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On a new subclass of the class §

by Cz. Buorka and K. Crozpa (Lublin)

Abstract. Let Sig,5), ac(0, 2), fe(—2, 0), a—f < 2 denote the class of functions
of the form f(#) = z4 ay2%+ ay23... regular and univalent in the unit dise K,
where K, = {s: |¢| < 7}, and satisfying the condition

T 8 f'(2) b
. B g < a1g @) <a.
If a=1 and § = —1, then §y,_5 = 8%
If § = —a, then 84, —a) = Sa, ac(0, 1.
If § = a—2, then 84 g9 = &,
8*, 8,, 85 being defined on pages 153, 154.

This paper gives the structural formula in the above-mentioned class, the set
of variability of the functional 2f‘(2)/f(¢) and exact upper and lower estimation of
the modulus of the expression 2f’(¢)/f(¢) for stated z¢K,.

" Moreover, exact estimations of |a,| and |ay| in this olass are given, and the extremal
function is algo found.

1. Introduction. Let § denote the class of functions f(z) of the form
(1.1) f(2) = 2+a22+ a2’ +...

regular and univalent in the unit dise K,, where K, = {2: |2| < r}.
Let 8% = 8§ be the class of functions star-like w.r.t. the origin, that
i3 satisfying the econdition

2f’ (#)
f@)

- Let Sa = § represent the class of functions f(z) of the form (1.1),
satisfying the condition

of'(2)
1)

This class has been investigated by several authors, including J. Stan-
kiewicz [3].

(1.2) Re

>0 dfor =zeK,.

(1.3) {a% for #eK,, 0 <a<l.
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Let

™ T
8, 66( Y 2)
denote the class of functions f(2) of the form (1.1) satisfying the
condition
i 2f'(2)
f(2)
These functiong are called J-gpiral functions.

Next, let P be the class of functions p(2) = 1+p,2+p,2%+... Tegular
in the unit dise K; and satisfying the condition

(1.4) Ree >0 for zek,.

(1.5) Rep(z) >0 for =zeX,.

2. Class S(a,f). Consider the class 8z, ae(0,2), fe(—2,0), of
functions f(2) of the form (1.1) regular and univalent in the unit dise I,
and satisfying the condition .
2f'(2) T

< a—.
f(2) 2
Iurthermore, it is assumed that in the sequel a—f < 2. In some cases
this class coincides with the well-known ones, namely

(2.1) ﬁ < arg

Su,—y = 8%,

Blay—a) = Say

S(a,a—Z) = Sa-
Note that in the definition of the class S, 4 an idea of subordination
occurs, because the expression z;'(g) is requirved to be in the univalent

angle including the point w = 1.
Let F(z) be the univalent function of the clags P in K, mapping
the unit disc K, onto the angle

pg <argF(e)<az, ac(0,2)fe(~2,0), F(0) =1,

‘where arg F'(z) is that unique branch which equals 0 in zero. If by ¢ 3, @
is meant the subordination of the function ¢ to the majorant @ in the
unit dise I{;, then the class Sy = S(F) may be defined in the follow-
ing way:

(2.2) fR)e8(T) < ”J{(:)") 5, P(),  #eKs,
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where

F(z) = [i—_l-: cos%(z-_}_g)—isin '(Z+g)]u—ﬁ .e{%m‘“.

The form of #(z) easily follows frorﬁ "the normalization of the compo-
sition mappings

——2" i @+h) 1+
W= and o =
1—=z

(see [3]). And since each function p(2)eP satisfies the condition

1+z ,

p(2) 3, 1—

then for every function feS(F) there exists a p(z)eP such that

) (=) atp\ .. mfa+p\12E Eern
S el L e R = | R

The present paper gives the structural formula, the set of variability

4

of the fonetional 7 () and sharp estimation of the modulus of the
f(2) -

expression sz (S) in the class 8@ - We also give the form of the

extremal function and the estimations of a,, a, in this class.

3. Estimations of some functionals in the class S, .

THEOREM I. Function f(2) belongs to the class S 4 if and only if
there exists & function p(2) of the olass P such that

(31)  f(z)

—zexp” [( (2)cos (:ig)“”smg(t:iﬁ))

Proof. It follows from definition (2.2) that

&f" ()
f(#)

a—f 'Eu+ﬁ'
2 et"( )—-l]dz}.

[p(z)cos—( ig) s 3 (at‘z)] ﬂe.% y 2el(,.
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Hence
flle) 1
- fle) =
1 wla+f\ .. wletf\\2EL F
o (R e R v R
or
)
%

i3 (@+h)
et —l}dz.

(=14

Hrwe () -ms (57

Hence the structural formula for the class S, is obtained.

f®

=zexpf%{[1’(z)cos§(:—:§-)—'s' (a—l—ﬁ) . i_(a”) 1}dz.

THEOREM IL. In the class S g for any fizved 2, |2| =r,r <1 the set

of variability of the ewpression
[zf’(z)]aiﬂ
f(2)

[t 141"
7@ T

18 the closed disc

(3.2)

The extremal function is of the form

1+ze (:ig %ﬁ‘
(3.3) 1(2) —zexp{ f z[(T) —l]dz}.

