to be adequate. And this is the answer to the question num-
ber three.

The problem of semantics for programming languages has been in-
vestigated by many authors in a number of papers. A very large and
complete reference of this subject can be found in a survey paper of J. W.
de Bakker [1].

Some main results of the present paper have been published partly
in [2], [3] and [4].
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2. BASIC LANGUAGE

Let us recall briefly some concepts of the theory of formal languages
to be used in this section. By an alphabet we shall mean any finite or
infinite but denumerable set of symbols. If 4 is an alphabet, then A*
denotes the set of all finite strings of elements in 4 (the empty string &
included) called words over A. By a language over A we mean any sub-
set L of A. If L, and L, are languages, then

LIL, = {a:y: :DGL, & yeL,},

where zy is the concatenation of z and y,

L ={, L =LL", L =UL.

i=0

Consider now four alphabet as follows (first three infinite):

A, = {ay, ay, ...} — variables,

Ap ={Fy: n,m =1,2,...} — functional symbols,

Ap ={Rp: n,m =1,2,...} — predicational symbols,

Ay ={=,(),’} — auxiliary symbols.

Let A =4, VA, U dyud,. Two kinds of expressions over A4
will be distinguished:

By a formula we mean any word over A of the form

Ru(a; ..., 8 ).

Q will denote the set of all formulas.
By an instruction we shall mean any word of one of the following
two forms:

[ v [ Jp— n -
a:=0; or a;:=F.(a;,...,a;).

I will denote the set of all instructions. By the basic language we mean
the set L =Q v I.

In the sequel we shall deal frequently with finite sequences, called
lists, of instructions. According to our notation I' will denote the set
of all lists of instructions.

The language L may seem to be very restricted since the right-hand-
-gide expressions of instructions are always simple terms and formulas
are always simple (atomic) formulas. This restriction is however immaterial
for our investigations since the alphabets 4, and A, have been assumed
to be infinite.
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3. SEMANTICS OF THE BASIC LANGUAGE

Consider an arbitrary set Y. By an n-argument relation in ¥ we mecan
any subset r of Y". The fact that (y,,...,¥%,)er may be denoted also
by (¥, ..., ¥,). By an n-argument partial function in ¥ we mean any
(n+ 1)-argument relation f in ¥ which satisfies an appropriate “function-
al” condition. The fact that (y,, ..., ¥,, ¥,,.)<f is denoted by f(y,, ..., ¥,)
= ¥,., and we say that f is defined for (y,,...,¥,)- By f: X — Y we mean
that X contains the domain and Y contains the range of f, i.e. that f
is & partial function with the domain in X and range in Y. If the domain
of f is equal to X, then f is said to be a total function in X.

- Let now f and g be two arbitrary 1-argument partial functions in X.
By a composition of f with g, in symbols

fog,

we mean a function » with the following properties:

1. for any z in X, h(z) is defined iff f(z) and g¢(f(z)) are defined,

2. for any z in X, if h(z) is defined, then k(z) = g(f(x)).

As can easily be seen, for any f and ¢ there is exactly one A to satisfy
properties 1 and 2. We denote this fact by A = fog.

The following notation will be used in the sequel:

F"(X) — the set of all n-argument partial functions with the domain
and range in X, ,

R"(X) — the set of all n-argument relations in X,
F(X) = F'(X), R(X)=UR"(X).
n=1

n=1
DEFINITION 3.1. By a model we mean any ordered pair
M = (X ' J)

where X is an arbitrary nonempty set and J is a total function, J: Ap U Ap
— F(X) v R(X), with the following properties:

1° J(F3)eF*(X) for any n,m =1,2, ...,

2° J(Ry)eR"(X) for any n,m =1,2,...

It is to be emphasized here, that J is not assumed to be reversible.
As it follows therefore we can consider, in particular, models with only
finite number of nonempty functions and (or) relations in J(Ax U Ap).

This property has an essential importance for the generality of ours
investigations.

Consider now an arbitrary model M = (X, J). By a valuation in M
we mean any total function
v: A,> X.

Ve will denote the set of all valuations in M.
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By a transvaluation in M we mean any partial function
t: Vy — Vo
By T';; we denote the set of all transvaluations in M.

Now with every list of instructions we associate a transvaluation.

To this effect we consider a function
Sﬁl . 1* —> TM
defined in the following way:

1) 8,,(¢) = the identity transvaluation.

2) Let ael. Two cases are to be considered:

(i) If a is of the form a;: = a; then §;(a) is a total transvaluation
and for every valuation v; in V,, if [8,,(a)](v,) = v;, then for every a,
in Ap

v.(a,) for Lk #i,
vy(ay) = '

vi(a;) for k =1.

(ii) If ¢ is of the form a;:= F} (a;,...,q; ), then for any valua-
tion vy, [Sy(a)](v,) is defined iff [J(F7)](vi(a;), ..., vi(a; )} is defined,
and if [8,,(a)](v,) is defined, then [S,(a)}](v,) = v, where for every a,
in AV )

|v1(ak) for k #1,
ag) = . .

LT (Fp)) (v1(a), - va(a; ) for k=i
3) For every list a,,...,qa, in I"

Vy(

Syl(a, ... a,) = 8y(a)o...08,(a,).

The notions of the valuation and transvaluation have a clear inter-
pretation in the computer science. In fact, variables can be interpreted
as addresses of a hypothetical memory and valuations as memory states.
Now with every list of instructions there is associated a function which
changes an actual state of the memory to a new one.

Transvaluations describe the meaning of instructions. Now, in order
to describe the meaning of a formula, we introduce a new function

E"u: Q —> 2 VM
to be defined as follows: for every R, (a; e ) in @
ZM(R:;(a‘jla EER) a’jn)) = {o: (v(a,l) yeeey ”(aj,,)) eJ (Rn)}-
4. FLOW-ALGORITHMS
As it has been mentioned in the introduction, flow-algorithm is a graph

(flow-diagram) where with every vertex there is associated a pair of
expressions in the basic language.
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By a flow-diagram we shall mean a system & = (@, p, q, 2),
where:

1) @ is a finite set of natural numbers and the elements of G are
called wvertices of G,

2) p and ¢ are two different elements in @ and are called respecti-
vely the input and the output of ®, .

3) £ is a total function in G— {q} with values in [G— {p}1%. 1If for
some ¢,, ¢., gs in G, 2(g,) = (9., gs), then g, and g, are said to be the
successors of g,.

4) For every ¢ in G— {p} there exists a path from p to ¢ in G, i.e.
there exists a string g¢,, ..., g, in G with g; = p, g, = g and g, , is a succes-
sor of g, for 2 =1,...,n—1.

Two ﬂow-diag‘rams 6, = (G, Py 1y 2,) and G, = (G,, Py, 42y 2,)
are said to be isomorphic if there exists a 1-1 mapping ¢: G, > @, such
that for every ¢ in @G, —{g} if £,(9) = (g:,9:), then ,(p(g) =

= (p(g1), #(g2)). Clearly, if ¢ is an isomorphism, then ¢(p,) = p», ¢(9:) = ¢:
and ¢! is an isomorphism too.

DErFINITION 4.1. By a flow-algorithm (or simply by an algorithm)
we mean a system ¥ = (@, p, ¢, 2, £), where (@, p, q, Q) is a flow-diagram
and ¢ is a total function on @ with values in I* X @. The vertices p and ¢
are called, respectively, the input and the output of U. If £(q) = (a; o)
for some p in @, then p.is called the output formula of U.

The abstract notion of a flow-algorithm replaces the intuitive general
concept of a program. Now we shall introduce a new notion to describe
the process of computation associated with a given program for given
data. ' '

Consider an arbitrary model M = (X,J) and an arbitrary flow-
algorithm % = (@, p, q, 2, £). For every valuation v in V,, we associate
with o a finite or infinite sequence of pairs in @ X V,, called the trace
of v in U (for the given M). The trace

(Goy o)y (G1s V1)y -oey (Giy V)5 -

is defined by recursion in the following way:

1) Let £(p) = (a; o) where ael®, peQ. If [8;,(a)](v) is not defined,
then (g,, v,) is not defined and the trace of » in A is empty. In the oppo-
site case

go=p and v, = [8y(a)](v).

.2) Let (g;, v;) be defined for some ¢> 0. If g, — ¢ then (g,,,, v;,,)
is not defined and (g;, v;) is the last element of the trace. If g; + ¢, then let



14 Algorithmically definable functions

209) = (9',9")y  &(g) = (a5 0),

gi+1 - {g' if ”ieEM(g)'
g° it v ¢Zy(e),

£ = (B, n).

Now, if [8,(8)](»;) is not defined, then (g;,,, v;,,) is not defined and
(g9;, v;) is the last element of the trace. In the opposite case

Jiva = giH and v, = [Sy(B)1(v).

Intuitively (g;, v;) means that the control of a hypothetical compu-
ter performing W leaves g; in the state v;.

In the sequel we shall frequently deal with traces, i.e. with finite
or infinite sequences. To this effect we introduce here the following no-
tation: {z;},_, is an abbreviation of z,,,,,,... (finite or infinite) and
{z;}7*, 18 an abbreviation of z,,,,,,...,7,. In particular {(g;, v;)}i0
is an abbreviation of (g,, v), (g1, ?1), ...

The notion of the trace will play a fundamental role in this paper.
Now it permits to introduce a new important notion. '

Let U be an arbitrary algorithm and M an arbitrary model. By the
output function of A in. M we mean a transvaluation Fy in T, defined
in the following way:

For any v,, v, in V,, Fy(v,) = v, iff the trace of v, in U is finite and
terminates with (q, v,), where ¢ is the output of %U. Clearly, if the trace
of v, in A is either infinite or terminates with a pair (g;, v;) where g, # g,
then Fg(v,) is not defined.

Now we shall introduce some auxiliary notions to be used in the
sequel. Let B be an arbitrary subset of the set 4, of all variables. Two
valuations v, and v, are said to be equivalent modulo B, in
symbols

v, = v,mod B,
if v,(a) = vy(a;) for every a; in B.
Consider an algorithm U, a model M, and let 'y be the output function

of A in M. A variable a, is said to be external in A (for the model M) if
for every valuation v, with Fy(v) defined,

[F4(v)](a;) = v(ay).

Note that every variable which does not appear in % is external
in ¥ but not conversely.
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5, ALGORITHMICALLY DEFINABLE FUNCTIONS

DEFINITION 5.1. Let us consider an arbitrary model M = (X, J),
a partial function f: X* - X and an algorithm 2. Let Fyg be the output
function of A in M.

The function f is said to be defined by W in M if there exists a sequence
of variables 4, , ..., @iy Bip 1 where a; , ..., & is a sequence without
repetitions, with the following two properties:

1° For every valuation vin Vy, Fy(v) is defined iff f(v(a, ), ..., v(a; ))
is defined.

