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An example of the equation wu = u.+j(«,t, u) with distinct
maximum and minimum solutions of a mixed problem

by W. Mrax (Krakéw)

The purpose of the present note is to give an example of an equation
1) Uy = Uze + [ (@, T, u)

which has two different solutions satisfying the same boundary data.
The example is one for which the assumptions which ensure the existence
of a maximum solution and a minimum one for (1) are satisfied, i.e. the
assumptions of theorems 2 and 3 of [1]. Hence, the maximum solution
is different from the minimum one. Let us remark that in th. 2 and th. 3
of [1] it is not mentioned at any place that the function f(z, t, ) is ‘““locally
Lipschitz continuous’ as was wrongly reported by the reviewer of [1]
in Mathematical Reviews, Vol. 22, 8A, August 1961, rev. Nr 6930.

We take the function f(x, t, ») defined as follows: f(x, ¢, «) is defined
for — /2 <@ <=xnf2, 0 <t< =/4 and arbitrary « by the formula

f($tu)_{—]/coszw—u=+u if  |ul <|cosx|,
VR -
u

if  |cosa| < |ul.

, The function f(z, ¢, w) is Holder continuous in # and u, that is for every
point (x, u) (—=/2 <z < =/2, » arbitrary) there exist a neighbourhood
of that point and a constant M and an exponent a, 0 < a < 1, such that
for every couple of points (z, %), (z, 4) of that neighbourhood the ine-
quality
If(‘i) t7 z—")—j(‘:vi ty 2_4'-)] < M[li__mla'l‘ l‘ﬁ—ﬁl“]

holds.

The proof of the Holder continuity of f(x,?, ) will include several
cases.

a) Write d = |f(z,t, %)—f(x,t, )] and suppose that |%| < |%|
< |cosz|. We have

< |@—T| 4|V costw — u?— V/ costr— @
<=+ V-2 < |@—ul+Viul + [l -
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b) If |cosz| < |u|, |%| then d = |u—u|.
¢) If |u| < |cosz| < |u| then

d =|—VcosPs— @ +T— | < VCostw— W + | — |
SYV@—w+a—u < |[B—u|+V|n|+ul|u—2av2.

The above inequalities show that for (z,t, @), (z, t, %) belonging to
the domain of f

(2) If (2,8, u)—f(z, 1, w)| < K|u—u?
for #@,uelu—p,u+o], O0<p, ¢ arbitrary,

where K =sup{|ﬁ—§i|1/2+]/fzpl_—}Tq|} and sup is taken over p, g e[u—o,
u+ o], that is over a certain neighbourhood of u.

a’) Write d' = |f(Z,t,u)—f(Z,t, u)]. If |cosZ|,|cosZ| < |«| then
d =0.

b’) Suppose that |u| < [cosZ|, |cosz|. Then

d' = |—)/costT—u +u + | cos*z— u* — u|

< |V eosz — u?— ) cos? T — u?| < 1/|costT — costZ|
< V]|cosZ| + |cosZ| |cosT— cosz|H2 < Y2 |Z— |V .

¢’) Suppose that |cosZ| < |u| < |cosZ|. Then d’ = |u -+ cos?z— u?— u|
= ycos?z—u? But cos’r <u?* and consequently cos?z—u® < cos*z—
— cos?z. Hence

d’ < Y costZ— costZ < Y2 |Z—|H2.
We see now that d' < Vﬁl:’i—il‘” for (z,t,u), (z,t, u) belonging to
the domain of f(z, ¢, u).
Now take the function % (x,?) = cosx-cost. We have

Uy = —cosxsint, Uy, = — coszcost.
Hence
Uy — Ugg = — COSZSINt + coszcost = —cosz 1 — cosit+u
= — Y cos?z— cos?xcos?t +u = —} costr— ut+u .

Hence u satisfies (1) in B = ((#,?): —7/2 < # < 7/2, 0 < i< «n/4). Take
the function v (x, ) =cosz. We have v,—1v,; =0+ cosx = —]/cosza:— cos?x+
49 = — ) costz—v*+v. Hence v satisfies (1) in R. Obviously « # v in R
and » and v satisfy the same boundary data: u(x, 0) = v(z, 0) = cosz
in [—=/2, =/2] and u(—=x/2,t) =v(—=/2,1) = (x/2,1) =v(x/2,1) = 0 for
te[0, =/4].
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On the other hand, the function p = 3¢!—1 majorizes the boundary
data of » and v and p; > pxc+f(z,t,p) in R because p > cosz for
z e [— /2, =/2]. The function ¢ = — 3¢+ 1 satisfies in R the inequality
¢ < ¢zz+f(x, t, ¢) and takes on values less than % and » on the parabolic
boundary of R. Hence all assumptions of theorem 2 and theorem 3 of [1]
are satisfied for (1). Therefore there exist a maximum and a minimum
solution of (1), satisfying the same boundary data as the functions u
and v do. But % # v. Hence the maximum solution is different from the
minimum one.
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