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A REMAREK ON (p, q)-ABSOLUTELY SUMMING OPERATORS
IN 1*-8PACES

BY
RON C. BLEI (STORRS, CONNECTICUT)
The purpose of this note* is to give a simple proof to Kwapien’s

generalization of Grothendieck’s inequality, which was proved in [1]
by using a complex interpolation method.

THEOREM. Let 1 <p <2 and let N be an arbitrary positive integer.
Let (@)Y -1 be a finite matriz of complex numbers such that
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whenever t,,8,€C, |t,|, 18, <1 for m,n =1,...,N. Let (z,)N_, be an
arbitrary sequence of elements in the unit ball of 1. Then
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where r(p) = 2p/(3p —2), and O and ¥ are universal constanits.
Proof. Write the left-hand side of (1) as
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In (2) we apply Holder’s inequality to D' with the exponents 1/(2 —p)
k

<1

r(p)\1/r(p) - -
i ) < OPP-1g? 2/p,

and 1/(p —1) to the first and second factors of the summand, respectively.
Thus we infer that (1) is bounded by

[2 (2 lz B (k) |)2(2—P)/(3p—2)(2 |Z amnmm(k) lz)2(D—1)/(3p—2)](3p—2)/2p.
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Next, we apply Holder’s inequality in the preceding line to > with
n
the exponents (3p —2)/(2 —p) and (3p —2)/(4p —4) to the first and second
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factors of the summand, respectively. Therefore, we infer that (1) is bound-
ed by
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The first factor in (3) is bounded by 0*?-! and the second factor in (3)
is bounded by %*~%?, where @ is the universal constant in the “general
Orlicz inequality” and ¢ is the universal constant in the “general Little-
wood inequality” (see (2.10) and (2.11) in [2]).

Remarks. 1. The constant in (1) is an improvement over the constant
0¥~ @*P that was obtained by Kwapien (see Remark 1 on p. 333 of [1]).

2. As is shown on p. 332 of [1], the inequality in (1) is sharp with
respect to r(p). This can be seen also as follows:

Let N be a fixed positive integer, and put

exp(2nmni/N), where m,n =1,...,N.

1
(4) App = Na/g

A routine verification yields

|Zats

m,n=1

for all (¢,), (8,) in the unit ball of I*. Let @, = e, be the m-th basic
vector 1%, ¢, (n) = 6,,,, and compute

r(p))l/r(p) — NVr(o)+1p-3/2

N N
(5) (2] 3 amnemm,
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But the right-hand side of (5) is an unbounded function of N unless
r(p) = 2p/(3p —2).

Note that the matrix given in (4) appears in a similar context on
p. 172 of Littlewood’s classical paper [3] on bounded bilinear forms.

3. Kwapie notes in [1] that the interpolation method that he uses
to prove the theorem above can be adapted to establish a similar result
in the case 2 < p < co. We were unable to modify our simple argument
and obtain Kwapien’s result in this case.
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