2° For every valuation » in ¥V, if Fy(v) is defined then

F(v(81), ey v(ay)) = [Fu(0)(a;, ).

The sequence a; ,...,a; ,a; . — written in the sequel as a;
ooy @ ;6  — will be called a matriz of f in A. The variables g, , ..., a;
will be called input variables of the matrix, the variable a; + — the
output variable of the matrix, and a matrix with all input variables being
external — an external matriz.

Note that in the general case a given function f defined by a given
algorithm U can have more than one matrix in .

ExaMPLE 5.1. Consider an algorithm

A=({p, ¢} p,q, 2, ¢), '

* where

2(p) = (¢, 9),

E(p) = (‘1'1:_—' Fi(azy a;), a,: = Ff(as’ )5 R%(al))!

£(q) = (55 Ri(al))' .

Let now M, = (R, J,) where R is the set of all real numbers and
[J,(FD)](®,y) = x+y for z,yeR. Clearly A defines in M, the functign
f(z,y) = x+y with four maftrices: a,, ay; a,, a4, @,; a,, G, a; &, and
gy Q53 Gy .

Consider now another model M, = (R,J,;) where [J,(F})](z,¥)
= z/y for 2, yeR and y # 0. The algorithm ¥ defines in M, the following
three-argument function:

z/y if yz#0,

T %) =
959 %) =\ not detined it yz = 0.

This function is defined by U with two matrices: a,, ay, a5; 6, and
85y Gg, G5; 6,. If we cancel in U the instruction a,:= Fi(a, a), then the
new algorithm, say U,, defines in M, the quotient function with one
matrix a,, @,; a,.
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Consider an arbitrary model M and a function f in M. This function
is said to be algorithmically definable in M if there exists an algorithm
which defines f in M. By ADF (M) we denote the set of all functions
algorithmically definable in M.

LEMMA 5.1. For every model M and every algorithm U there erists
a function f defined by W in M, i.e. for every model M, ADF (M) + Q.

Proof. Consider a model M = (X, J), an algorithm U and let Fy
be the output function of U in M. Let a,, ..., a; be the only variables
in Y. Evidently, for any two valuations », and v, with

v, = v,mod{a;, ..., a; },
either both Fg(v,) and Fy(v,) are not defined or both are defined and
Fy(v,) = Fy(v;)mod{a,, ..., a }.

Therefore, in particular, if Fg(v,) and Fy(v,;) are defined then

[Fu(v))](a;) = [Fu(ve)](a).

It is now easy to see that the function

[Fg(v)i(a);, 1if Fy(v) defined,
f(wl""’a"'n)= . . .
not defined if Fg(v) not defined,

where v is an arbitrary valuation with v(aij) =g; for j =1,...,m, 18
defined by U in M with the matrix a,, ..., a; ; a;, g.e.d.

LEMMA 5.2. Consider two arbitrary finite sets of variables B, and B,
with the same number of elements and let h: B; — B, be a 1-1 mapping.
For every algorithm W, with the set of variables B, there exists an algorithm U,
with the set of variables B, such that for every model M and every function
f defined by A, in M with a matric a; , ..., a; ; a;  , the function f is de-
fined by U, in M with the matriz h(a; ), ..., kia; ); h(a;_

A simple proof of this lemma will be omitted here.

+1)‘

LEMMA 5.3. Let M be an arbitrary model. For every n-argument func-

tion f in ADF (M) and every string of variables a; ,...,a; ;6; , where
@y .oy @ are distinct, there exists an algorithm U defining f in M with
the matriz @, ..., a; ; a&; being external in U.

Proof. Let M = (X, J) be an arbitrary model and let f be an arbi-
trary function in ADF(M). Suppose fis defined in M by ¥ = (@, p, q, 2, &)
with a matrix a;,..., e ;6 Consider now an arbitrary string of

+1° ) )
variables a; , ..., 6; ja; Where\ Bjlyoney B AT all distinct. In virtue
of Lemma 5.2 the variables a; ,....,4; can be assumed, without loss

of generality, as not appearing in . Consider now an algorithm
A =(G,p,4q, Qy-elj)"
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where:

£1(9) = &(g) for any g in G—{p, g},

&) = (a,:=ay,..., 8, = a; , a; o), where £(p) = (a; 0),

&(q) = (Byay,, :=a ;o) where £(q) = (f; v).

It is clear now that a; , ..., @, are external in %, and that %, defines f
in M with the matrix Biyonny By 5 G q.e.d.

6. OPERATIONS ON ALGORITHMS

In this section we introduce several operations on algorithms to be
used later in proving the theorems concerning ADF(M). First some
auxiliary concepts. ‘

Consider two arbitrary algorithms W, = (&;, p;, ¢, 2, &), where
1 =1, 2. ‘

A, and A, are said to be disjoint if G, NG, = D.

A, is said to be a subalgorithm of U, if:

1° G, c Gy,

2° (Vg‘GI_{QI})('QI(g) = 92(9)),

3° (Vgey)(&1(9) = £a(9)).

Let A, and A, be two subalgorithms of some algorithm U
= (G, p,q, 2, &). A, will be said to precede A, in A, in symbols

‘)—[1 = ?[2,
A€

if there exists a path (see the definition of a flow-diagram in Sec. 4) in @ '
from ¢, to p, but does not exist a path from p, to ¢,. It follows therefore
that if %, ] A,, then A, and A, are disjoint.

A

‘9, and U, are said to be isomorphic if the corresponding flow-diagrams
(@1, P1s 1y 1) and (@4, P, G5y 2;) are isomorphic and

£1(9) = &:{p(g)) for every g in G,
where ¢: G; - @, is the corresponding isomorphism.
As it is easy to see, if U, and U, are isomorphic, then the output
functions of %A, and A, are identical.

By a separation of two arbitrary algorithms A, = (G, p,, ¢;, £2;, &)
and U, = (G,, Py, ¢z, 2., &), in symbols o(A,, A,), we mean an algorithm

QI.fl = (Gayps; da 'Qa’ £s)y
whaere:

k = max G,+1,
Gy = {g+k: ge@,},
Ps =Pt k, @3 = @2+ K

Dissertationes Mathematicae LXXN
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for every ¢ in G,— {g,} if £2:(9) = (g1, g»), then

Q3(9+k) = (gt &, g2+ k),

£3(g+k) = &x(g) for every g in G,.

Ag it is easy to see, for every U, and U, the algorithms %, and o (%A, , Ay,)
are disjoint and o(%,, A,) is isomorphic with U,.

Consider two arbitrary algorithms U, and A, and let A,

= (G D1y Q1y £15 &) and o (U, W) = () P2y @ay 20 &), By a simple
composition of A, with A,, in symbols A,0N,, we mean an algorithm

A = (G, Y@y py, ¢ 2, 8),
where
(Vg‘Gi—{Qt})[Q(g) = -Qi(g)] for ¢ =1, 2,
2(q,) = (P2y P2)s .
(VgeG)[£(g) = &i(g)] for & =1, 2.

LEMMA 6.1. The operation of simple composition is associalive.

Proof. Consider three arbitrary algorithms U; = (G;, p;, ¢;, 2;, &)
for ¢ =1,2,3. We shall show that

Ao (WUy0Uy) = (U, 0Uz)0Us.

Consider first W, 0 (A,0UA,). This algorithm can be decomposed into three
disjoint and successively preceding algorithms

A, 2 B, 3 B,

where B, and B, are isomorphic with A, and U, respectively. Similarly
(A, 0U)0U; can be decomposed into

Q[l =3 ¢2 ‘% ‘Ia’
where €, and €, are also isomorphic with %, and U, respectlvely We shall
show now that B; = ¢, for ¢ = 2, 3. Let
@; be the isomorphism of %; onto B; for ¢ =2, 3,
y; be the isomorphism of W; onto §; for ¢ =2, 3,
y, be the isomorphism of A; onto o (A, As),
y, be the isomorphism of U,0A, onto o(A,, A0 Uy),
7, be the isomorphism of %A, onto o(A,, As),
7, be the isomorphism of U, onto o (W, 0W,, Ws).
Let now k; = maxG;+ 1. Therefore
71(g) = g+k, for geG,,
y2(9) = g+ %, for g in the set of nodes of 0y,
71(9) = g+ k, for ge@,,
n2(9) = g+ ki + k. for geGs.
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On the other hand

92(9) = v2(9) = g+ k, for geG,,

#s(g9) = [7109:](9) = ?2(?1(9)) =g+ k,+k; for geG,,

v2(9) = mi(g) = g+ ¥ for ge@,,

vs(g) = 12(9) = g+ ki +k, for geGy.

Thus ¢, = y, and ¢; = y;, q.e.d.

LEMMA 6.2. Let A, and W, be arbitrary algorithms and M — an arbi-
trary model. If F,, F, and F are the output functions in M of U,, A, and
A, 0N, respectively, then F = FoF,.

Proof. Let A = o(A,, A;) and let p,, ¢, and p,, g, be the input
and the output of A, and A respectively. Consider A = A,0U, and let
{(g:, v:)};—o be the trace of v in ¥ for some valuation v. Evidently U, -% A thus
{(g:s 9;)}i—0 has the following property:

either {(g;, v;)};—o is the trace of » in ¥, or there exists a natural
number j > 1 such that {(g;, »;}){_, is the trace of vin A, g; = ¢1, (¢;11) V;41)
is defined and {(g;,, ¥, x)}x-. is the trace of v, in 3.

Thus, if F,(v) and F, (Fl(fv)) are defined, then ¥ (v) is defined and
F(v) = F,(F,(v)). (Clearly the output function of o(%,, %) is F,). Con-
versely, if F(v) is defined then the j mentioned above exists and there-
fore both v; = F,(v) and F,(v;) are defined with F(v) = Fy(v;) = F,(F,(v)),
q.e.d.

Let A = (@, p, q, 2, &) be an arbitrary algorithm. By an iteration
of U, in symbols A*, we shall mean an algorithm

=(GU{P*,Q‘},P‘,Q‘,Q‘,E*), d
where > Y
p* = maxG+1,
¢" = maxG+2, i o
(Vge@—{g)H[2°(9) = L(9)],
-Q*(.'P‘) = (p, p), q
(g =" ), s |
(Vge@) (£ (9) = £(g)],
£ (p*) = (¢; Ri(a;)), where i is the least index G
of a variable in %A, &*(¢") = (¢; 0), where o is Fig 6.1

the output formula of U (see Fig. 6.1).

LEMMA 6.3. Let U be an arbitrary algorithm with an output formula o.
Let M be an arbitrary model and F, F* — the output functions in M
of A and A* respectively.

