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In [2] Dwinger defines a lattice L to be homogeneous if, for any
a, be L, there exists an automorphism f of L such that f(a) = b and such
that if a < b, then # < f(x) for all v¢ L, and if ¢ and b are incomparable,
then x and f(z) are incomparable for each z¢ L. He shows that every
lattice-ordered group is homogeneous as a lattice. He then asks if there
exists a homogeneous lattice which does not admit a lattice-ordered
group structure (P 887). In [1] a slightly more general definition of a homo-
geneous lattice is studied and there is given an example of a chain (essen-
tially, the long line) which does not admit & lattice-ordered group structure,
is not homogeneous in the sense of [2], but is homogeneous in the sense
of [1]. To complete this strict chain of inclusions and to answer Ph.
Dwinger’s question we exhibit in this note an example of a homogeneous
lattice which does not admit a lattice-ordered group structure.

Let R denote the chain of real numbers. Form the lattice

P = ”Ri, where N = {1,2,3,...}.

Define e P by (n); = n for all te¢ N. Let
L ={seP|s<mn for some ne N}.

Clearly, L is a sublattice of P. Moreover, L is homogeneous. For
let a, be L. If ie N is such that a; < b;, we define f;: R — R by

r+b;—a; for r < a,,

r—ay;

fi(r)

+b; for a,<r< b,
b,'-—a,- N

r+1 for b; < r.
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If ie N is such that a; > b;, we define f;: R - R by
r+b;—ay for r < a,,
fi(r) = l("—“i) (@;—b;)+b; for a;<r<a;+1,
<

r—1 for a;+1 <.

Finally, if a; = b;, then we put f;(r) =r for all re¢ R. In all three
cases, f;(a;) = b; and f; is a lattice automorphism of R. In the case a; < b;
we have r < f;(r) for all re R. Similarly, if &; > b;, then r > f;(r) for all
re R. Define f: L —P by (f(s)); = fi(s;). If seL and s <%k and b<7,
then (f(s)); < 1+max{n, k} for all <. Hence f(L) < L. Since each f; is
a lattice automorphism, it is easily seen that f is a lattice automorphism
of L and f(a) = b. If a < b, then a; < b, for all ¢ and a; < b; for some j.
Hence r < fi(r) and r < f;(r) for any r ¢ R, and 8 < f(s) for all s ¢ L. Similarly,
if @ and b are not comparable, then s and f¢s) are not comparable for all
8e L. Thus L is homogeneous.

If L admitted a lattice-ordered group structure, then L would have
some dual lattice automorphism a. Define se P by s, = (a(%)),—1 for
ne N. Since a(7) < a(I), we have se L. Moreover, 8, < (a(®)), for neN.
Take te L with a(t) =8 and ¢t < m. So 8 = a(t) > a(m) and, therefore,
8y = (a(M)),,, @ contradiction.
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