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We shall say that a system of %k arithmetical progressions
(1) ooy Gp— 2Ny Bi— Mgy Biy Gyt Ny B+ 204, ...

(¢=1,2,...,k) has the property F if every integer belongs to exactly
one of these progressions.

J. Mycielski made the following conjecture:

If a system (1) of progressions has the property F and if in one of

these progressions
r
A
i, = l lptty
t=1

where p; are different primes, then

k=14 D h(p—1).
t=1

The validity of this conjecture follows from
THEOREM 1. If (1) has the property F, then all numbers

(2) @i+ CL g pit

(where t =1,2,...,7;¢,=1,2,...,p9,—1; q = nio/Pf‘; oq=0,1,...,
A—1) belong to distinct progressions of (1).
.
Note. The number of numbers in (2) is equal to D>’ 4(p,.—1); a;
t=1

cannot fall in the same progression as any of numbers in (2) and the con-
jecture follows.
To prove our theorem we shall need the following

LEMMA. If (1) has the property F and

(3) @iyt Cqepet = a;+ hny,
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then n; can be written in the form
ny = Kptﬁty
where By > a; and pt K.
Proof. If j = 4,, then the validity of the lemma follows from in-

equality o < 4.
Suppose then j # i,. Putting

(4) (@upity my) = d

we can write n; = Ld. From (3) it follows that a; —a; = Md (M and L
are integers). Now consider the diophantine equation

. n;
M= hL—hy2.

If (L, n;/d) =1, then this equation is solvable in integers, and
hence the equation
aio—aj = hl'n,-—hznio
is solvable in integers too. This is a contradiction, because every integer

belongs to exactly one of progressions (1). Hence (L, ni,[d) > 1. From (4)
it follows that (¢,p;*/d, L) = 1 and so we have

n; ot
(5"; L) = (qtgt pl, L) — (pl*, L) > 1.

This implies p, | L, whence and from (4) we infer that g, > a;. Hence
the Lemma is proved.

Proof of Theorem I. We will show that two distinct numbers of
the form (2) cannot belong to the same progression. We must distinguish
two cases. The first case is
(5) @iyt Cieptt = aj+ hn,

(6) @i+ qpit = a;+h'n;.

Let a; > a; (the case a; < o is dual). By a subtraction (5) from (6)
we get
(7) @Pi e pit™—c) = h'ny
(where h'" = h'—h). In view of (5) the lemma implies that n; = Kpft
with f§; > a;. Let us divide (7) by pft; we shall have then

Qo pit " — gyo; = hKpitet.

But this is a contradiction since the right-hand side is divisible by p,
and the left-hand side is not (if @, = a,, then ¢; # ¢;,, because numbers
in (5) and (6) are distinct).
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The second case is
(8) @iyt qpit = a;+ hn,

(9) @iyt CngmPal = &+ h'n;,
where ¢ # m. Let us subtract (9) from (8):
(10) Cqe Pt — Cn g Pul™ = h''n;.

By (9) and the Lemma we have n; = Kp’m with 8,, > an.
Dividing (10) by p,® we have

qt 17} Ly —a
an Cnldm = h Kpn';" m,
m

a
Cy et

Now ¢,,q,, is not divisible by p,,, but the remaining expressions
in the last equality are; this is a contradiction and the proof of Theorem I
is finighed.

The bound

1+ D' (p—1)
t=1

is the best possible. Namely, we can show
THEOREM 1I. Let

(11) ey 6—2n,a—n,a,a+n,a+2n,...

be an arbitrary arithmetical progression. If

r

1

n = I ]1”’7
t=1

where p; are different primes, then the system that contains (11) and all
progressions of the form

(12) ..., (@t cotua) — 2D4Uayy (@ + CUq) — Ditayy (@ Cithg)
(@+ i) + Pethayy (@+ Cotha) + 2Py tayy - - -

(where t=1,2,...,7; e¢¢=1,2,...,p—1; ag=0,1,...,4—1; tg =
pllpi ... pi31pft) has the property F.

Proof. Since all moduli p,u,, divide =, it is sufficient to show that
every number between a and a-+n belongs to exactly one progression.

We might easily show by methods used in the proof of Theorem I
that no integer belongs to two different progressions.

Let the number b = a-+ ¢ lie between a and a+n. Suppose that
Ug | ¢, bub pyuqte. Then ¢ can be written in the form ¢ = du,p,+e
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(where d > 0, 0 < ¢ < p;u,). We have ¢ = fu,, where f is one of the
numbers 1, 2,..., p;—1; hence b belongs to the progression

ooy (@ ‘I'fuat) — 2P Uay, (a +fua¢) — PtlUq,, (@ +fuat) ’
(@ +fua) + Dethayy (@+ ftta) + 2D4%eyy - -«
which is included in (12). This concludes the proof of Theorem II.
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