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Existence and uniqueness of solutions
of non-linear functional equations of 7-th order

M. Kwarisz and J. Trro (Gdansk)

Abstract. In this paper there are studied the existence, uniquencss and conver-
gence of suceessive approximation problems for the non-linear funetional equation
of the order r

(*) z(t) = f(t, (B, (1), - (B (1))

where an unknown function x is defined in the metric space (1f;, p;) and takes the
values in the complete metric space (,, g,). This is done by use of the iteration method.
Error estimations and a theorem on the continuous dependence of a solution on the
right-hand side of equation (x) are also established.

In the present paper we consider the non-linear functional equation
of the order r

(1) (1) = f(t, 2B (), ..., 2(8, (1)),

where an unknown function # is defined in the metric space (11,, g,)
and takes the values in the complete metric space (A, 05}

The particular case of equation (1) was considered by many authors,
see: [1], [6}-[8] and [11], and under suitable additional assuinptions
on the spaces 1y, A,, the special properties of the solutions of equation
(1) such as monotonicity, convexity and regularity were also investigated.
In particular, in papers [6]-[8] the existence of the solutions of equation
(1) in special classes of functions was considered in the case 3M; = 1, = R,
R being a real number space. The question of the existence of convex
solutions of equation (1) was considered in [1], [6] and [7] with suitable
assumptions on A, I,.

The case of continuous solutions of equation (1) under the assumption
that 8;,7 = 1, ..., r, are successive iterates of the function g,,and if, = &,
M, = R" was considered in [5].

However, in papers [3] and [9] the problem of the existence and
uniqueness of solutions of functional equations of the form

f@t) = Sll'_[)F(t, Qaf(Tl(ta Q)): '-'1f(Tr(t’ 9))))
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with M, = R" and M, = R™ was discussed. This equation in the case
of tle functions # and 7;, ¢+ = 1, ..., 7, being independent on the para-
meter g is also a particular case of equation (1). The particular case of
the integral-functional equation considered in [4] .can also be reduced
to equation (1).

Finally, in paper [1] equation (1) was discussed in the case when A,
is a metrie space and M, is a normed space with dim I, < oo. In this
paper, under suitable assumptions, solutions are looked for in the class
of functions fulfilling a Lipschitz condition.

Almost all authors use the well-known Banach fixed point theorem
in proving the existence and uniqueness of results for cases similar to
equation (1). Unfortunately this method involves a strong condition
concerning the funetion f. This condition can be slightly wealkened if
it is supposed more on the functions f;, ¢ =1,...,7. Consequently in
[1], [4], [6] and [8] conditions involving some relation between the
Lipschitz constants of the function f and the estimations imposed on
the functions f; appear.

In this paper we shall consider the problem of the existence, uni-
queness and convergence of successive approximations and the contin-
nous dependence of solutions on the right-hand side of eguation (1)
in the general case indicated above. We use the method of iteration.
The assumptions introduced in this paper seem to be so wealk as it enables
the method used here.

The particular cases of our theorems are the theorems established
in [1], [6], [8] and [11].

The method used in this paper is very close to that used in [3] and
[9], the general idea of which is presented in papers [10] and [12].

1. We introduce:

AssuMPrioN A. Suppose that-

1° f: My < Mi—~M,, B;: M,—M,, where v is o fized positive integer
number and (MM, p,) i8 a metric space, (M., 0,) is a complete metric space;
ty is an arbitrarily fized point of M,

2° there exists a non-decreasing function w: R7'-—>R. £ [0, + o)
such that the function w;: o, (%, ..., 2%,) = @y Uyy ouny ), ek, 18
continuous for each teR_ , the condition w(t,0,...,0) =0 and

(2) Qe(f(ta mly'-~9mr);f(t;§1:---"i'r))
< 03(91(t7 to)s Q2(@ry T1)y -ovy Q2(Byy 551-)):
Jor eny (t, @y, ..., @), (ty Byy ...y T,)e Ay X ML hold true,
3" there exist non-decreusing functions o BR.—+R_, i =1,...,7, and
(3) 91(51‘“):to)\<~ai(91(tato))s telMy,i=1,...,7.
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AsstunmprioN B. Suppose that:
1° for a fived function ay: M,—~IM, there exists the non-decreasing
function u: R, —R. being a solution of the inequality

(4) w(c, u(ay(€))y ...y nfa, (e ))+h((') < u(c), ceR,,
where

he) = sup gofan(t), flt; 20(Ba(d))s -5 20(B: 2],

leK(to,c)
- at
K (ty, ¢) = [B: 0,(F, %) < ¢y ¢ = 0],

2° in the class of funections satisfying the condition 0 < u(c) < %(e),
ceR, the function wu(c) =0, ceR_ is the only solution of the equation

(5) u(e) = w(c,u(al(a)), e -u(a,(c))).

