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ON THE LOCAL OPTIMALITY OF SOME REGULAR SAMPLING
PATTERNS IN THE PLANE (II)

1. Introduction. In [3], I have discussed the local optimality of
some regular sampling patterns in the plane from the point of view of
estimating the mean value of a stationary isotropic stochastic process.
I have proved there for the stationary isotropic stochastic process with
exponential correlation function exp{—Ad}, where A is a positive para-
meter and d stands for the distance between points, that the pattern T
composed the vertices of equilateral triangles of area 1/2 covering the
plane is locally optimum with respect to the family of area preserving

4,

affine transformations, if 1 > 31/12/2. In this note, I want to remove
this last restriction by proving that the pattern T is locally optimum
in the above sense for any positive value of parameter 1. I will also study
the local optimality of T with respect to a family of transformations
wider than that of affine transformations. These results make it plausible
that the problem about the global optimality of 7', put in [2] (problem
4.2, p. 141), will have an affirmative answer. I wish to express my thanks
to Professor S. Zubrzycki, whose assistance and supervision where inval-
nable in the preparation of this paper.

2. Definitions and results. Let 7(p) be a plane stationary isotropic
and continuous stochastic process with expected value En(p) = u,
variance D®7(p) = 1, and correlation function R[%(p), n(q)] = f(lp —ql).
Every countable set N of points in the plane which has no concentra-
tion points will be called a net. The net will be called regular if for every
two of its points p’ and p’’ there exists an isometric transformation of
the plane which transforms »’ into p’’ and ¥ onto N. The limit g(N) =
= lim np/nR?, if it exists, will be called the density of the net; here ng

R0

denotes the number of points of the net in the circle K (0, R) with centre
0 and radius R. The efficiency of the given regular net N from the point
of view of the estimation of the expected value u of the process 7(p)
will be characterized by means of the limiting variance s>, = s (N)
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defined by relation

(1) Szoo(N) = lim np D2pg,
R—oc0
where
_ 1
(2) MR = e [(n(pLr)+ - +1(Pup,r)]

and pyg,...) Pupr are all points of the net N contained in the circle
K(0, R).

Consider now three affine transformations of the plane which pre-
serve the area and thus do not change the density of a regular net of
points. The first of them is the extension r; transforming the point (x, y)
into (dx, y/d); in symbols:

(3) rs: (x,y) — (62, y/[d);

the second is the shearing s, which transforms the point (x,y) into
(z, y+ex); in symbols:

(4) $.: (@, y) — (2, y+ex);

and the third is the translation {,; which transforms the point (x, y)
into (r+a, y-+p); in symbols:

\

(5) tu,ﬁ: (‘/E, ?/) - ('T+G’ 7/+ﬁ)

We shall consider regular nets with density ¢ = 1, namely the net
of squares composed of all points with integer coordinates:

(6) 8 = {(¢,j): ¢, j—integer},
the net of squares defined by

(7) W = {(i/V2,j/V2): i,j — integer, i+j = 0(mod 2)},
the net of regular triangles defined by

. 4 . -4 o 14 3 3 . . .
(8) T = {(i/V12, j¥3/4): i,j — integer, i+j = 0(mod 2)},
and two nets of squares with density g = 1/2
(9) W, = {(i¥V2,jV2): i,j — integer},
(10) W, = {(iV2+1/V2,j¥2+1/V2): i,j — integer}.

Define now the four parameter family of regular nets by

(11) J\‘Ta,ﬁ,e,a = 7,8 (W, v ta,ﬁW2)7
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which have density g =1 as long as either a#V2 /2 (mod 1/2 or

f # Vz/z mod V2). This family contains the net of regular triangles, and

its affine deformations for we have 1 = Nooowa and T,, =N

4
) 0,0,6/1'3,6/13
and also other nets (see Fig. 1).

The efficiency of a given regular net N from the point of view of
the estimation of the expected value u of a stationary isotropic process
7(p) will be characterized by means of the limiting variance s2_(N) de-
fined by relation (1). In view of lemma 1 in [3] we have

(12) S(N) = D' f(Ip—pl)s  PoeXN.
DeN
For a given process #n(p) and the net N,;., the limiting variance
S2(Napes) becomes a function of variables «, 8, e and o:

(13) Sio(Naﬁed) = n(a, B, €, d).

The net N, Borcod is called locally optimum, if the function = (a, f8, &, d)
has a local minimum at the point (a, 8, &, 0) = (aq, By, €y ) wmh 1espect
to parameters a, #, e and 6. The net 1\7“0’50’50'50 is called locally optimum
with respect to affine deformations if the function n(a,, f,, e, ) has
a local minimum with respect to parameters ¢ and é at the point (a, f,
€y, 0) = (ag, Po, €0y 0p)- We shall prove

THEOREM 1. If n(p) is a stationary isolropic stochastic process with
an exponential correlation function

(14) flp—ql) = e,

where d stands for the distance of points p and q, then
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(a) the net T = N 0.0.0.1/V5 of regular triangles s locally optimum
with respect to affine deformations,
4, —
(b) if 2> V217, then the net T = N 4 of regular triangles 1is

0,0,0,1/y'3
locally optimum.
THEOREM 2. If #5(p) ts a stationary isotropic stochastic process with

completely monotonic correlation function

(15) o(lp—q) = [ e MAF(4),
0

where F(A) is a distribution function for which F(0+4) = 0 and dF (1) <
< MM, M >0,a>0, then the net T =N, 4= of regular triangles
is locally optimum with respect to affine deformations.