For every valuation v, F* (v) is defined iff there exists an i >1 with
Fi(v), F*(v),.. F‘(v ) defined and with F*(v) e Xy (o) (F* stands for Fo...oF
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i-times), and if F*(v) i8 defined, then F*(v) = F'(v), where j 18 the least
i with F'(v)eXy (o).

Proof. Let » be an arbitrary valuation and let F*(v) be defined.
Suppose {(g;, v;)}7, is the trace of v in %. Evidently there exists a sequence
of indices ¢, <1, <... <1, with the four following properties:

1) 9, =8 Jiyt1 =P for j =1,...,k—1,

9y =0 9y =0 b+l =mn;
2) the sequences

(929 02)y «ovy (955 )y
AGiyr1s Vi) s coey (95,5 )

-------------------

(gi,,,_1+1, "’ik_l+1)9 seey _(gi,cy ’Uik)

are traces in % of v, v; , ..., v, | respectively;

3) v, ¢2pm(0)y -y vy ¢ (e) Dub v; Xy (0);

4) v; = F(v), Vipyy = F(”i,-) for j =1,...,k—1.

Therefore »;, = F*(v) and k is the least j with F/(v)eX, (o). But
=0, = F*(v).

It is easy to prove now, that for every valuation » if Fi(v) are
defined for i =1,...,k and F'(v)¢Xy(0) for ¢ =1,...,k—1, but
F*(v) e Z)y(p), then F*(v) is defined and F*(v) = F¥(v) q.e.d.

Consider two arbitrary algorithms U, and A, and let A,

= (Gy, 1) @1y 21y &) and (U, Uy) = (G P2y sy 22y &;). By a complex
composition of A; and A, in symbols A,*W,, we shall mean an algorithm

”ik

A= (G, VG,V {g},pi,0 9§,
where
¢ = max(G, v@,)+1,
(Vge@,—{g;})[2(g9) = 2;(g)] for i =1,2,
2(g0) = (¢, Ps),
Q(qe) = (g, 9),
(Vge@,)[é(9) = &:(g)] for @+ =1, 2,
£(q) = (e; 0,), where p, ir the output formula of U, (see Fig. 6.2).
Evidently the operation of complex composition is not associative.

LEMMA 6.4 Let A, and W, be two arbitrary algorithms. Let o be the
output formula of A, and let M be an arbitrary model. If F,, F, and F
are . the output -functions in M of U,, A, and W, *A, respectively, then
for every valuation v, F(v) is defined iff either F,(v) is defined and
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Fig. 6.2

F,(v)eXplo) or [F,0F,](v) is defined and F (v)¢Zy(0), and if F(v) is
defined, then '

F,(v) if  Fy(v)eZy(o),
[FioF,](v) o Fi(v)¢dZx(e).

Proof. Let % = o(%,, %,). The output function of A is evidently
equal to F,. Consider an arbitrary valuation v and let F(v) be defined.
Suppose {(g;, v,)}", is the trace of v in A = A *A,. Since A, 3 A3, there

q

exists an m < n with g,, = ¢,. Thus {(g;, v;)}™, is the trace of » in U, and
F,(v) = v, is defined. Now, if v,,e 2, (0), thenn = m+-1 and g,,,, = ¢, thus
F(v) = F,(v). If however v,,¢ Xy (0), then m+1 < % and {(Jmixs Vms )i’
is the trace of v,, in %,. In-this case F(v) = v, = v,_, = F,(F,(v)).

Now one can easily prove that for every valuation », if either F,(v)
in defined and F,(v)eZy () or F,(v) is defined, F,(v)¢ 2y, (o) and F,(F,(v))
is defined, then F(v) is defined and satisfies the required equality, q.e.d.

By a recursive composition of two algorithms U, and U,, in symbols
A, £A,, we mean the algorithm

911 TQIZ — QII*QI;-

Clearly we assume here that the iteration is stronger than the complex
composition, i.e. that %, 1%, is the complex composition of A, and ;.
Evidently, the recursive composition is not associative.

In virtue of Lemmas 6.3 and 6.4 we conclude immediately the fol-
lowing:

LEMMA 6.5. Let W, and U, be two arbitrary algorithms and let o, and o,
be the output formulas of W, and W, respectively. Let M be an arbitrary
model and let F,, F, and F be the output functions of U, Ay and WAy 1A,
respectively. ‘

F(v) =
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For every valuation v, F(v) i8 defined iff either F,(v) i3 defined and
F (v)eZy(0,) or Fy(v) ¢8 defined, F,(v)¢Zy(0,) and there exisis an i with
[F,0o F31(v)y ..., [FLo Fi](v) defined amd with [F,0F:](v)eZp(0,).

For every valuation v,.if F(v) 18 defined then

F,(v) if F(v)eZpy(0y),

F(v) = .

[FIOFZ](”) if  Fy(v)¢Zy(0),
where j i8 the least i with [F,o Fi](v)eZy(0,). (Clearly F; means F,0 ... 0 F,
i-times).

Congider three arbitrary algorithms U,, UA,, A; and let

A, = (Gy, Py q1y 1, &)y )
a(Uy, W) = (Gyy sy @5y 25y &) =‘1[zs’
o (U oWy, W) = (Gy, D3y @5y 254 &) = Y.

Clearly ¥,, %, and 9, are mutually disjoint and %;, %, are isomorphic
with %,, A, respectively.

By a conditional composition of U, , A, and ,, in symbols A, — (A,, A,),
we mean an algorithm

A=(GvVvGE VG U {g}, P, 9, 92,8,

where '

¢ =max(G, VG, UG,)+1,

(VgeG;—{g;})[2(9) = 2:(g)] for i =1,2,3,

2(q1) = (P1 Pa),

2(q.) = (¢, O,

2(a) = (4, 0),

(Vge@)[é(g) = &:(9)] for ¢ =1,2,3,

&(q) = (¢; pg), where g4 is the output formula of U,.

LeMMA 6.6. Let ., A, and U, be three arbilrary algorithms and let o,
be the output formula of W;. Consider an arbitrary model M and let F',, F,, F,
and F be the oulpul functions of W,, Uy, Uy and W, — (A, A,) respectively.

For every valuation v, F(v) is defined iff Fy(v) 18 defined and either
F,(F,(v)) i8 defined and F,(v)eZy(0,) or Fy(F,(v)) i8 defined and F,(v)
¢2y(0,) and if F(v) is defined, then

Fz(Fl(’U)) if  F (v)eZy(01),

F(o) = .
F, (F1 (”)) if  F,(v)¢Zy(0)-

We omit the simple proof of this lemma.
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7. NORMAL MODELS

Not much can be said about ADF (M) in the general case. As we
have proved (see Lemma 5.1) ADF (M) is never empty, and as we shall
prove in this section, ADF (M) is always closed under the operation of
substitution and contains all the basic functions, i.e. all functions of the
set J(Ay). It seems that no more interesting results can be expected
in the general case.

Now we shall restrict our attention to a particular class of models,
however large enough to cover models of at least the numerical-purpose
programming languages. E.g. the models of ALGOL or FORTRAN will
be contained in this class.

DEFINITION 7.1. A model M = (X, J) is said to be normal if the
following conditions are satisfied:

1° N < X, where N is the set of all natural numbers,

2° the functions 0(x) = 0 for all x in X and S(z) = z+4+1 for all x
in N are in J(A4g),

3° there exists in J(A4p) a two-argument relation -y with the
following property:

(Vo,yeN)[o 5y <o =],

where = is the identity relation in X.
Consider now an arbitrary normal model M = (X, J). In the set

F(X) = (U F'(X) (see Sec. 3) of all partial many-argument functions

n=0 . .
in X we define three schemes (classes) of operations. For the sake
of simplicity x, y, 2, ... will denote vectors in X.

) 1) The operation of substitution. Let heF™(X), g,y..., g, F(X)
for some m,n > 1. By

F =82, g0y 0y )

we shall mean a function in F"(X) with the following properties: for
any @ in X", f(x) is defined iff g,(x), ..., g, (®), h{g,(x), ..., gn(®)) are
all defined and if f(®) is defined, then f(x) = h{g,(x), ..., g..(x)).

2) The operation of immediate recursion. Let g¢,,..., gneF"(X),
hyy ooy by e F*F™1(X) for some 2, m > 1. By

(fryeees ) = Be(Guy oees Guns Buy vy Bog)

we shall mean a string of functions in F**'(X) which satisfies the follow-
ing conditions:

(i) for any # not natural and any ® in X", f;(x, ) is not defined -
fort =1,...,m, ‘
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(ii) for any & in X", f;(0, &) is defined iff g,(x) is defined, and if
,(0, x) is defined, then f;(0,x) =g;(x) for i =1,...,m,

(iii) for any @ in X™ and any k> 1 natural, f;(k+1, ®) is defined
iff f,(k,x),...,fn(k,®) and h/(k,x,f(k,x),...,fu(k, ®) are defined,
and if f,(k+1,x) is defined, then

filk+1,®) = hi(kr ®, fi(ky @)y .ney fulk,y ‘E)) for i =1,...,m.
3) The operation of minimum. Let he F**'(X) for some n > 1. By
J = M(h)

we shall mean a function in X" with the fbllowing properties:

(i) for any « is X", f(x) is defined iff there exists an ¢ > 0 natural
with k(0, @), ..., h(¢, 2) defined and h(z,x) = 0,

(ii) for any « in X", if f(x) is defined, then f(ax) is the least i with
h(i,x) = 0.

It is easy to prove that all the three classes of operations are well
defined. This proof will be omitted here.

Before investigating normal models we shall prove two theorems
concerning the general case.

THEOREM 7.1. For every model M = (X,J), J(Ar) < ADF(M).

Proof. Let F}eAy. The algorithm defining J(F7) is the following:
A=({p, 0,9 9,8,

where

'Q(P) = (qy q),
(@) = (a;:= F?(azy veey Bpyt); R{(al))v
£(q) = (¢; Ri(ay)), g.e.d.
THEOREM 7.2. For every model M the set ADF (M) ¢8 closed under
the operations of substitution.

Proof. Consider a model M = (X, J) and let %, ¢,, ..., g,<ADF (M),
where he F"(X) and g;e F"(X) for ¢ =1, ..., m. We shall show that

f=82(,g,...,9m)cADF(M).
Let, for every ¢ =1,...,m,
W, = (G255 45 $2iy &)
be an algorithm defining g;. Let
W1 = (Crsrs Prs1s Gmsry Pmiry Emsr)

be an algorithm defining . Without any loss of generality (cf. Lemms 5.2
and Lemma 5.3) we can assume the following:
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1) there exist variables Bryy ooy B, such that, foreveryj =1, ...,m, g;
is defined by U, with an external matrix a,, ..., a,; @, and a, is exter-

. ) ]
nal in W, ,,y..., U,.