Now let us construct the sequence {u,} by the relations

6) g(€) = u(c),
U, (0) = w(c, w,(as(e), ..., u,,(a,(c))), n=20,1,..., ceR,.
We have
Leava 1. If conditions 2° 3°-of A and B are satisfied, then
(7 0 <y p,(e) < 'un(c) u(e), m=0,1,...,

U, =0 for n—oco, ceR_,

where the sign = denotes uniform convergence in any compact subset of B .
Proof. We obtain relation (7) Dy induction. The convergence of
the sequence {u,} is implied by (7). The limit of this sequence satisties
equation (5) and by Assumption B it must be identically equal zero.
The uniform convergence of {u,} on compact subsets of K, follows from
the monotonicity of sequence {u,} and of all the functions u,,.
Let us define the sequence {z,} by the relations

(8)  Bupa(®) =St 2a(Ba(D), s @lfe))y  m = 0,1, .., 1e Iy,

with a fixed z, (see Assumption B).
LeMMA 2. If Asswmptions A and B are satisfied, then

(9) Sup o,(, (1), 4,(1)) < W(e), n=0,1,..., ceR,,
lEK oc
and
(10) SUD Qa(&y (1), @ (1) < u,(e), m,p=0,1,..., ceR,.
LK (1g,c)

3 — Annales Polonicl Mathematici 31.2
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Proof. It is obvious that (9) holds for » = 0. If we suppose that (9)
holds for some n >= 0, then we have for te K (4, ¢),

02 (a1 (1), 2o (1) < ea(f(t) @a(Ba D), -5 @alB, (), 7t alBa(8)), - -
oo @B, (0)))) + 22 (@0(8), F{ts @ (Bo(8)) s - » 208, (1))

< w(@l(t’ fo) s QE(‘vn(ﬁl(t))’ “’o(ﬂl (t))): veey Qz(a’n.(ﬁr(t))a mo(ﬂr(t)))) +h(e)

i (0(0, Sup 92 (‘l‘vn (t) ’ mﬂ(t)) y ey Sup Qﬂ(mn(t) b mO(t))) + h (0)
{ekK(2g,a(c)) teK(tg,au(c))

< ofe, Blay(e), -« Ta, (o)) + 1 (0) < 7o)

Hence

SUD  0a(Wy41(8), (1)) < W(e).
teR (¢g.¢)

Now (9) follows by induetion.

Now we prove (10). From (9) it follows that (10) holds for » = 0,
p =0,1,... Further, if we suppose that (10) is true for n, p > 0, then
for te I (£, ¢),

Q2(mn+ﬂ+1 () ®y41 (t))

< w(ay sup Qz({vn-:—p(t)) a’n(t))a ceey  SUP 12 (a"u+p (1), , (t)))
teE(lp,a1(c)) 1eE(tg25(c)) .
< w(G, 'u'n(al(c))1 “eey ﬂ'—n(ar(c))) = Up41(0).

Now we obtain (10) by induection. Thus the proof of Lemma 2 is
completed.

This enables formulation of the following:

TumorEM 1. If Assumptions A aend B are satisfied, then there ewists
a solution T of egquation (1), being the limit of the sequence {»,} defined by
(8). The estimations

(11) sup 92(“'_'(3)a mo(t)) < w(e), celt, ,
teK(lg.c)
and
(12) SUp 0o(T(), @, (1)) <uyle), m=0,1,..., ceRy,
teK(tg.c)

hold true. The solution T of (1) is unique in the class of functions satisfying
relation (11).