Proof. It follows from the structural formula that

g _ [P (2) eosg— (Z—il;) —1i8in — ( :’g )]—_ei%("”)
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or

fl ¢ T TRgeT,

[T 565 (o2
p(e) = . )

Since the set of variability of p(2)eP for fixed 2, |2| = r is a disc whose
diameter, lying on real-axis, has end-points

1—r Lgr
and y
147 1—»r

the proposition of Theorem II follows.
As a corollary from Theorem II we obtain the following sharp esti-
mations:

[1/1—5;21-%03n(c.l+‘3)+,-4_2,.cos%‘_(a+ﬁ)]a_;ﬂ_

(3.4) a_f+ﬁ a—p
a a+p 4 w (a+f a=§
3 zf’(z)[<[l/1+27 GO”(E——ﬁ)—H +2rcosg(a_ﬁ):| z ’
S fley | T 1—72
) 1+r2cosvr(:i/;)—2reosg(;ig)»
(3.5) 1472
a+ﬂ n{a+pB
< mel[ O] Al v ) g )
= { f(2) = 1—¢

In some cases the familiar estimations occur for the respective classes
of funections.

TasoreM III. If

f(z) =2z2+a,22+ a2’ +...€8, 4,
then
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The extremal fumction is of the form (3.3).

Proof. Let
p(z) =1+p,2+py224...e P

and let

f(#)

’ B +\ T
=zexp{ —[(p(z)cos—( )—ismf( )) e‘?“"""—l]dz}
of 2\a—p 2\a—p

Write

[p(z)cosg(::iﬁ) -ising((aliﬁ)] a—zn e;%(a+n) _1.
]

F(#) -—-zexpfA(z)dz.

Then
I (2)

=2exp{ fBA(z)dz}A(z)+zexp{ f A(2) de} 4% (2) +zexp{ f A(z)de} A’ (2).

Moreover,
a—p
: 2
limA(z) = im—— X
20 20 1
a—h il(a
[p(z)cosz(g—-l—_—é)—eisxinE Eﬁ)] 2 —lcosf—(a-'_ﬂ)p(z)e alrh)
2\a—p 2\a— 2\a—p
P
_a—B  wlatp\ iF(ZL
=— cosz(a_ﬂ)e Py
Thus

- (8) /5,
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or
_IMO) _a—p  mlatp) (e
T2 T 2 (3052 a—ﬁ Pr-
Since |p,| < 2, we have
+
a1 < (a—reos 7 (S22
For the function (3.3) we have
142
ple) =7 and p =2

and thus the estimation |a,| is sharp.
TuEOREM IV. If

f(2) = 24,22+ ag2* +... € 8(a )
hen we have the sharp estimation

“ o2 (20) for 0 <a-p<s,

(a) las| < S—5eoso |~ 5

(b) 1as|<—ﬂcos§(a+ﬂ) [(2 a=—p) —1)cos§(a+p) +1]

a—p B
for i<a—p<2

The extremal functions are the following funciions, respectively:

(222

1T 1+z2¢at =22 7
fi(®) =~exp{f; ( - ) 1 dz},
J 2L _

f2(2) =z01p{fzju(1+§e_z(a-p ) —ljdz}.

Proof. From the structural formula ‘we obtain

Gy = '4_19 glve o s2(Z%g)[-;—'-cosg-(z—i-l;—)(g(a—ﬂ)—l)p"{+p2].

When the expression i(a—f#)—1 is positive, i.e., when 2 < (a—p) < 2
the estimation (b) is obtained directly from the expression for a; obtained
from the structural formula by using the inequality |p,|<< 2.
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- When the expression 3(a—f#)—1 is negative, ie., 0 < a—p < , the
estimation (a) is obtained in the following way: if

fw('z) =W, 2+ wy2* ...

is a regular function in the unit disc A, and satisfying the assumptions
of Schwarz’s Lemma, then there exists a function

p(2) =14+p,2+p2%+...

with a positive real part such that

After easy calculations we obtain

P11 =20y, Py = 2(w§+wz)-

The expression for a, is mow as follows:

] = 2P oo E(m+ﬁ)

pi g cong () 1 —3a—pnt

4 B
= a;ﬂ COSE(G_’_‘?)IIM y03l,
where
1 a+ , 1
0<y——2-cos—( _g)( E(a;_ﬂ))<E
oT
|ay| = “;‘3 cosz(a-l_g) 12402 4+ 200, — Ay
-2l s—( +§)Iw=+(l—~y)w1!

Making use of the:fa.mi.lia,r ineqﬁa,lity 7,

|w,| <1 — |'wl|2
we obtain

[w, + (1 —2y) wil < |wg| + (1L —2y) lwllz <1-2y !'wllg <1,
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Hence

a—f 'n:(a-i-ﬂ).

L———Ceo8s—
@y & a—p

2 2
In particular :in the class S* |a,| < 3, in the class S,

lasl<a for O<a<}
and

lag) <34 for i<ae<l,
and in the class &, ‘

la] < cos—;1 (a-—l)[l —|-2cosj;i (a -1)].

Proving the case (a) the authors have followed some ideas from the
remarks of Professor J. Krzyz as expressed in his review of A. Weso-
Yowski's doctoral dissertation.

Finally, the authors would like to express their gratitude to
Professor 7. Lewandowski — head of a seminar, conducted at the Institute
of Mathematics of the Polish Academy of Science, which provided in-
spiration for the present paper.
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