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OF A BOUNDARY VALUE PROBLEM
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1. Introduction. Statement of the problem. Consider a process of
percolation of water from a reservoir into a porous medium. We suppose
that: the water reservoir and the porous medium are bounded from below
by a horizontal impermeable layer whose upper boundary is the (z, y)-
Plane, the reservoir is of the form of a cylinder with radius equal to a,
and it is continuously refilled by water. Therefore, we can assume that the
level of the reservoir is constant and equal to b. We assume also that the
Porous material occupies all of the infinite layer with height greater than
or equal to b outside of the reservoir. Qur investigations are based on some
Physical simplifications. We assume that the porous medium is homoge-
neous and isotropie, which implies that the hydraulic conductivity coef-
ficient K and the permeability coefficient m of the medium are constant
Scalar values. Suppose that at the time ¢ = 0 water begins to flow through
walls of the reservoir into the unsaturated porous medium. We look for
the surface which is a boundary of the saturated region at the time ¢ > 0.
In the hydraulic model of filtration, called also the Dupuit approzimation
(see [1], [8] and [9]), this surface is described by the Boussinesq equation

1 m
(1) —2—-Au2=—1—{—u,,

where « = wu(x, y,?) denotes the height of the column of water at the
Point (z, y) at the time ¢, and 4 is the Laplace operator in the space varia-
bles (z, y). Note that knowledge of the form of the surface z = u(z, v, t)
for ¢ > 0 is very important in prediction of the spread of impurities which
may be dissolved in the water. Such a situation arises by cleaning the
ores of copper by means of the so-called flotation method.

In this paper we assume that the described process of percolation has
radial symmetry, so we look for the solution of (1) in the form » = u(r, t),

Where » = Va?+ 4. We examine this process in the time interval [0, T']
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with T' > 0, which leads to the pi'oblem described by the equations
1 .
(2) - (U +o-(4?), =% in D =(a, o) x(0,T],

u(a,t) =b in [0,T1],
(3)

b forr =a,
0 forr>a,

u(r, 0) -
where a, b and T are some fixed positive constants. Here equation (2)
is obtained from (1) by introducing the polar coordinates in the (z, y)-
plane and putting, for simplicity, m/K = 1.

Formulas (1) and (2) are degenerate non-linear parabolic equations:
they are parabolic for v > 0, but for v = 0 they are not. In general, boundary
value problems for equations of this kind need not have classical solutions
(see [4]) and, therefore, we interpret the solutions of (2)-(3) in a suitable
generalized sense.

A large class of degenerate parabolic equations, including equation (2),
was studied in [2]. In that paper the existence theorem was proved for
a certain class of weak solutions of initial boundary value problems, but
under assumptions about the initial boundary data stronger yet than
ours. The data (3) do not satisfy the compatibility condition at r = a,
which is prescribed in [2].

The existence and regularity properties of a certain class of approxi-
mative solutions of problem (2)-(3) were examined in [3].

Definition. By a weak solution of problem (2)-(3) in D we mean the
funetion v = %(r, t) which has the following properties:
(i) » is non-negative in D = [a, o0) X [0, T] and continuous in
(@, o0) x [0, T],
(ii) » satisfies conditions (3),
(iii) » satisfies the integral identity

(4) ff{f,u—k[f,r (l-l-f)] }drdt+ff, (a t) —0

for all functions f € 0?(D) which vanish for r = a and ¢ = T.

We prove the following result:

THEOREM 1. There exists a weak solution w of problem (2)-(3) in D,
bounded in D. Moreover, %2 has a weak (distributional) derivative with

respect to r in (@, o) X (0, T') which is essentially bounded on every compact
subset of (a, oo) x [0, T].
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We shall obtain the weak solution % described in Theorem 1 as the
limit as » — oo of classical solutions u, of the sequence of first boundary
value problems, i.e.,

1 1 .
(5) E(uz)"+5_—(u2), =4, in (a,a+n)Xx(0,T],
®) u(a,t) =u(a+n,t) =>b in [0,T],

u(r, 1) = V26,(r) in [a,a+n],
where ¢, = 9, (r) are sufficiently changed, smooth, strictly positive func-
tions (see Section 2 of this paper).