Proof. The convergence of the sequence {z,} follows from Lemmas 1
and 2. If p— oo, then (10) yields estimation (12). Estimation (11) is implied
by (12). By the estimation

0< 5 e flty (1), - 36, 0)), BO) < 20a0), 0= 0,1,y 0,
3 0,0

it follows that the function z satisfies equation (1).
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To prove that the solution Z is & unique solution of (1) in the class
of functions sa’gisfgfing re]&ti_on (11) let us suppose that there exists an-
other solution @ such that &(¢) = #(f) and

Sup 0a(T (1), 2o(f)) < (o), ceR,.
teE(g,6)

We get

sup 92(5 (?), mn(t)) Kule)y, ==0,1,...
ttK(tﬂ.G)

by induction, and hence #(¢) = %(t). This contradiction proves the unique-
ness of ¥ in the class indicated above. Thus the proof of Theorem 1 is
completed.

2. In order to formulate a theorem on the continuous dependence
of the solution of equation (1) on the right-hand side we consider the
second equation

(13) () = gt ¥ (2@}, - ¥(r: )
where the functions g, y,, ¢ =1,...,, have the same properties as f,
Byt =1,...,1
Suppose that there exists a solution 7 of (13). Let
Re) = sup oof(t, F(BD), - s F{B 1), D)
LeE(tg.c)
V() = sup Qz(ﬁ(t)a ?(t))a

LeR (8g,0)
V() = co(c, v,{ay(6)), ...ny ﬂ,l(a,(c)))—}-]_z(c), w=0,1,..., ceR,.
Now we shall prove the following:
THEOREM 2. If Assumption A is satisfied and
1° T and 7 are solutions of equations (1) and (13) respectively,
2° there exists the limil U of the sequence {v,}, then
(14) Sup u(Z(), (1) < (), ceR,.
. leK(tg.c)
Proof. Put

v(e) = sup og((t), 7(B)).
LeIC(2;,00)

By Assumption A we get
0a(E(1), TO) < ea(f{t, Z(B (D), .-, F(B,)), F[t, T(BLD)), .-, T, 0)))) +
+h(e) < w("’ 'v(al(c)), veey 'v(“r("))) +R(e).
Hence we have
v{e) < w(c, v(ay(e)), -+ -» (e, (0))) + (o).
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Since v(e) < v,(¢), from the above consideration we get
vie) < v,(e), n=0,1,...,

by induction. Inequality (14) is implied by this inequality as n—oo.

Remark 1. Assumption 2° of Theorem 2 can be replaced by the
following assumption: there exists a non-negative function w, satisfying
the inequality

(‘-’(a; wo(al(o))7 srey fwo(ar(c))) +max [h{e), v,(6)] < wo(c).

Now in the class of functions satisfying the condition 0 < %(¢) < wy(e)
there exists a function w being a solution of the equation

m(a, w(ay(e))y ..., u(a,.(c)))-l— h(c) = u(e), ceR,.
Indeed, if we put
w1 (0) = co(o, wy(as(e), -y fw,,(a,(c)))+ﬁ(c), n=0,1,..., ceR,,

we see that v(e) <w,(¢) and w,,(¢) < w,(e), n =0,1,..., ceR, ie.
w,, (¢)—@(¢). From this we obtain an assertion of Theorem 2 with % instead
of .

3. We shall consider the function w for which we are able to give
effective conditions under which Assumption B is fulfilled.
TFirstly we assume that

(15) 06, 1y oy ) = D) Li(0)0y,
i=1

where I;: B, —I, and that they are non-decreasing functions.

It is easy to prove that inequality (4) with o of the form (15) has
a solution in the class of bounded, non-decreasing and non-negative
function if % is bounded and

7
(16) sup Z L(c) < 1.
CER+ j=1

A condition of the form (16) was obtained in [11].
Now we formulate two lemmas which permit us to weaken condition

(16).
Let
a(6) =c, iy o) = 6 a, | (o),
{11 it af i eenrin ,
Lio) =1, LY ™Ne) =1l @b e, @), i,=1,...,7,

n=20,1,..., ceR_,

00 * r

A . o 7 r ) .
2 2, Z(P:ll....-‘ln g (Pa+ 2 Z.” 2 tp'::....nn_‘

n=0 #;=1 in=1 n=l i)=1 in=1
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In further considerations the case # = 4 oc is admitted.
The following lemmas can he proved in @ similar way to Lemmas 9
and 10 in [3].