2) b is defined by %,,,, with a matrix a, , ..., @, _; a, for some varia-
ble a,.

Consider now the algorithm

A =WoWo...0U,0U, ;.

We shall show that % defines f with a matrix a,, ..., a,; ,. Let F,,..., F,, .,
and F be the output functions of %, ..., U, ., and A respectively. By
Lemma 6.2

F=Fo..oF,,.

We shall first show that the condition 2° of Definition 5.1 is satisfied
for f. Let for some valuation v, F (v) be defined. Therefore [Z',0 ... o F;](v)
is defined for every 7 =1,...,m+ 1. By virtue of the assumption 1)
we can easily prove the following: for every ¢ = 1, ..., m and every j < ¢

[[F\0 ... o F;1(0)](ay) = g;(v(ay), ..., v(a)).

Thus, in particular, for every j =1, ..., m

I[Flo “ee OFm](v)](aki) = gj(v(a'l)’ Ty v(a'n))‘

Therefore, by the assumption 2),

[F(v)](a,) = h(gl(”(al)7 ceey *v(a,,)), ey gm(v(a'l)! R ”(an)))
=f('0(a'l)! "';”(an))'

It is easy to prove now, that 1° of Definition 5.1 is also satisfied, q.e.d.

THEOREM 7.3. For every normal model M the set ADF(M) is closed
under every of the operations R,.

Proof. Consider an arbitrary normal model M — (X, J). To simplify
the notation let §, 0, = denote in the basic language the successor, the

zero-funection and an arbitrary relation satisfying the condition 3° in Defi-
nition 7.1. Let now for some n,m > 1

; (fn"',fm) = R:,"(g,,...,g,,_,‘, hu""hm)y
where g¢,, ..., 9ny 8y ..., b, e ADF(M)., We shall show, that

fiy ooy fme ADF (M),
Let for every ¢t =1,...,m
WU = (61, 1y 4y 24, &)
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be an algorithm which defines g; in M and let for every j = 1,...,m
w = (Gfapga Q;%y 'Q?’ E?)
be an algorithm which defines h, in M. Without any loss of generality

(cf. Lemma 5.2 and Lemma 5.3) we can assume the following:

1) For every ¢ =1,...,m,g; is defined by U} with an external
matrix a,, ..., a,, a,,, where a,, does not appear in any of the algorithms
Wity ooy Wy (It follows therefore, that a, # ay, for ¢ # j.)

2) For every j =1, ...,m,h,l is defined by U; with an external
matrix a,, a,, ..., a,, Bryy ooey Op, 5 By, where @y, does not appear in any
of the algorithms %Aj,,, ..., A2

Let us consider now two auxiliary algorithms:

m*

AU = {21y &1} P1y @1y 9215 &),y
where
Q,(py) = (¢1) ¢1),
El(p]) = (a’p: = 0(0'1)); R} (a’p))7
§i(qy) = (¢; @, 5 @), where a, does not appear in any of €él, ..., W,
€A, ..., A2, and the other algorithm

Uy = ({P2y G2} P2y €2y 24y &5),
where

Q:(P:) = (42 22)
£ (p.) = (ak1:= Bgyy oees Bg, 2= Oy 5 Ri(a))),
£:(q) = (a,:= S(ay); @, 5 6,) ¢
Now we are ready to construct the algorithm defining (f,, ..., fn).
It is following (cf. also Fig. 7.1):

A = (W0 ... oW oU) 1 (Wo ... oUW 0N,).

We shall prove, .that for every ¢ = 1,..., m, % defines f; with a matrix
Byy GByy -ony G By, . LOG US introduce the following notation:

F; is the output function of U; for + =1,2, j =1,...,m,

F, is the output function of U, for ¢ =1, 2,

F* is the output function of the algorithm (o ... oW o0W,)",

F is the output function of .

Consider now an arbitrary valuation » and suppose F(v) is defined.
Then by Lemma 6.5

[Fio...oFsoF}(v) if |[[Fio ... oFyoF,](v)](a,)
F(v) = = |[F,0 ... oFL 0 F\](v)|(a,)

[(Fio...oF)oF,0F"}(v) in the converse case.
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Fig. 7.1

We have assumed a, as not appearing in any of %;, ..., %A},, thus

[[Fio ... o Fy o F,1(v)](a,) = v(a,).

On the other hand

Thus
F(v) =

[[(Fio ... o FpoF](v)|(a,) = 0.
[Fio...oF.oF,](v) if wv(a,) =0,
[Fio...oFsoF,0F*](v) if w(a,) #0.
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Hence, if v(a,) = 0, then by the assumption 1)
(1.1)  [[Flo...oFhoF\](0)](a,) = [F}(0)](a) = gi(v(a)), ..., v(a,)

for every ¢ =1,.,.,m.
Suppose now v(a,) # 0 and let

[Fio...0oF,oF,}(v) = v,.
Hence F(v) = F*(v,). Denote
F, = Fio...oF:oF,.
Then, by Lemma 6.3,
F*(v)) = [FsY (vy),
where j is the least 7 with
I[Fa]i(vl)l(aa) = I[Fa]i(”l)](ap)’
thus, by the assumption 2), with
[[F.T (0))](a,) = [[F.]'(0)](ay),
i.e. with v,(a,) = i. Since we have assumed a, as not appearing in any
of A,..., A, we have v,(a,) = v(a,), hence
F*(vy) = [Fo]"% (v,).
Evidently, for every 7> 1,
[FoJ*! (v,) = Fa([-lﬂa]i(vl)) .
Thus it is easy to prove by induction on i that for every ¢ < v(a,) and
every j<m
[(E T4 (0)](ar) = (s, 0(a1), .., 0(8a), Vilay,), -y Vi)

where »; = [F,](v,). Now, using again the scheme of induction, we can
prove that for every 1 < i< v(a,) and every j =1,...,m

I[Fa]"(vl)](akj) = fi{i, v(ay), ..., v(a,)),
thus in particular
[F‘(’Ul)](ak,) = filv(ay), v(a), ..., v(a,))
but, if v(a,)- # 0, then F(v) = F*(v,), henece, finally, by virtue .of (7.1)

[F(v)] (akj) = fi('v(aa)r v(ay), ..., 'U(an))

for any natural v(a,) > 0 and any j = 1, ..., m. Thus 2% and the left-to-
right implication in 1° of Definition 5.1 is proved. By an analogous argu-
ment we can prove now the remaining right-to-left implication in 1°, q.e.d.

THEOREM 7.4. For every normal model M the set ADF (M) is closed
under the operation of minimum.
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Proof. Consider a normal model M and an arbitrary n-argument
function A in ADF(M). Let % be defined in M by

A = (G‘ypy g, 2, §)
with an external matrix a,, ..., a,; a,. Consider now two auxiliary algo-
rithms (the symbols 8, 0, and = have the same meaning as in the proof
of Theorem 7.3):

A =@,p,4q,9,8),
where

£1(g) = £(g) for every g in G—{p, g},
£,(p) = (a,:= 0(ay), a; o) for £(p) = (a; @),
£1(q)-= (B 8 5 @) for &(q) = (B; ),
and the second algorithm
€A = (G,p,4q, 2, %)
where '
£,(9) = £(g) for every g in G—{p, ¢},
£:(p) = (ay: = 8(ay), a; o) for &(p) = (a; o),
£:(9) = (B, a: = 0(ay); @, = a) for £(q) = (B; 7).
Now we shall pr.ove‘that the algorithm
. 3 = 911 Twz
defines f = M(h) with the matrix a,,..., a,; a, (cf. Fig. 7.2).

ay := 0(a)
ay := h(ay.,...,a,)
G5 W
"
yes no
Ad
a1:= S(ay) |
Qp 1= h(a,, ey a,,)
.G 1= 0(00)
" i L)
] ' Ay
yes no
M
stop<

Fig. 7.2
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Let F, F; and F, be the output functions of u,, W, and A, respecti-
vely. Clearly, by Lemma 6.3, if F,(v) is defined, then

F,(v) it (0, v(a,),..., v(a,)) =0,

F'('D)= ” .
[FioF;](v) if h(07'v(“2)’---r'”(%)) #0.

1f (0, v(a,), ..., v(a,;)) =0, then clearly

[Fs(v)](a)) = [F:(v)](a,) = O.

Suppose thus k(0, v(ay), ..., v(a,)) #0. Then [F,oF;](v) is defined
and it is easy to prove that [[F,o F;](v)|(a,) is the least natural j with
h(j, (@), ..., v(a,)) = 0. Thus in fact

Fy(v) = f(”(a‘e)’ vy 'D(an))-

Now one can easily prove that the right-to-left implication in 1° of
Definition 5.1 is also satisfied, q.e.d.

As it is easy to see, for every model M — not necessarily normal
one — every many-argument identity function, i.e. every function

I}y ...p®,) =3, j<n,

is in ADF(M). On the other hand, by the definition of natural models
and by Theorem 7.1 the successor and the zero-function are in ADF (M)
for every normal M. Hence, Theorems 7.2, 7.3 and 7.4 imply immediately
the following:

COROLLARY 7.1. For every normal model M the se¢ ADF(M) con-
tains all partial recursive functions.

8. RELATIONS DEFINABLE IN NORMAL MODELS

In this section we shall deal with the concept of an algorithmically
definable relation. This notion is not of a particular interest, however
we shall need it in proving other theorems concerning ADF(M).

Consider an arbitrary normal model M = (X, J) and let r be an
arbitrary m-argument relation in X. By a characteristic function of r we
shall mean a n-argument total function fin X with the following property :

(Vee X")[r(2) = f(#) = 1&Ir(z) = f(z) = 0].

A relation r in X is said to be algorithmically definable in M if its
characteristic function is algorithmically definable in M. ADR (M) will
denote the set of all algorithmically definable relations in M.
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THEOREM 8.1. For every normal model M, J(Agr) € ADR(M).

Proof. Consider an arbitrary normal model M = (X, J) and let
r = J(R}) for some R} in Ap. Consider an algorithm

A={p,9,4,2,0 2,8,

where
Q(p) = (.qi g)!
2(9) = (¢, 9),

&(p) = (“k := 0(ay), a, : = 8(a,); By (a,, ..., an)), k>mn,

£(g) = (ak 1= 0(a); a, 5 ak)!

£(q) = (&5 a1 5 @),
where §,0 and = denote respectively the successor, the zero-function
and the “natural equivalence” (see Def. 7.1).

Clearly, % defines the characteristic function of » with a matrix
Gryoony @y Gy q.0.d.