Our method of the proof is similar to that given in [6], where the
degenerate parabolic equation u, = ¢(2, u),, was studied. In [6] this
method is applied to the problems whose initial boundary value data
Satisfy the compatibility conditions; however, we are able to apply it
here because of the particular kind of non-compatibility of conditions (3).

2. Auxiliary lemmas. In this section we consider the quasilinear
equation \
! v, 1 v
]/:2—’0 t r r
obtained from (2) by substituting » = w?2/2 under the additional assumption
that « > 0.
Let {#,} be a sequence of strictly positive C*([a, oo))-functions such
that, for n > 3,
. */2n in [a+1/n, a+n—2],
v,(r) =
" b2 /2 in [@,a+1/2n] and [a+n—1, o),

Vpp =

(7)

0,(r) = ¥,,(r) in [a, o),
and, for every 6> 0 and for some K;> 0,
@, |
dr |
uniformly with respect to n. Note that {v,} converges to the function

€qual to zero in (a, oo) and b*/2 for r = a.
Consider the sequence of first boundary value problems

1 1
(8) v, =-—v,——9, Iin (a,a-+n)x(0,T],
V2v r

(77)

<K6 in [a+6’ OO)

v(a,t) =v(a+n,t) =%— in [0, T7,
(9)

v(r, 0) = 9,(r) in- [a, a+n]
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for n > 3, where 9, are defined above. Note that if v, is a solution of (8)-(9),
then u, = V2w, is the solution of problem (5)-(6).
For r,,r, € R we put
D =("17"’2)X(07 T]

1'1 ,fz
and

I, ., = {r}x[0, T]u(ry,r) x {0}u {r,} x [0, T].

L0

LeMMA 1. For each m > 3 there exists a unique solution v, = v,(r, 1),
v, € 0*Y(D, 4,,), of problem (8)-(9) in D, ,,,. Moreover,

b’ b
% < v, < 7 M Uggin and (vn)r € Cz’l(Da,a+n) .

S

Proof. Let 4, = 4,(s) denote a C*(R)-function such that

1 b b 1
An(S) =E in [%, '—2—] and 2—b-<An< % for se R.

Consider the equation

1
(8,) Vyp = An('v) U — 7 v,

in D, ,., with conditions (9) on I', ,,,. According to Theorem 1 of [7],

for each n > 3 there exists a unique solution v, = v,(r, t) of problem (8')-(9)
such that v, € C*'(Dy,q4,) and |9,] < */2 in D, 4, ,. Moreover, by Lemma 2
of [7], (v,), € C**(Dy 41n). We assert that v, > b*/2nin D, ,, . Set

b2
R, = (’Un—%) (“/Xp[—t].
Then 2,>0on I', ,.,. If 2, <0 at any point of D, ,.,,, then it must

have a negative minimum at some point (r,,?,) of that set. At (r,, t,)
we have

b2
A, (smexpltel+ 5 (ol — (s < 0
which contradiects
b? b’
An (znexp [t] + %) (zn)t - (zn )rr = - An (zn exp [t] + E’IT) Zny
since

b2
An (znexp [t] + ‘2';) Zp < 0 at ("o; to).



Boundary value problem 651

Thus 2,> 0 in D, ,,, and the assertion is proved. Since

b2 b2 _

'2_,;<”n<? m Da.a+n’
the solution of problem (8')-(9) is also the unique classical solution of the
original problem (8)-(9).

LeEMMA 2. Let v, be the solution of problem (8)-(9) and let a and B be
real numbers such that a < a < f. Then there exists a constant C, ;> 0,
independent of n, such that |(v,),| < Cp4in D, 4.

Proof. It suffices to consider only the case n > f. Let d, B and y
be real numbers such that a < a@ < f < g and

. r—a)(f—r
y = sup [—(a+ﬂ—2r)ﬂ:(—iﬂ——)]-
re[a, f] r
Consider a function

(10) Wy (ry t) = (r—a)(B—7)(v,),] + exp [yv,]

which is positive and continuous on D; ‘5. Assume that w, attains its maxi-
mum value at the point (r,, %) € Dz 5. If (o, %) € I'z 5 or (,),(r0, %) = 0,

then
maxw,, K~ +exp|ly—
Doon T2 2
ap

where K is defined by (7’). Hence [(v,),| < C, in the original rectangle Da' 8
Let (7o, %) € Dz 5 and (v,),(7y, %)) # 0. At (ry, t,) We have

(11) V20, (w,),, -+ V — (W), — (W), < O
and .
(12) (w,), = 0.