LemMA 3. For any function h: R, —R_ the condition

0 -
(17) 2’ Z 51 lu ----- m(c A (a ----- ]"(G)) < -+ oo, 6€R+,
n=0 i)=1 1‘“=1

is necessary and sufficient for the equation

(18) ue) = Zli(c)'u-(a,(c))—l-h(c), celk,,

i=1.

to have a non-negative solution .
If condition (17) is fulfilled, then the function %,

(19) w(e) = Z 2 Vz” ) ol (e),  eeRy,

n=0 1.1-—
18 a solution of equation (18), a,'nd

r r
lim Z Zl:}""""(c)ﬁ(aﬁ""'t"(c)) =0, ceR,.

n—oo § ;
00 4=1 in=1

There is no other solulion of equation (18) in the class of functions
v U [w: 0 < ule) < dbu(e), ceR,].
b=0
We note that if

ho(e) E R(e),

Br(0) = SNl(e)hy(anle), n=0,1,..., 0k,

Sd
i=1

then by the equality

r r - - - a
ha(e) = Do DB h(a (), m=10,1,..., ceBy,

‘i1=1 i"l=1

condition (17) is equivalent to the condition

17 M hu(0)< +oo, ceR,,

n=0

and consequently

u(e) = 2 hu().

n=0
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However, we introduce % by formula (19) because under suitable
assumptions it permits us to obtain further on the effective conditions
in order that (17) or (17') hold.

Levuia 4. If @ is of the form (19) and the function weV satisfies the
mequality

r
we) < Do) ulalo)),
i=1
then u(6) =0, ceR,.

Remark 2 [9]. ¥ = 1, e(¢)} = al(a), I(e) —ll(c), ceR+, then the

sequences {a,}, {I,} are of the form

alc) = ¢, @, (c) = a(an(c n=0,1,...,

Lie) =1, ly.(e nl(a (), oeR,,m=0,1,..

=0
In this case formulas (18) and (19) take the form

u(e) = Ue)ula(e)) + n(e),
and

a(e) = )'L,(c)h{ay(e)).
n=y0
From Theorem 1, Lemmas 3 and 4 we infer:
TimoREM 3. If Assumption A and (15) are satisfied, and condition (17)
holds with
h(e) = ‘»"uP Q2 (wo(t) f( y o(f1(2)) 5 ’wo(ﬂr(t))))
K (th,0)

then there ewists a solution T of equation (1) with the following properties

o
SUD @ (E(1), 4o(t)) < D) Z 2 B o) e o)),
[EKUQ;(’ k=0 1'1=l ’lk=1
sup gz(a(t),m (%)) Z’ ;‘ lel. it () ) h{o i ()
teE(ty,c) k=n i;=1 =1

n=20,1,..., cek,.

The solution Z of equation (1) is unique in the class of functions

X(M,, M,) = U[.’L‘ Sup Qz(-”(t $o(t))<b1—t(6‘), GeR+].

D=0 teE(ty.c)

Now Theorem 2 and Remark 1 imply:
THROREM 4. If Assumption A is satisfied and
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1°Tandy are solutions of equations (1) and (13) respectively,
2° eondition (17) is satisfied with h(e) = max[h(e), r,(e)], where
he) = sup ool f(t, 7(B:(B)y .-, T (B,D))), T(2 ¢eR
(c) “K“Ec)e.(f( BB (D)5 oy T (BrD), T(D), 0y,

then

5

T

ML ) R{a M ).

0 iy=1 ip=1

[‘4 g

s 0,(E (1), 7)) <
LeE(ig.c)

n

From Theorem 3 it follows that condition (16) is weakened it 7;, a;,
I are continuous at zero and o;(0) =0, 1 =1,...,. The continuity
of the function % can be assured by the continuity of functions z,, f;,
1 =1,...,7, at {; and by the continuity of the function f at the point
(toy s ...y ), where n = lima,(t).

Loty

To illustrate this fact we consider the following particular cases
and we point out the conditions sufficient for condition (17) to be fulfilled.
(a) I L(c) <L, a,(6) < ge, h(c)<h = const, I, ¢; are non-nega-
tive constants, and if e; < 1, then condition (17) is fulfilled for any 1;, c<R,.

n

We note that now Zf} """ n (e) <" [ ] ap!

