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NOTE ON THE FIRST ORDER ORTHOGONAL PROJECTIONS

Let
1
W= {wel?(—1,1): w=0, | w(y)dy =1}
=

and let {o*}= | be the system of the orthonormal polynomials with respect to
the weight function we W. Then for any feC[—1, 1] the equality

@NE =3 e § wi)/0aro)dy

defines an orthonormal projection of the space C[—1,1] onto I1,. The
f0rm of this projection is ([2])

1 n
(1) 1LYl = max jw(y)lgo o’ (x) ¥ ()] dy.

-1<x€1 -1

In [1] the numerical values of the norms (1) for the weight functions w(x)
=(1-x%)*-12 for 2= —.1, 2)1.0, 3.0, 50 and 1<n<10 are given.
These results are a motivation for the following :

~ ProBLEM. For any natural number n, find the weight function w*e W
With the property

) UL = inf (L2, =

weW

\_Ne consider the simplest case n = 1 and we prove that the best weight
uUnction does not exist.

Let W < W denote the subset of all even functions. For any we W the
Orthonormal polynomials have the form

Qg(X)'—"l, Q‘IV(X)=(X"‘II)/\/ IZ—I%,
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where

1
L= | wyydy.
-1
We note that |I;| <1 for any natural k.

At first we consider the case weW, so that I, = 0. We have
LemMa 1. If weW then

1
LY = max | w(y)max {1, |xyL,)dy. m

-1€x<1

Lemma 2. If weWn C[—1, 1] then

1 1
LY = 1-2 § w(n)dy+(2/I,) | w(y)ydy.
Iy Iy

Proof. Since w is even we may assume that 0 < x < 1. From Lemma 1
we have the equality

1
IL]l = max AY¥(x) =2 max f w(y)max {1, xy/I,}dy,
_ osxs1 0<x<1 §
hence
1,

0<x<I,,
V=% :
| 2 b[ w(y)dy+(2x/1,)

{ yw)dy, I,<x<1.
Iq/x '

By continuity of w, we have [AY(x)]' = 0 and AY(x) < AY(1). m
Let us consider the sequence of the weight functions w,eWn C[—1, 1]
of the form . ‘ '

W, () = {0, X< (n=1yn,

nxl—-n(n—1), (n—1)yn<|x| < 1.
Using these functions we obtain |

LeEmMMmaA 3.

inf |ILY]| <inf ||ILY)| = 1. m
WEW WEW
Now we may prove

THEOREM. The best weight function w* does not

, exist. .

. Pro9f. Let us assume that such a function w*e W exists. Of course, it
is impossible that w*(y) = 0 ae. Also it is impossible that I, =1, I, = +1
and I, = I}. Thus . | | ,

(3)

<1,
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The norm of the projection LY is equal to

(x—I)(y—1,)

1

LYl = max w*(y) 1+ dy.
||LYH] _max _fl ) IL-I? y
Then using orthogonality for any —1 < x <1 we have
1
x—=I)(y—1 1 - —1 = |
1= | W*(y)[1+( Ty I)des i w,.(y)'l+(x )0~ l)ldy=1,
1 2— I 1 I,-Iy
hence
1 o | ~1
@) fw*(y)min{o,n(x 1)(y2 1) dy = 0.
-1 I,—Ii

The function

¢x(y) = min{o’ 1+(x“11)(y—11)}

1,~1?
i nonzero for x, ye[~1, 1] if

le“'lz 12+Il

/

—-1<y<

or

I,—1 -1
2 1x<y\<_1 and —1<x<—12 L
I,—x 1-1,

The equality (4) is possible only if w*(y) =0 a.e. for

-1, - 1]

ye[ ’ 1—12)U 1+, |

‘_Ve may assume I, = 0, since if I, <0 then we may consider the function
W(x) = w*(—x) which has the properties

1
f w)dy>0 and |ILY}i = |ILYl-

-1
It is easy to verify by the Cauchy—Bunyakovsky inequality that
| L+, L1

*= 1T 1o, P
hence
I, = f w*(y)ytdy < méx yz—(IzH‘)2
2 = - .

.me the last inequality we obtain I, <I3. In view of (3) this is
mpossible, m |
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