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Introduction. A Banach algebra (A4, ||*||) is called semiradial if every
non-trivial closed right ideal of A contains a non-zero element a with
0 ## |a| = p,(a), where |-| is a second norm on A defined by

lladll
la| = sup

Sup-— for all a e 4,

and g,(a) is the spectral radius of the element & with respect to the norm
|*ll. This concept is defined in [4] and the aim is to characterize the H*-
algebras in the sense that every semisimple H*-algebra is semiradial and,
conversely, every semiradial Hilbert algebra is isometrically isomorphic
to an H*-algebra. It is also proved in [4] that the norm |- | is a scalar multi-
ple of the original norm ||- || on minimal left ideals within closed two-sided
ideals.

In this paper we give an example of a semiradial Banach algebra in
which the scalar is not unique but depends on the choice of the minimal
ideal. For the definitions and the notation used in this paper see [1]
and [2].

Example. Let X = C([0, 1]) be the space of all continuous real-valued
functions on [0, 1] with the sup-norm, and let ¥, =,([0, 1]) be the
space of functions f on [0, 1] such that D>'|f(f)| < oo with the norm

i

Il = D@1, fehl(o, 11).
t
Let Y = Y,®C with the norm

I(f, @)l =Ifl+1lal for all (f,a)e ¥,

where fe Y, and a € C.
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Then it is shown in [2] that (X, Y) is a strictly norming dual pair
under the duality

(@, (fya)) = Zf(t)w(t)+§fm(t)dt.
t 0

Now consider the nuclear algebra N<(X, Y) on (X, Y) defined by
NX,Y) ={TeB{X,Y): »(T) < oo},

where »(T') is the nuclear norm of 7' defined as
»(T) = int{ DIzl Iy}

and inf is taken over all sequences {z,} € X and {y,} € Y such that

Tz = Z@,yn}w,, for ze X.

n=1

Then it is known that (N(X, ¥, »(-)) is & Banach algebra, and also
an operator algebra. Hence by [2], Theorem 2.5, N<(X, Y) is a radial
Banach algebra and, by [4], it is & semiradial Banach algebra with the
second norm |[-| defined by

»(8T)
S| = sup ———
15l T;elo) »(T) ’

In order to find two different minimal left ideals in N(X, Y) with
different multiples, we prove a series of lemmas.

LEMMA 1. For every re X and ye Y, |[x®y| s equal to the operator
norm ||y ® x|, of the operator y @ x of rank one.

Proof. For v € X and u € Y we have, with ve X and u € Y,
Q) (v v, Y)®
O @l = sup SO0 _ Ko, ol
v %0 Il oo [l0l]

<o, ol lllllleell sup Ko, youllllell _ sup [ (u@v)* ()l Il

70 ol |2l oo [0l lull v#0 [l [fell
u#0 u#0 u#0

8 e N(X, Y).

Y (u®0)* (4)®) _ sup »(y®1) (uQv)) < sup (y®)T)

u@v£0 v (uQ®0) U #0 v(u@v) = rso v(T)

= |yQu|.

Now for every, T e N{X, Y) we obtain

v(T) = inf ) Iyallloall = inf }'» (4,8,
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with

Tz = 2<a:,y,,>m,,, ie. T = Zyn@)m,,.

n=1

Hence for a given ¢ > 0 there are sequences {z,,} in X and {y,}in ¥
such that

Zv(ymgawm) <v(T)+e¢ and T = Zy,,,@m,,,.

For cve;ny S e N(X,Y), we have
|8| = sup "3T) sup ”(szym@a’m)
. 20 ¥(T) T#0 v(T)
Y (2 Yn®Son) 2 (yn®@Say)
TR D 1k D
2 1Yl 182, 181lop X 19/l 17
“RTom ST W
< ||‘S||op;1;10’ %
Since ¢ is arbitrary, we obtain
(2) I8] < IISll,p for all § e N(X, Y).

From (1) and (2) we get [y®z| = |[yQ=|lop-
As an immediate consequence of Lemma 1 we get

Ko, ¥)| I
® rl =sup—m@8M8Mmm—
i

Now, let L be a minimal left ideal in N(X, Y). Then by [4] we have
I8] = @r»(8), 8 € L, where @ is a constant with 0 <@, < 1.
LEMMA 2. For every yQr € L with v e X and y € ¥,

0, = v, 97|

= Sup
ugo 0yl
Proof. We have

, veX,uel.

ueXY,velkX.

ly®@w| IKv, >l
= = §up —————
“z y(YQx)  uev Y(YQw)|v||

_ Koy plllel Ko, 9
s [lzliol  ses Milol "
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It is clear that the set L = {y® x},.x is a minimal left ideal in N{(X, Y )
foreveryy € Y. Lety, = (0, 1) € Y. Then |ly,|| = 1,and so L, = {9,802}, x
is a minimal left ideal in N<(X, ¥). Also, for any fixed element v, in
X there exists an element y, in ¥ with |y,)l =1 and [{(v,, ¥3)| = lv,ll
(since (X, Y ) is a strictly norming dual pair). Let L, = {y,®%}..x be another
minimal left ideal in N(X, Y). Thus ¥,®% € L, and y,Qx € L, for every
rv e X.

LeMMA 3. We have @, = } and @, = 1.
Proof. We obtain

9: @21 _ o K090l

Q, = -
T y(,8%) wew IWalllivl
1 1
1 1 1
— sup |~ [ o(t)dt| ol =5 sup | [o®)@| ol =
u®ov ° u@ v 0

We have also

lys @2 su 1<, ya)| > <05 ¥2)|

U = e R T lel o ol

and for the particular element v, in X we get ¢, >1

Thus, we have constructed two minimal left ideals L, and L, (within
the same closed two-sided ideal) in N(X, ¥) in such a way that their
multiples @, and @,, are not equal and the example is complete.

Conclusion. From the above example we conclude that the definition
of the second norm |- | for a semiradial Banach algebra does not give a nice
characterization of H*-algebras and in order to avoid this case we need
to define the norm |-| on the Banach algebra (4, ||-||) as

ab llba
| — max {lah_sup lab] lball

, = for every ae A
b ST ubu} y

in which all the results remain without change. Note that in this case
the above example cannot be used as a counterexample as we show in the
following.

Applying the same method as in the proof of Lemma 1, we get

lyQzl|, = "(y®a")."op7 T € Xy ye Y.
In fact,

Iy ®2)* lop < »(¥®2) = Iyl = Iyl <z, wo)|
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for some %, € Y with |lu,|| = 1 and [<w, u,)| = |z||. By the strictly norming
property of (X, YD, for u € Y we obtain
Ky %oyl Kz, w)yll I (y@)* ul|
T, Uy = ————— < Sup————— = sup————— =||(yR@zx)*|| ...
“y"K ’ 0>l ”uo" w0 "u“ w0 "u" “ (y ) "op

Thus |y®z|, = (yR2)*llep = »(¥®=). But |lyQ x|, < [(yD)*|l,p, since
the pair (X, Y) is strictly norming (see [1]). Hence |y®z| < ly®|,,
and so

ly®z| = lyQ2|, = »(yQx).

Note that the minimal left ideals constructed above with different
multiples have the same multiple in this case, and so far we have no
counterexample.
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