Tin ’m "
m=

Remark 3. In ease (a) condition (lb) is fulfilled loecally and the
method of successive extension can be applied in order to prove an non-
local existence theorem.

If the function x, is continuous at #; and 2,(t) =, % = f(tey 17, «- 3 %),
then Theorem 3 gives a condition essentially wealker than condition (16).
We observe this fact in the following cases:

(b) If Z;(e) << I,, a;(¢) < az¢ h(e) < he?, p =0, l;, a; are non-negative
constants, ¢ =1, ..., 7, then condition (17) is fulfilled 1f

[\4*

(20) L < 1.

-,
[
—

In this case we have 127" (c) < [ ] L ar gy <o ” a; .

n
m=1 m=

We note that now the case a;>1, i =1,...,7, is not excluded.

Remark 4. A condition of the form (20) in the case p =1 was
obtained in [1]. In this paper it is assumed that f satisfies the Lipschitz
condition also with respeet to ¢ and that o; are Lipschitz coetficients of
the functions g;.

In the case p = = 1 condition (20) was obtained also in [8].
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Remark 5. The following example (see [13])

21) u(e) = E

1

% (5;) +he?,  ¢eR,,

2
shows that condition (20) is essential. For this equation condition (20)

oo
has the form ' (1/2°)? < 1 and is fulfilled if p > 1. Then also u(c) =0

i=1

is the unique solution in the class of function u(¢) < const-o” of the homo-
geneous equation corresponding to equation (21), and therefore Assumption
B is satisfied. But for » = 1 condition (20) is not fulfilled and in this
case each function #(6) = const-¢ is a solution of the homogeneous equa-
tion corresponding to equation (21).

(¢) I Li(e) <Yy aie) < o’y h(e)<he and are<ly 4 =1,...,7
then condition (17) is fulfilled.

R . n
L1eeesrl; m
We note that now 1" () < ¢ [] dj..

me1
Finally we consider the case for which condition (20) is not fulfilled

Dbut for which condition (1;) holds.

(I »r=1, a(c) = a,(¢), I(e) £ (¢) and a(e) = c—ac®t >0,
az=0,8>0,1(c)=14bc% b>0, ¢g>s, hic) <Ha” HZ>=0, p>s, then
condition (17) (see Remark 1) is fulfilled.

Indeed, we have now (see [2])

1 1
0< ()< K ';17; or a,(¢) =0 (71'713_)’

however,

st = | [ 110 ()

t==1

Since ¢ > 8, the sequence {l,} is convergent and therefore bounded,
i.e. {l,(¢)| < D. Hence, and in view of ¢ > s, we get

» b
5‘1,, h(a,,(c))\DZh(a,,(a < DH S‘[ (g,)] <6} r< 4o
n=0

n=0 n=0 n=0

4. Let R" denote an n-dimensional real linear space. If z¢R" and
& = (Zyy ..., %,), then >0 means that ;> 0, i =1, ..., n. However,
#<y when y—2> 0. If 4 is an #» X » matrix, then A > 0 denotes that
all elements of the matrix 4 are non-negative.

In the metric space M, we introduce a generalized metric d the values
of which lie in R7, such that there exist the numbers b, > 0, b, > 0 satis-
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fying the condition

billd(&, n)lipn < ea(§, n) < by lld(&, N)lign

for any &, n e M,.

In this part of the paper we shall give theorems on the existence,
uniqueness and continuous dependence of solution of equation (1) only
in the case when the funection f fulfils condition (2) with the linear com-
parative function wo.