THEOREM 8.2. For every mormal model M and every natural n > 1
the set ADR™(M) of all n-argument algorithmically definable relations in M
conlains the emply and the full relations and is closed under the operations
of union, intersection and complement (alternative, conjunction and negation).

Proof. Consider an arbitrary normal model M = (X, J). It is evi-
dent, that the empty and the full relations are in ADR™(M). Suppose
now 7,,7,¢ ADR"(M) and let f,, f, be the characteristic functions of 7,
and 7, respectively. By Corollary 7.1 the following natural functions
are in ADF(M):

1) the sum and the product in N;

2) sg(z) — it x=0,
it o +#0;

_ 1 if 2=0,
L CE

It is easy to see now, that sg(f,(¢)+f.(x)), fi(¢) f.(x) and sg(f,(=))
are the characteristic functions of r, U r,, r, N7, and X"—r, respecti-

vely. By Theorem 7.2 all these functions are in ADF (M), g.e.d.
Consider an arbitrary normal model M = (X,J). A two-argument
function p in X is said to be a product-like function, if for every z in X,
p{z,0) and p(r,1) are defined and p(x,0) =0, p(z,1) = z.
A two-argument function s in X is said to be a sum-like function
if for every 2 in X, 8(x, 0) and s(0, x) are defined and s(z, 0) = 8(0, z) = .
LEMMA 8.1. For every normal model M the set ADF(M) contains
at least one product-like function and al. least one sum-like function.
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Proof. Consider the following recursively defined function
I p(z,0) =0,
p@,y+1) = 2.

Clearly, p(z, y) is a product-like function and by Theorem 7.3 p is in
ADF(M).
Consider now the following function
¢ for y =0 and any 2z,
s(z,y) ={y for # =0 and any v,
not defined if  # 0 and ¥y # 0.

Clearly, 8 is a sum-like function. We shall show that sc ADF(M).
Consider the algorithm

A =({p,9,9} 2,9 2,¢),

where
£(P) = (ay:= 6y, a,: = 0(a,); 63 5 a,),
Q(p) = (¢, 9),
£(g) = (a5: = 625 a, 5 a,),
Q(g) = (¢, 9),

£(q) = (g5 8, 5 ay).
It is easy to see that A defines s with the matrix a,, a,; a4, q.e.d.

In Section 7 we have defined three schemes (classes) of operations
on functions. Now we shall define a new one:

4) The operation of conditional definition. Let g¢,, ..., g, e F"* and
let r,,...,7,eR", where r, nr; =0 for ¢ #j and ¢,j =1,...,m. By

F=Ca Gy oy GmryTisy ooy Tm)
we mean a function defined in the following way:

g.(z) if wer,,

Im () if  zer,,
undefined if z¢r,v...UT7,.

THEOREM 8.3. For every normal model M and every n>=>1, if
Ty ooey T ¢ ADR®(M), where r. N7y, =@ for i #j and 4,5 =1,...,m,
and. g,y ..., g, are n-argument function in ADF (M), then the function
F=Cx(gyy s Gmy Ty ooy T) 18 in ADF(M).
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Proof. Let p and ¢ be functions defined as in the proof of Lemma 8.1.
Consider the function

R(@yy euny @) = s(w,, 8(2yy eey 8(@p_y, mm)...)).
As it is easy to see, for every i < m, it z),...,2;_,, %, ..., ©, are all
equale zero, then
h(zyy ..., ®y,) = ;.

Clearly, by Theorem 7.2, he ADF (M). Let now f,, ..., f,. be characteristic
functions of r,, ..., r, respectively. Then f satisfies the following equality:

f(@) = h(p(g,(@), £,(@), ..., P(gn (@), fu(@))) X
XE[1/h(p (9, (@), £ (@), - ) 2 (9 (@), f (@)1,
where E(z) is the integral part of z. By Corollary 7.1 the quotient, the

product and E are in ADF(M). Therefore, by Theorem 7.2, fis in ADF (M)
too, q.e.d.

9. THE MAIN THEOREM ON NORMAL MODELS

DEFINITION 9.1. Consider an arbitrary normal model M = (X, J)
and let s be the sum-like function as defined in Lemma 8.1.

By the class of generalized recursive functions over M, in symbols
GRF (M), we mean the least class of many-argument partial functions
in X containing . '

(i) all functions in J(A4p),

(ii) characteristic functions of all relations in J(A4g),

(iii) all many-argument identity functions,

(iv) the sum-like function s
and closed under the operations of

1° substitution,

2° immediate recursion,

3° minimum.

_ A relation r in X is said to be a generalized recursive relation over M,
if the characteristic function of r is in GRF(M). By GRR(M) we denote
the set of all generalized recursive relations over M.

LEMMA 9.1 For every mormal model M the set GRF (M) contains
all partial recursive functions, a product-like function and is closed under
the operations C; of conditional definition.

Proof. Since M is normalgs GRF(M) contains the successor and the
zero-function, hence — all partial recursive functions. A product-like
funection is in GRF (M), since p, as defined in the proof of Lemma 8.1,
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is clearly in. GRF(M). Now, since GRF(M) contains the product-like
function p and the sum-like function 8, we can prove, by an argument
analogous to that in the proof of Theorem 8.3, that GRF (M) is closed

under the operation of conditional definition, q.e.d. '

By analogy to the proof of Theorem 8.2 we can easily prove the
following:

LeEMMA 9.2. For every normal model M and every m>1 the set
GRR"(M), of all the n-argument generalized recursive relations over M,
contains the empty and the full relation and 18 closed under the operalion
of union, intersection and the complement.

THEOREM 9.1 (the main). For every normal model M ADF(M)
= GRF(M).

Proof. Consider an arbitrary normal model M = (X, J). By The-
orems 7.1, 8.1 and Lemma 8.1, the set ADF(M) contains the functions
(i), (ii) and (iv) specified in Definition 9.1. On the other hand, it is clear
that ADF(M) contains all identity functions, thus by Theorems 7.2,
7.3 and 7.4

GRF (M) < ADF(M).
We shall prove now the converse inclusion:

(9.1) ADF (M) < GRF(M).

Consider an arbitrary algorithm % = (@, p, ¢, 2, §) and let 4, ..., @,
be the only variables in U (cf. Lemma 5.2). Suppose U defines some func-
tion f with a matrix a,, ..., a,; a,. We shall prove that feGRF (M).

Note first that for any two valuations »* and v% in V,,, if ¢! = »?
mod {a,, ..., a,} and v = {(g}, v!)},_, is the trace of v/ in ¥ for j =1, 2,
then 7! and t? are of the same length and .

v} = v}mod{a,,...,a,} for ¢=0,1,...,
g =4q for 1=0,1,...

As it follows therefore, instead of considering valuations, we can con-
sider vectors in X" and instead of considering transvaluations, we can
consider functions in X". Thus with the algorithm % we can associate
n-+1 parial functions:

g: Nx X" > @,

w;: NxX*">Xfori=1,...,n
defined in the following way:

Let z,,...,2,¢X, let v be an arbitrary valuation with v(a;) = z;
fori =1,...,n and let {(g;, v;)};_, be the trace of v in A. Then for
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every j = 0

: 9; if (g;, v,) defined
(9.2) g(J, Tyy ooy @) = ? i Y3 ’

undefined if (g, v;) undefined;

Iv,(a.i) if (g;,v,) defined,

9.3 Wi(Jy Byyeeey @) =
,( ) 513 21 +x01 ) undefined if (g;, v;) undefined

for any ¢ =1,...,n.
Let now
Uy ooy &) = ()9, 24y ...y 2,) = ¢] '
or, which is the same,
(9.4) Uzyy...,>,) .
= () [8(g(G, @1y -..» )~ ¢, ¢ = 9(J, @y, ""wn)) = 0],

where s is the sum-like function and — is the symmetrical difference,
and let ' a

(9.5) h(2yy ooy ,) = wk(l(‘vu ey Ty)y Biy euey Ty

(We recall that a, is the output variable of the matrix of fin %U.) Evidently,
for any x,,...,2, in X and any v with v(a;) = ; for ¢ =1, ..., n, the
function k(x,, ..., z,) is defined iff Fy(v) is defined, and if Fy(v) is defined,
then

- (9.6) [Fa(v)](a;) = h(2y, ..., 2,).

On the other hand, U defines f with a matrix a,, ..., @,; a;, thus by 1° and
20 of Definition 5.1 we have the following:

For any two vectors (z,,...,x,) and (¥,,...,¥,) n X" if &, =y,
for i =1,...,m, then h(z,,...,2,) 18 defined iff h(y,, ..., y,) i defined,
and if h(xy,...,x,) t8 defined, then h(zy,...,o,) = h(Yy,y ..., Yp).

Therefore, by (9.6), it is now evident, that for every vector (z,, ..., z,,)
in X™ the function f(x,,...,2,) is defined iff A(z,,...,x,,0,...,0)
is defined, and if f(z,, ..., #,) is defined then

f(mly ooy ) = h(@y,y o0y Ty, 0, ..., 0).

Now, to prove that f is in GRF (M), it suffices to prove that % is in
GRF (M), thus, by (9.4) and (9.2), that ¢ and w, are in GRF(M). We
shall show, that ¢, w,, ..., w, are all in GRF(M).

Before we come to this proof, let us consider two functions:

L:G—{¢g} @ and R:G—{q} >G
with Q(g) = (L(g), R(g)) for every g in G—{g}. Clearly, L and R are
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partial recursive (since they are finite), thus L, ReGRF(M). Consider
now an arbitrary vertex g in G and let

£(9) = (a; o).

Since for any two valuations v», and », with v; = »;mod {a,, ..., a,} the
following equalities:

[[SM(Q)]("’x)l(ai) = I[SM(G)] (”2)](“{) for ¢=1,..,n
are true and

[Za(0)1(v1) <= [Zx(0)](2),

we can consider a function s, and a relation 7, defined as follows: for

any &,...,7, and every valuation v with v(a;,) ==; for 1 =1,...,n
B ) = [(Sx(a))®)](@) for i=1,...,m,
oA Ty e T undefined for i>n

and

Ty(Try - ey 2,) <= Zpr(e)-

Clea.rly, 8, can be composed by means of the functions in J(A4;) and
operations of composition and conditional definition. Therefore and by
Lemma 9.1

8,¢cGRF(M).
By an analogous argument
r,eGRR (M)

and this is evidently true for every ¢ in G.
Now, since @ is clearly in GRR (M), the function

0g.i, o) = 8,(1y Tyy ..., x,) I ge@,
LA undefined it  ¢¢@

is, by Lemma 9.1, in GRF (M), and, by Lemma 9.2, the relation

T(gy Dyy ooy @) <> [g = g1 =17, (2, ey @)1 .
. &g =g, =>raa(:1:1, ey )],

where {g,,...,9,} = G, is in GRR(M). Therefore the function
L(g) it ge@—{qg}r{g, x(, ..., 2,),
Q(g, x4y ..., 2,) =3 R(g) if geG—{g}d iv{g, 2y, ..., T,)
undefined if geG—{q}



9. The main theorem on normal models 37

is also in GRF(M). Now, by the definition of the trace and (9.2) with
(9.3), we have immediately the following:

90,2y, ...,2,) =D,
w; (0,2, ...,m,) =8(p,%t, Ty, ..., x,) for i=1,...,n
and
g+, 2,00y 2,) = QI Bay ovey ), Wi(F) Tyy ovey D),y o0
very Wy Byy oney T,)),
w;(j+1, 2y, ..., 2,) =s(Q(g(j,:c1, ey )y We(Jy Byy eeny @)y e
...,wn(j,a;l,...,mn)),i,wl(j,ml,...,a:n),...,wn(i,m,,...,m,,)')

for i =1,...,n.