Differentiating (10) with respect to r and ¢, we obtain
(13)  (w,), = £ (r—a)(F—1)(0,)p+ {yexp[yv,]1+ (@+ B —2r)}(v,),,
(14) () = £(r—&)(B—r)(Vn)prr+ {y exDL Y, ] £ 2(& +B — 27)}(0,)r +
+72exp [0, 1(v); F 2(v,),,
(15) (0a)y = £ (r—8) (B —7) (W) +vexp [y0,1(2,),

in D; 7, where the lower sign is set if (v,),(ro, #,) <0, and the upper one if
(v,),(7, t5) > 0. If we write (8) in the form

(16) (vn)t = ‘/271;('07»)""‘ "—/'i& (Vn):



652 J. Goncerzewicz

and differentiate this equation with respect to r, we obtain

V2o,

— — 2
A1) (e = VI (0 + | (V25 + 2] )+ L2 oy
in D;5. By (11), (12) and (13)-(17), we get the inequality

(r—a)(f—r)
r

+ yexp [Wn]] (v,);

2v,,
< = Fa(r,1)(2,),

(r—a)(B—r)

[(&+ﬁ—2r)¢

which holds at (r,, t,). Here

Fo(r, 1) = {2 (a-+F —20)[yexp [yv,] + (a+F —2r)] +

x + g - 27’ r— a g —r ~ ~
+[i2—“ pr 4 a).iﬂ )](r—a)(ﬂ—r)}.
Since there exist positive constants C, and C,; dependent on a and g
such that

~

. B r—a)(f—
C.<a+f—2r+ f—%M +yexp [yv,]
and
| By (r, t)| < Cyy
we have

[CANES at (roy %),

6
(r—a)(B—r)
WheI’e 04 = 03b2/02o Hence

b2
maxw, < C,-+exp [y ?] =

Di

and |(v,),] < 0 in the original rectangle D, ;. Thus C,; = max(0,, C).
LrevMmA 3. If v, and v, ,, are solutions of (8)-(9), then

’Un('r1 t) > vn+1 (7'7 t) 7””’ 'l_)a,a+n'

Proof. Set w, = v,—v,,,. We have w,>0 on I, ,,, and

11 0 o V%”(w)
‘/2/0”-“ 1/27,, n+1/t%n r nir

‘/2_’01—1(wn)rr = (wn)t_
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in D, ;,,, Where 6, = 6,(r,?) is a suitable intermediate value between
v,(r, ) and v,,,.7,t). Moreover,

1 1
Vav,.. Vo,

in D, 4., for some constant L, > 0. Set p, = w,exp[—2L,t]. By the
argument used in Lemma 1 we prove that p,> 0 in D, .., (We omit further
details). Hence w, > 0 in D

a,a+n"*
We need also the following well-known lemma:
LEMMA 4. Let A = (11, 73) X (8, ;) and let f be an integrable function

in A. If for n > 1 there exist C*(A)-functions f, such that
lim [ [ f.pdrdt = [[fedrds  for all ¢ e OF(A)
" o4 A

(Vpy1)e | < Ly

and |(f,),] < C in A for some positive constant C, uniformly with respect
to n, then there ewists a weak derivative f, € L°(4).

For the proof of this lemma note that
F(gp) = fff%drdt
4

is a continuous linear functional on the subspace C°(4) of L'(4). There-
fore, there exists a function g € L*(A) such that

F(g) = [[gpdrdt for all ¢ e O (4)
A

and the assertion is wvalid.

3. Proof of Theorem 1. Let v, for » >3 be solutions of problem (8)-(9)
given in Lemma 1. Set

(18) u, = V20,.