—

THEOREM 5. If conditions 1°% 3° of Assumption A are satisfied and

1° there exist non-negative, non-decreasing matriz-functions I; defined
for eeR, such that

r
d(f(t:.a’l) s @)y FE Ty, L, B ) )< ZLI(Ql(t) to))d(mn z,),
i=1
fm'(t,m], .y (l‘,.) (t 11, ----- )EJUI Mf';’
2 2 2 L::_: .’fn H( L he .lu(o))< + co, where

=0 1=1 1,,—1
Huw=wgﬂmmfﬁ%mmh o % (B:1))),  eeRy,
and v
Ly(e) =TI, Ly.(e) = 1,,_, 1(0 11' tn(ain_,_](c)): n=10,1,...,

ceR,, I being a unit matriz, then there ewists a solution % of equation (1),
being the limit of the sequence {z,} defined by (8). The estimations

s 220, a0} < 3 3o N I O H (G 0),

LB (tg.c) n=0 4,=1 1n—l
] T T . R . ,
Tpvenesiye Upeenst
sup A(E(®), w@)< D ... D L0 H g ),
teK(fyic) k=n i;=1 ip=1

n=0,1,...,

hold true. The solution T of (1) is unique in the class of functions X (M, M,).

THEOREM 6. If © and y are solutions of equations (1) and (13) re-
spectively, and if the assumptions of Theorem 5 are fulfilled with H (6) =
= max [H(e), vy(c)], where

Hie) = sup a(f{t, 7(B:(2), ..., 7B, (1)), 7 (1),

e (1g.€)

then
sup d(z(t), 7 5‘ 2 21;‘1' o) H(aw} " (c)), ceR,.
LeE(ig,c) "= O 1)=1 ip=1
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Remark 7. If we assume that L;(e) < L;, L; > 0 in a constant matrix,
a(0) <L ape, i =1,...,7, H(e)< He?, p=0 and vector H >0, then
condition 2° of Theorem & is fulfilled if

i (2‘ aﬁ-’Li) <1,

i=1
where u(4) denotes the speetral radius of the matrix A.

5. We denote by W (I, I,) a class of functions defined in the
metric space I, and taking the values in the complete mefric space 17,.
We assume W (I, y M) to have the property: if =,¢W(IM,, M.) and
2,3 ®, then 2e W(IM,, M,) (= denotes the uniform convergence in each
closed Dall). '

‘We have:

TIEOREM 7. If Assumption A and condition (17) ave satisfied, and
the functions f, f;, 1 =1, ...,+ are such that if xe W(M,, M,) and y(1)
=f(ta m(ﬂl(t))’ ey B[P, (t)))s then ye W (My, M), el if @y W(M,, I,),
then there exists a unique solution ve W(M,, M) of~equation (1) with the
following properties

Sup 0a(T(2), 2o(3)) < V /\ﬁ E 1 ) el (),

tel(ly.c) n= 0 1,=1 a'n—l
ﬁ Tyseneh condly:
sup 0q(% (1), 2, (1) < 2 N El‘ % (e) h(a “e)),
1l (£g.0) k=n 1]_1 =1

n=20,1,..., ceR_.

Conclusion 1. Let W(M,, M.) be the class of all continuous func-
tions at ¢,. If we assume that the functions §;, @, 7 = 1,..., r, are con-
tinuous at f, and the function f is continuous at point (¢, ¥4, ..., v,), Wwhere
Vyy ...y ¥, ave arbitrary, then from Theorem 7 it follows ’rha.t there exists
a ﬁoluuon of equation (1) being continuous at ¢,.

Conclusion 2. Let W(AL,, M,) denote the class of all continuous
functions in A, . If we assume that f, 8,, «, are continubus, then Theorem 7
asserts the existence of a solution of equation (1) being also a continuous
function in M, (see [5], [7], [11]).

Conclusion 3. Let W(M,, M,) be a class of functions fulfilling
a Lipschitz condition with suitably chosen constants (see [1]). If addi-
tionaly we suppose that the functions f, f; fulfil a Lipschitz condition
with respect to ¢, then from Theorem 7 it follows that the solution Z of
equation (1) fulfils a Lipschitz condition.

Conclusion 4. Let now M, = M, = R" and W(R", R") be a class
of all non-decreasing functions. If we assume that the functions f and
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Biy i =1,...,7 are non-decreasing, then the solution of equation (1)
given by Theorem 7 is also & non-decreasing function (see [17, [7]).

Coneclusion 5. Let TW(R", R") be a class of all convex functions. Sup-

pose that f, B;, ¢ =1, ..., r, are non-decreasing and convex functions,
then from Theorem 7 it follows that the solution of equation (1) is a con-

yvex

[1]

[6]
[7]
[s]

(9]
[10]

[(11]
[12]

[13]

function (see [1], [6], [7TD.
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