We can easily see now that g, w,, ..., w, with Q and s satisfy condi-
tions (i)—(iii) in the definition of the operation of immediate recursion.
Thus g, w,, ..., w,eGRF(M) and (9.1) is proved, q.e.d.

It may be interesting to note here, that all the results concerning
normal models, with the main theorem in particular, remain true for
a larger class of models to be defined as follows:

A model M = (X, J) is said to be semi-normal if the following con-
ditions are satisfied:

1° N c X,

2° the zero-function and the successor are in ADF (M),

3° there exists in ADR(M) a two-argument relation = with the
following property:

(Vo,yeN)[z 5 y<z =y]

where = 1is the identity relation in X.

10. CANONICAL ALGORITHMS

In Section 6 five operations on algorithms have been defined, but in
proving Theorems 7.2, 7.3 and 7.4 we have used only two of them, namely
the simple and the recursive composition. As it follows therefore, these
operations suffice to realize algorithmically the schemes of substitution,
immediate recursion and minimum. In this section we shall deal more
closely with this fact, which seems to be very important and helpful
for proving the adequacy of algorithms in normal models. First we intro-
duce two new notions:
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By an elementary algorithm we mean any algorithm of the form
A = ({0,1},0,1, 2, &), where 2(0) =(1,1).

By the class of canonical algorithms, abbreviated CA, we mean the
least class of algorithms which contains all elementary algorithms and
is closed under the operations of simple and recursive composition. Every
algorithm in CA will be said to be a canonical algorithm.

Let M be an arbitrary model. By CDF (M), to be read as the set of
all canonically definable functions in M, we mean the set of all functions
definable in M by means of canonical algorithms. If M is normal, then
CDR (M) denotes analogously the set of all canonically definable rela-
tions in M,

It is now easy to see, that Lemmas 5.2 and 5.3 remain true for cano-
nical algorithms. Hence the proofs of Theorems 7.1-7.4, 8.1 and 8.2
imply immediately the following theorems:

THEOREM 10.1. For every normal model M = (X, J) the set CDF (M)
contains J (Ap) and is closed under the operations of substitution, immediate
recursion and wfinimum. ‘

THEOREM 10.2. For every normal model M = (X, J) the set CDR (M)
containg J(Ag) and for every m > 1 the se¢ CDR™(M) of all n-argument
canonically definable relations in M containg the empty and the full rela-
tion and t8 closed under the operations of union, iniersection and the com-
plement.

Now we can easily prove the following

THEOREM 10.3. For every normal model M the set CDF (M) contains
all partial recursive functions, at least one product-like and at least one sum-
like funclion and 18 closed under the operation of conditional definition.

Therefore, by an argument analogous to the one in the proof of
the main Theorem 9.1, we can show, that every normal model M satis-
fies the equality CDF (M) = GRF(M). In what follows

THEOREM 10.4. For every mormal model M, CDF(M) = ADF(M).

This theorem is of material importance for proving the adequacy
of algorithms. In fact, if we have to prove a given function f to be defined
by a given algorithm 9, then, in the general case, we have to consider
traces of all possible valuations in % and by this means prove (or disprove)
appropriate properties of the output function Fy. It is clear that this
would lead to a long and complicated proof. On the other hand, if % is
canonical algorithm, then we can decompose it by means of the opera-
tions of simple and recursive composition and apply Lemmas 6.2 and 6.5
in proving properties of the output function #g. The Theorem 10.4 gua-
rantees that if M is normal, then every f in ADF (M) can be defined by
an algorithm which is easy to be proved adequate. This idea is developed
with more details in the Section 12.
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11. THE ALGEBRA OF ALGORITHMS

Although the simple and the recursive composition have been proved
to generate a class of algorithms semantically equivalent (in the sense
of Theorem 10.4) with the class of all algorithms, other operations defi-
ned in the Section 6 can be interested too, because of the existence of
non-normal models and even for normal models because of some appli-
cational reasons (e.g. it is rather difficult to express — by o and 4 in a nor-
mal model). Now we shall consider some algebraic properties of these
five operations.

Let &/ denotes the class of all algorithms. By the gemeral algebra
of algorithms we shall mean an algebra

A= (o, 0,%, 1, >, ~),
where *, 0, *, 1, - are operations as defined in Section 6 and ~ is an
equivalence relation in o defined in the following way:

Two algorithms U, and UA, are said to be equivalent, in symbols
A ~A,, iff

1) for every model M the output function of A, in M is identical
with the output function of U, in M,

2) the output formula of U, is identical with the output formula
of A,.

THEOREM 11.1. Consider an arbitrary model M and an arbitrary
-function f in ADF(M). For any two algorithms W, and W,, if U, defines f
in M with a matriz a; ..., 6, ;& and Ay ~ Wy, then A, defines fin M
with the same matriv. Moreover, if &; , ..., a; are external in U,, then they
are external in U, too.

The simple proof of this theorem is omitted here.

THEOREM 11.2. The equivalence relation ~ s a congruence relation
in the algebra A.
Proof. Consider arbitrary algorithms A, ..., Us and let A, ~A,,
WUy ~Wyy U ~Uy.
By Lemma 6.2
WoUy ~ WyoUy ~ A0,
by Lemma 6.3
91: ~ QI; 3
by Lemma 6.4
s Uy ~ U Uy ~ U Y,
and therefore
A A; ~ QIl*‘H; ~ "Hz*m: ~ U, 1Y,
by Lemma 6.6

A = (Uyy Ug) ~ Uy — (U, W) ~ Ay - (Ay, Us); q.0.d.
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As has been mentioned in the Section 6 the operation * of complex
composition is not associative in 4. We shall show now that * is not
associative in A/~ as well. To this effect consider a model M, three algo-
rithms UA,, A,, A,, and let F,, F,, Fy, F! and F? denote the output funec-
tions in M of A, Wy, Ws, (WW,)*W;) and A (W,*A,), respectively.
Now a model M and a valuation v in.¥,, should be chosen in such a way,
that F,(v) satisfies the output condition of %, but not of A,. In this case

Fi(v) = [F,0F,)(v) and F(v) = F(v),
hence
(AxA,)kAy + A x(Ay* Ay)

if only F, is not the identity transvaluation.

THEOREM 11.3. For every four algorithms Wy, Ay, Wy, A, the following
equivalences are true:
(‘Kf)* ~ U,
‘1[1*‘11: ~ Q[;’
(W Wy )« A, ~ Wy» (A *A,),
(U o Wy)* Uy ~ A, 0 (W*As),
Wyo [Us — (U, Uy)] ~ Ao Ay — (Un, W),
- [ > Uz W) Jo Wy ~ Ay — (A0 Uy, UgoAy).

Proof. ad. 1. By the definition of iteration, (U;)* has the same
output formula as 9} (this is the output formula of %,). Thus, by Lemma 6.3,
) ~ %

ad. 2. By the definition of iteration and complex composition,
the output formula of %,*%; is identical with the output formula of %,,
hence it is identical with the output formula of ;. Consider now an
arbitrary model M and let F,, F; and F, denote the output functions
of A, A and A,*U; respectively. Let moreover o, be the output formula
of %A, and denote r = X, (0,). Suppose now F,(v) is defined for some
valuation ». Then, by Lemma 6.4, two cases are possible:

1) F((v) is defined and F,(v)er;; then F,(v) = F(v),

2) [F,oF}](v) is defined and F,(v)¢r; then F,(v) = [FioFy](v).

In the first case F7(v) is defined and F; (v) = F,(v) (cf. Lemma 6.3),
hence F,(v) = F}(v). In the other case F,(v) and Ff (v) are defined and
F,(v) = F}(v), because, if F,(v)¢r,, then F}(F,(v)) = F;(v). It is now
easy to prove, that if F}(v) is defined, then F,(v) is defined, and F,(v)
= F;(v).

ad. 3. Let for some arbitrary model M:

F,, F, denote the output functions of ¥,, %A, respectively,

F,, denotes the output function of ,*%,,

F,; denotes the output function of A *U,,

°°.°".‘“f-°!°t"
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F, denotes the output function (A, »A,)*A,,

F, denotes the output function of A » (U, *NA,).

Let moreover 7, = X, (0;), where p; is the output formula of U,
for ¢ = 1,2. It is easy to see now, that the output formula of both
(W, *A,)* A, and Ax (U, +A,) is p,, thus it remains only to prove the
equality Fy = F,.

Consider an arbitrary valuation ». By Lemma 6.4, F,(v) is defined
iff one of the following conditions is satisfied:

1° F,,(v) is defined and Fy,(v)er,,

2° F,(v), [F,,0F,;](v) are defined and Fy,(v)¢r,.

On the other hand, F,,(v) is defined iff one of the following cases
holds:

(i) F,(v) is defined and F(v)er,,

(ii) F,(v), [F,0 F,](v) are defined, and F,(v)¢r,.

Therefore Fy(v) is defined iff: either 1°& (i) or 1°d (ii) or 2°¢& (i)
or 2°d& (ii). It is easy to see now, that 20& (i) is never true, since in this
case Fy;(v) = F(v) and by 2° Fy,(v)¢r,, but by (i) Fy(v)er;. Finally
Fy(v) is defined iff:

(11.1) either 1° & (i) or 1° & (ii) or 2° & (ii).

Similarly F,(v) is defined iff one of the following cases holds:

3° F,(v) is defined and F,(v)ery,

4° F((v), [F,0F,](v) are defined and F,(v)¢r,.

On the other hand, [F,oF,,](v) = Fy,(F,(v)} is defined iff one
of the following cases holds:

(iii) F,(F,(v)) is defined and F,(F,(v))er,,
(iv) Fy(Fy(v)), [Fyo F,}(F,(v)) are defined and F,(F,(v))¢r,.
Finally F,(v) is defined iff

(11.2) either 3° or 4° @ (iii) or 4° & (iv).