We prove that the sequence {u,} converges in D as n — oo and the
limit function » = limwu,, is the weak solution of problem (2)-(3) described
in Theorem 1. It follows from Lemmas 1 and 3 that the sequence {v,}
is non-increasing and bounded from below by a function equal to zero.
Thus {v,} converges everywhere in D, and hence the same is valid for the

sequence {u,}. If we put v = limv,, then we have u = V2v. It is easy
to verify that « is non-negative and bounded in D, and w satisfies condi-
tions (3). Fix any rectangle D, ,;, where a < a < . By Lemma 2, the
functions v, are Lipschitz continuous with respect to r in D, ;z, uniformly
with respect to » and ¢. In view of Theorem 1 in [5], in every subrectangle
Ea.,p, c D, the functions v, are Holder continuous with respect to ¢,
uniformly with respect to » and r. Therefore, the limit function » is con-
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tinuous in (a, o) X [0, 7] and the same is valid for . Let u, be defined
by (18). It follows from Lemma 1 that if » > 3, then u, is the classical
solution of the following problem:

1 1
E(uz)rr'{'a(uz)r = U in (a,a+n)><(0,1’],

u(a,t) =u(a+n,t) =>b in [0,T],
u(r, 0) = V28,(r) in [a, a+mn].

Therefore, if f € 02(D) and f vanishes for »r = a and ¢t = T, then we
have

£f{ftuﬂ+[f"-(%f)r]u?i}drdt-*—ffr(a”t)‘b;dt—l-

00

+ f i(r, 0)V28,(rdr = 0

a

for sufficiently large n. Applying the Lebesgue dominated convergence
theorem, we infer that the function u satisfies the integral identity (4).

Finally, by Lemma 4, for any rectangle D, ;, where a < a < f§, there
exists a weak derivative (u?/2), € L*(D,;), which yields the existence
of a weak derivative (u2/2), on the whole half-stripe (¢, o0) x (0, T'), bounded
on every compact subset of (a, o0) X [0, T'].

4. Final remarks. In previous sections we have constructed the weak
solution u of problem (2)-(3) as a limit of the non-increasing sequence of

functions u, = I/2Tn (see (18)), where v, are solutions of certain quasilinear
equation. Note that, by Dini’s theorem, u, — % uniformly in every compact
subset of (a, o) X [0, T]. It is possible to replace functions v, in (18)
by solutions of certain linear parabolic equations. This fact can be useful
for an approximative solution of the considered problem.

Fix any » > 3. Let v, be the solution of problem (8)-(9) in D,,.,
= (@, a+n) X (0, T']. Define the following sequence of functions: v, , = Op
where 9, is defined by (7), (7’), and v, ,, is a solution of the problem

1 1
Vy——0

r

{(19) )

rr — l/ r n Da,a+n7
2'vn,m—l

v(a,t) =v(a+n,t) =%— in [0, T],
(20)
v(r, 0) = 9,(r) in [a,a+n].
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We have the following
THEOREM 2. For each m > 1 there exists a unique classical solution v,

of problem (19)-(20). The sequence {v, ,,};mn_, converges uniformly in D,ain

and

lim v, ,, = v,.

m—>o0

For the proof of this theorem see [7].

Set u, ,, = 1/2'0,,,,,, . We can choose the subsequence {u,  } such that

limu, , = u.
n—co

The functions w,,, tend to u uniformly on every compact subset

of (a, o) x [0, T].

m
(2]
[3]

[4]

(5]

(6]

(7]

(8]
{0}
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J. GONCERZE WICZ (Wroclaw)

O ISTNIENIU SLABEGO ROZWIAZANIA ZAGADNIENIA BRZEGOWEGO
POJAWIAJACEGO SIE W TEORII PRZESACZANIA WODY

STRESZCZENIE

W pracy badane jest zagadnienie nawilzania ofrodka porowatego przez ciecz
wypelniajaca zbiornik o ksztalcie walca. Zagadnienie to prowadzi do pewnego problemu
brzegowego, z danymi brzegowymi nie spelmiajacymi warunku zgodnosci, dla nieli-
niowego réwnania rézniczkowego czgstkowego Boussinesq’a. W pracy udowodniono
istnienie slabego rozwiazania tego problemu i otrzymano pewne wlasnosci typu regu-
larno$ei tego rozwigzania.