Suppose now Fy(v) is defined. We shall show F,(v) to be also defined
.and F4(v) = F,(v). Following (11.1) there are three cases to be consi-
dered.

Let 1° & (i). Then 3° thus F;(¥) is defined. On the other hand, in
this case,

Fa(v) = F1;(v) = Fi(v) and F(v) = F;(v).

Let 1° & (ii). Then 4° & (jil) sinice in this case F,,(v) = Fy(F;(v)).
On the other hand, in this case,

Fy(v) = Fyy(v) = Fl(Fl('v)) snd  F,(v) = [F,0F,](v) = F1(F1(”))'



42 Algorithmically definablo functions

Let 2° & (ii). In this case
Fiy(v) = Fy(F,(v)) and [F,,0F,](v) = Fz(Fl(Fl('”))) = [F 0 F,](F,(v)),

thus (iv) is satisfied. Hence F,, (F,(v)) = [F,0F,;)(v) is defined. There-
fore, and by (ii), 4° is also satisfied. Thus F,(v) is defined. Now

Fy(v) = |[Fi0F,]o Fy|(v) = Fy(Fy(Fy(v)))
and
Fy(v) = |[Fio[Fi0F,]|(v) = Fy(F.(Fi(v))).

In this way the first part of this proof is finished. Now we have
to prove that if F,(v) is defined, then F,(v) is also defined. Following
(11.2) three cases are to be considered.

Let 3° In this case F,,(v) is defined and F,,(v) = F,(v), thus 1° & (i)
is satisfied.

Let 4° & (iii). Then (ii) is true. Hence, F,,(v) is defined and F,,(v)
= F,(F,(v)). Therefore, by (ii), F,,(v)er,, thus 1° is true.

Let 4° & (iv). Then F,(v), F,(F,(v)) are defined (hence (ii)) and
F,(v)¢r,, thus F,,(v) is defined and F,,(v) = F,(F,(v)). Therefore, since
[F,o0F,](F,(v)) is defined,

[F0 F;)(Fy(v)) = FoFy(F,(v)) = [Fy0 F;](0).

Thus [F;,0F,](v) is also defined and 2° & (ii) is satisfied. And this
is the end of this damned proof of 3.

ad. 4. Let for some arbitrary model M :

F; denotes the output function A, for v = 1,2, 3,

F,, denotes the output function of A, o0 N,,

F.4 denotes the output function of U,*%U,,

F, denotes the output function of (U,o0W,)*Us,,

Fy denotes the output function of A, o (W, *WU,).

-Let moreover g, be the output formula of A; for ¢ =1,2,3 and
let r;, = X2 (0;) for ¢ = 1, 2, 3. It is easy to see, that the output formulas
of (A, 0W,)*A, and Ao (W,*A,) are the same and are equal to gg. It re-
mains to prove the equality F, = F,.

Consider an arbitrary valuation ». By Lemma 6.4, F,(v) is defined
iff one of the following conditions is satisfied:

1° Fy5(v) = F, (Fy(v)) is defined and F,(v)er,,

2° Fis(v), [Fi30 Fg](v) are defined and F,,(v)¢r,.

Now, by Lemma 6.2, F,,(v) is defined iff:

(i) Fy(v), Fo(F,(v)) are defined.
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On the other hand F,(v) is defined, iff
3° F,(v), Fy(F,(v)) are defined,
and F,(F,(v)) is defined iff one of the following cases holds:
(ii) Fy(F,(v)) is defined and F,(F,(v))ers,
(iii) Fy(F,(v)), [Fo0F,s](F(v)) are defined and F,(F,(v))¢r,.
Suppose now F,(v) is defined. Two cases are to be considered.

Let 1° be true. Then 3° & (ii), thus F,(v) is defined. On the other
hand, in this case,

F(v) = Fz(Fl(”)) and  Fg(v) = an(Fl(v)’ = Fz‘_Fx(”))-
Let 2° be true. In this case [F ;0 F;](v) is defined and
[F120 Fs](v) = Fy(Fpa(v)) = Fa(Fg(Fl(v))) = [F;0 Fy](F(v)),

thus 3° & (iii) is satisfied and F, (v) = Fy(v).

Suppose now Fj(v) is defined. It is easy to see that, if 3° & (ii) is
true, then 1° is true and if 3° & (iii) is true, then 2° is true. Thus, if F,(v)
is defined, then also F,(v) is defined. In this way 4 is proved.

The proofs of the equalities 5 and 6 are analogous; we omitt then,
q.e.d.

The equalities listed in Theorem 11.3 permit to prove other ones, e.g.:
U AU, ~ Uy
8. (U 19U)" ~ Ay
9. (WyoUy) 1Ay ~ Uyo (U 1Uy)

10. (W Wy) AUy ~ A (W, 1A,)

11, (U, 0U) 1A, ~ A, 0%;

12. (U 0 (Wpe Wy Uy ~ A, 0 (Wy* (A,*U,)), ete.

12. AN ABSTRACT PROGRAMMING LANGUAGE

Many of the results discussed in the preceding sections can have,
in ‘our opinion, some importance in the programming practice. In this
section we give some arguments towards this opinion. We shall construct
here an abstract programming language, with the syntax and the seman-
tics formally described, and we shall show how to prove the adequacy
of programs in this language.

Consider the alphabets A, A, and Ay as defined in Section 2 and let

Atlb = {:= y Gy L1y 7y 59 REC})
A' = A, UAz U Ap U 4;.
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By the simple programming language (SPL) we shall mean the least
language L over A! with the following properties:

1) For every nonempty string a,,..., a, of instructions in I and
every formula p in ¢, the expression [a,,...,a,; ¢], which we call an
elementary program, is in L.

2) For any =, and =, in L the expressions =7, and [z, REC=,] are
also in L.

The elements of SPL will be called programs. Now we introduce
two binary operations in SPL defined as follows:

“IO 7!2 = ﬂlﬂg,
7y {7y = [#, REC=,],
for any =, and =, in SPL. Clearly, these operations are not the operations
of the general algebra of algorithms (see Section 11), however, for the
sake of simplicity, we use here the same symbols. On the other hand,
the algebra (SPL, o, 1) is evidently a homomorphic image of the algebra
(&0, 1)

Now we shall describe a mapping 4 of SPL into the set of algorithms </,
called the structural semantics of SPL.

1) For every elementary program = = [a,,...,q,; o] in SPL

A(=) = ({0,1},0,1, 2, &),

where

Q) =(1,1),

£(0) = (ay, ..., a,; R}(a;)), where a; is the variable on the left of
the symbol := in aq,,

£(1) = (&5 0)-
2) For any two programs =, and =, in SPL
A(my0:,) = A(my)0 A(=,),
A(my t ) = d(m,) 1 A(7,).
Now we can consider the following equivalence relation in SPL:
Two programs =z, and z, in SPL are said to be equivalent, in symbols
Ty ~®yy i A(my) ~ A(m,).
Consider now the algebra
Agp;, = (SPL, 0, t, ~)

called the SPL-algebra. Clearly, 4 is an isomorphism of Agp; onto the
algebra (CA, o, t, ~). Therefore (see Theorem 11.2):

THEOREM 12.1. The equivalence relation ~ is a congruence relation
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Consider an arbitrary model M = (X, J), a function f: X" » X,
and a program =z in SPL. The program = is said to define f in M with
a matric a; , ..., a; ;6;  if A(x) defines f in M with the same matrix.

A matrix (variable) is said to be external in = if it is external in A(x).
A function f: X" — X is said to be SPL-definable in M, if there exists
a program = in SPL which defines f in M. By PDF (M) we denote the
set of all SPL-definable functions in M.

Clearly, (see Section 10), for every model M,

PDF(M) = CDF(M) < ADF(M).

Hence Theorem 10.4 implies

THEOREM 12.2. For every normal model M, PDF(M) = ADF(M )

In what follows, for normal models, SPL is rich enough to define
all functions definable by means of programs in the conventional sense.

Now we shall deal with the problem of adequacy of programs in
SPL, i.e. with the problem of proving that a given progran in SPL defi-
nes a given function. We shall start with formulating there simple theo-
rems (the proofs will be omitted).

THEOREM 12.3. For every model M, every funciion f in PDF (M),
and any two programs n, and =, in SPL, if =, defines f in M with a matrix
Giyy ooy G5 Gy aNd B ~ 7y, then 7, defines fin M with the same matriz.

Moreover, if a; , ..., a; are external in z,, then they are also external in m,
.(see Theorem 11.1).
THEOREM 12.4. For any two elemeniary programs [a,,...,a,; 0]

and [Byy ..., Bp; @] in SPL,

layy covyay; 010081y vvy By @] ~ [@yyeuny gy B1y ooey By ©].

THEOREM 12.5. For every program = and every elementary program
7 = [a;: = ay; o],

X, O ~ 7.

As we have mentioned in Section 10, in proving the adequacy of
canonical algorithms — thus also in proving the adequacy of SPL-pro-
grams — we use the technique of decomposition of algorithms (programs)
and apply Lemmas 6.2 and 6.5. This method, although more efficient
than that dealing with traces, is still not satisfactory, since it permits
to prove only theorems of the form F is the output function of = but not
of the form f is defined by =. Clearly, the knowledge of the output function
helps in proving the adequacy of a program, but the step of the proof
to be completed in this case may be rather lengthy. (cf. proofs of The-
orems 7.2-7.4),
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Compare now the Main Theorem 9.1 with Theorem 12.2. As it follows
therefrom

GRF(M) = PDF (M)

for overy normal model M, i.e. every function SPL-definable in M can
be defined by means of elementary functions ((i)-(iv) in Def. 9.1) and
the operations of substitution, immediate recursion and minimum. Hence,
we can solve our problem by formulating theorems of the form: if =,
defines f, for i =1,...,n and f = O,(f,, ..., f,), then x, defining f, is so
and so, where O; is one of the operations on functions. In fact, such the-
orems follow immediately from the proofs of Theorems 7.2-7.4.

THEOREM 12.6. Consider an arbitrary model M = (X,J), m+1
functions ¢, ..., g,eF"(X), he F"(X) and m+1 programs m,, ..., %y,
eSPL.

If the following conditions are satisfied:

1) For every j =1,...,m =, defines g; with an external matriz

Biyy oeey Gy 5 A where By, 18 external in 7,y ..., Ty,

2) Ay, defines b with a matriz a,, ..., a, ;a, and a;,...,a; are
external in =, ,,
then the program =n = 7,0 ... OW,OM,,, defines the function
J=82(hy g1y .5 o) with an external matriz a;, ..., 6; ; &,.

THEOREM 12.7, Consider an arbitrary normal model M = (X, dJ),
2m functions ¢, ..., g,eF*(X) and hy,..., h,e F**"1(X), and 2m+2

DrOGrams my, ..., Moy Ty oo vy Mgy Ty, % eSPL,

If the following four conditions are satisfied:

1) n; defines g; with an external matriz a,, ..., IRES and By, 18
external in =\, ..., 7, for j =1,...,m,

2) =] defines h; with an external matrizc 6,, @; ..., @, Gg s ooy G ; a,,
and a, is external in Ty ey By Jor j =1,...,m,

3) @ = [a,:=0(a,); @, 5 a,],

By = (g, = gy ooy Bt = Oy, Gy = 8(0y); 0, 5 6],

4) (fu "'1fn) = Rf(yu cooy Gy hyyoony hm)v

then for every j =1,...,m, the program

n = (mlo...onxLom)t(n?o...ont om,)

iy

This theorem deals with the general case of the immediate recur-
sion. Since in practice we deal more frequently with the simple recur-
sion (m = 1), it seems useful to formulate separately a theorem concern-
ing this particular case.

defines f, with the external matriz a6, ..., q, ; Gy



12. An abstract programming language 417

THEOREM 12.8. Consider an arbitrary normal model M = (X, J),
two functions ge F*(X) and he F***(X), and four programs =', n%, m,, m,
«3SPL.

If the following four conditions are satisfied:

1) #' defines g with an external matriz a,, ..., @; 5 O _

2) n* defines h with a matrix a,, Bipyvoey By 5 Oy where a,, Bipy ooy ain'
are external in n?

3) T = [ap:= O(a'p)i a, N a’-p]!

Ty = [a’p: = S(ap); a4, 5 ap]!

4) f = Ri(g, h),
then the program

n = (nlom,) t(ntom,) -

defines f with the external matrix a., @; , ..., a; ; 6.

l’
THEOREM 12.9. Consider an arbitrary normal model M = (X, J),
a function he F*"(X) and five programs =, m,, 7m,, ny, ny in SPL.
If the following conditions are satisfied:
1) = defines h with an external matrix a;, ..., a; ; a,
2) n, = [afl:: 0(&,-1); R}(ail)]i
7y = [ = ;6 5 @; ],
mty = [ = 8(ay); R}(a‘il)L -
_ 7y = [a,: = 0(a,); @, < a,], where aydé{a;, ..., a; , a;},
then the program
7w = (m,0m'om,) {(mgo o M,)

defines the function f = M(h) with the ewternal malriz a,...,a; ;a; .

Suppose now we have to write a program in SPL defining a given
function f in a normal model M. First we define f by means of the ele-
mentary funetions ((i)-(iv) in Def. 9.1) and the operations of substitu-
tion, recursion and minimum. (Clearly, if this turns out to be impossible,
then, by Theorems 12.2 and 9.1, f is not in PDF (M), i.e. f can not be
defined in SPL). Then, following Theorems 12.6-12.9, we construct a pro-
gram n which defines f and which, by this construction, is proved adequate.

ExAMPLE 12.1. Suppose for simplicity that the basic language
admits instructions of the form

a:=A(a;,...,a;)

where A(a;,..., ;) is a simple arithmetical expression in the sense
of ALGOL. Consider a model M = (R, J), where R is the set of all real
numbers and the symbols 4+, —, x,/, = are interpreted (by the func-
tion J) as the sum, the difference, the product, the quotient and the
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identity relation in R. Clearly, M is a normal model — since a;+1 and 0
are arithmetical expressions in ALGOL — therefore Theorems 12.7-12.9
are applicable in this case.

Consider now the function

P

f(@,2) = ) @a)n!
n=0
to be SPL-defined. First, we shall define it by means of the composition
and recursion. Consider the function t¢(p, ) defined as follows:

. 10, 2) =2z, t(p+1,2) =1t(p,s) [(27)/(p+2)],
1,0,
t(0,x) = 2%, ¢t(p+1,n) =h1(Prw;t(P’m))7

where h,(p,z,y) =y-[22/(p+2)]. As it is easy to see, i(p,2)
(2z)**'/(p+1)!. Now, f can be defined as follows:

fo,z) =1, f(p+1,2) = f(p,2)+t(p, 2),

i.e.
f(o,z) =1, f(p+1,2) =h2(P’a’1f(P’w))’

where h,(p, z,2) = 2+ t(p, x).
Consider now the following programs:
nt = [a,:=2X a;; 8, = a;],
7wt = [@3:= a3 X (2 X a,/a3+2); &, = a,],
7y = [@3: = 0; a, = a;],
Ry = [@y:= a3+ 1; @, = a,].

Clearly,

n! defines g,(x) = 2z with the external matrix.a; a,,
n? defines h,(p,z,y) with the external matrix a,, a,, ay; a,.
Therefore, by Theorem 12.8, the program

(12.1) %1 = (#lom,) H{=tom,)

defines the function ¢(p, ) with the external matrix a,, a,; a,.
Consider now another five programs

= [a5:=1; a5 = as],

(as: = a5+ ay; a; = 4],

[as: = a5; a; = as],
7ty = [a:=0; aq = a,],
7ty = [a4:= a,+1; ag = a,].

Clearly,
n® defines g,(r) = 1 with the external matrix a,; a;,
m; defines 8(z,w) = z+w with the external matrix as, a,; a;,
n} defines I(p,z,2) =z with the external matrix a,,a,, a;; a;.

ERERE
o
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On the other hand, #,, defines not only #(p,z) with the matrix
G., @,; 6, but also the function ¢, (p, »,2) = i(p, z), for all z¢R, with
the matrix a,, a,, a;; a,. Therefore, by Theorem 12.6, the program

(12.2) nt = nlom,o0n)

defines h,(p,x,2) = z+(p, #) with the external matrix a,, a,, as; a;.
Hence, by Theorem 12.8, the program

(12.3) 7gq = (wP0m,) 1 (n*07,)

defines f(p,z) with the external matrix a4, a,; a;. Now, we can write

this program explicitly and simplify it by means of Theorems 12.4 and
12.5. First,

yg ~ [[82: =2 X @y, a3: = 0; @, = ag]
' REC [6y:= 6, X (2 X 6,/a3+2), 63: = a5+ 1; 6, = a,]].
By Theorem 12.5 and (12.2),
7t ~ ;@ om.
Therefore, by (12.3) and Theorem 12.1,
Mgy ~ (70 7y) §(%y20 W30 7,)
and by Theorem 12.4

Tgq ~ I[a5:= l., By = 0; Ay = Gy
REC[[G2:= 2)( al’ aa:z O; aa4 = aa]
REC[G2:= agx (2)( al/a3+2), a,:-': a8+1; 04 = aa]l
[@s:= ag+ 8y, @i = a,+1; ag = a,]] = =.

D
Theorem 12.3 implies now, that if =,,, then also = defines f(p,z) = 3 (22)"/n!
=0
with the external matrix a,, a,; a;.

13. FINAL REMARKS AND OPEN PROBLEMS

SPL has been thought as an example of a programming language
rich enough to define every function definable in a normal model by
means of conventional programs and with the property that given a non-
algorithmic definition of a function, we now how to proceed effectively
to the program producing jointly the proof of its adequaocy (semantical
correctness). Clearly, the syntactic structure of SPL is very restricted
relatively to the structure of real programming languages (this may
lead to long programs), but it is also clear that SPL can be easily exten-
ded — maintaining its properties — to a more efficient language by

Dissertationes Mathematicae LXXXV " 4



80 Algorithmically definable funotions

adding new operations, e.g. the complex composition, the conditional
composition, etec., or new facilities, e.g. the procedure facility. It should
to be emphasized here that not all facilities can be added in this way,
since e.g. adding the go te facility would essentially change the structure
of the language increasing the difficulty of proving adequacy of programs.
In general, new operations and facilities can be added to SPL -as long
ag it stays an algebra generated by a set of simple loop-free programs.
It may be interesting to note, that we can easily define a subset of ALGOL
isomorphic with SPL (or with an extension of it) which is, by Theorem
12.2, rich enough to define all functions definable in ALGOL and, on
the other hand, permits to prove easily adequacy of programs.

Another problem of interest concerning the semantics of program-
ming languages is the problem of equivalence of programs. In this paper
we have defined a relation ~ of equivalence (Sec. 11) which holds bet-
ween two programs (flow-algorithms) if they “do” the same in all possible
models. This relation is clearly very strong (too strong for many applica-
tions) and in practice we would be probably more interested in the rela-
tion o (M- equivalence) which holds between two programs if they “do”

the same in the model M. Although ~ is weaker than ~, it is still- too

strong to consider the proper fact of 1nterest to the effect that two pro-
grams 7, and 7, define the same function f. In fact, most frequently we
deal with a situation where given a program = defining a function f we
want to simplify or to speed up this program preserving the only pro-
perty that it defines f. Clearly, the fact two programs =, and =, define
the same (given) function f cannot be described by any reasonable equi-
valence relation. This means that the algebraic approach to the problems
of optimalizing programs will probably lead to relatively weak results.
At the end of this section we shall point out some open problems of the
theory of algorithmically definable functions, which seem to be of interest
for the studies concerning the semantics of programming- languages.
ProBLEM 1. Consider an arbitrary model M and a function f in
ADF(M). Let ¥ defines f in M. U is said to define f unambiguously if
for any two matrices a;,..., 4, ;a;, . and @ ,...,a ;4 of fin U,
@;y .-+ &; i85 & permutation of a;,...,a; and e =g . (Eg in
the Example 5.1 the algorithm % does not define f(x, y) unambigously).
The problem is, whether for every model M and every funclion f in
ADF (M) there exisis an algorithm W defining unambiguously f in M?
PrOBLEM 2. Consider an arbitrary model M and a function f in
ADF(M). In the class of all algorithms which define f in M we distinguish
an algorithm with the least number of variables. Let mv,(f) denotes
the number of variables of this algorithm and let

moy (f) = moy(f)—n
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where n is the number of arguments of f. The problem consists in answer-
ing the following two questions:

1) Is it true that for every model M and every natural number m, there
exists & function f in ADF(M) with moy (f) > m?

2) Does there exists, for every model M, a function ¢ with the property
that, for every function f in ADF (M), moy (f) < ¢(n), where n is the number
of arguments of f?

PROBLEM 3. Does there exist a model M with CDF(M) + ADF(M)?

ProBLEM 4. Is the elementary theory of the general algebra of algo-
rithms A finitely axiomatizable, i.e. does there exist a finite set of equiva-
lences in A which implies all other equivalences in A?
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