For the proof of theorem 1 we need the following

LeMMA 1. If 5(p) is a stationary isotropic stochastic process with
correlation function F(x,y) and spectral density

G(u,v) = ffe'i(““””)F(m, y)dxdy ,
then
(16) §3(8, 5) = 4n’ Z G(2n(i—&j)[8, 2ndj),
(%,7)eS
where 8,5 = 758,(8).
Proof. We introduce a new process by the equation

an (D) = o (2, y) = n(aw, ”6””)

The correlation function of this process is
* * * y+8w
F (2,y) = B[y (21, 1), 7" (2, +2, Y +y)] = F ‘SJU_;S'"

and hence the spectral density of this process is given by

(18)  G*(u,v) = f f F* (@, y) e~ dndy

— ffF((Sm’ 3/‘|-8.’D) e~ ) Gy
F 1

U—ev

-1 —- T+08 —
=ffF(w,?)e ( ° y)dwdyzG(u 687),61;)-
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It is easily seen from definition (17) that the net S,; applied to the
process 7(p) has the same limiting variance as the net 8 when applied
to the process #*(p). In symbols:

Sio(Se,d) = Sio(Se,dln(p)) = Sgo(Sln*(p))'
Hence

(19) S5 (8ep) = Y F*(i,]).

(i,f)cS
By Poisson’s formula (see [1], p. 203) we get
(19a) D F*(i,j) = 4n? D' G*(2ni, 2m)).
(i7)eS (NS
From (19a), (18) and (19) follows lemma 1.

Proof of theorem 1. The limiting variance s (N apes)y correspond-
ing to the process #(p) with correlation function f(|p—¢q|) = h(d?) and
the net N,;.; defined by (11), is given by

(20)  $%(Napes) = n(ay By8,8) = ' h(82u+ (v-teu)+/8%) +
(u,0)ely

+ Z h[62(1¢+—a)2+(w+ﬁ+s(u+a))2/(52].
(u,0)eWy
Denote by A’ and h'’ the first and second derivatives with respect to ¢
of the function h(f) and let (.) and A stand for (a, B,e,8/¥3) and
(u2+3v2)/1/§, respectively. We then have

0 2 )
M Son0)| == 3 W(4u =0,
a (0’0’0’1) 1/3 (u,’U)CWZ
P _
(i) oon()] =28 D W(4)v=0
op (0,0,0,1) (u,ng ’
a —
(i) —mn(.) =2V3 ) W(4)wo =0,
de (0,0,0,1) (UDYyeW
0 2
(V) en()| == 3 W (A) (=30
0001 V3 (i
EER L
l/g i+j=0(mod 2) l/l2 ’
,j—integer
02 A
v n(. =1 B (A)uwv =0
(v) dadf ) (0,0,0,1) (u,ng “ ’
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02 ) -
(vi) so=n() =2 Z‘ [h''(A)2u2+h' (AWV3]v = 0,
a (0,0,0,1) (u,0)elVy
(vii) o n(.) _: [h(A)(u2—3v2)[V3+h' (A)]u = 0
dadd (0,0,0,1) V3 (s ’
(viii) % n(.)l =2 ) [K(A)6v2-HR (4)W3]u = 0,
61868 (0,0,0,1) (u,0)elVy
(ix) i n(.) =4v3 N [0 (4)(u—3v2)—h' (AWV3]v = 0
d0paé (0,0,0,1) (“,ﬁf'z ’
62 1’ ’ o
(x) a5 () oo = 4(1&,«%{/ [h(A) (12 —3v2)—h' (A)W3]uw = 0.

The derivatives (i), (iii), (v), (vii), (viii) and (x) vanish because the sum
terms calculated for (w,v) and (—wu, v) reduce, the derivatives (ii), (vi),
and (ix) vanish because the sum terms calculated for (v, v) and (v, —v)
reduce. Case (iv) was considered in [3] (lemma 2). Relations (i)-(iv) show
that the necessary condition for an extremum of the function »(a, 8, ¢, d)

4 —
at the point (a, B, e, 6) = (0,0,0,1/¥/3) is fulfilled. Because of rela-
tions (v)-(x) we have only to examine the existence of an extremum for
each of the four variables separately.

For 1 > 3;/12/2 ~ 2,79, the statement (a) of theorm 1 follows from
the statement (a) of theorem 1 in [3]. Now, for small 2 we shall use in
our proof the spectral density of the correlation function. If the process
n(p) is stationary and isotropie, then the spectral density may be repre-
sented in the form

G(u, ) = ffe_i(““””)f(l/a:?—|—g/2’)dxdg/ = g(u?-}v?).

It is easy to verify the relations

(20) W=W,v W, =rys38,:(8),
(21) T =rp58,08),

(22) Tes = 158:(T) = 75,8, (8),
(23) T.; = 7'62352(W)y

4 — —_— 4 — —
where 8, = 6V12, &, = 1/2+¢/V12, 6, = 8/V3, &, = ¢/V3.
Now from (22) and lemma 1 we get

(L) [ = (e, 0) = Zg[w (w +é%f)].

(ig)eS 1
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Hence by (22)

t(e, 9) = 2 gldn?(u?+0%)] = Z g[4n2(6§i2+ Q+6622i)2)]
2

(U,V)e (6F)elV

51,61
follows.

To complete the proof of theorem 1 one has to show that the func-
tion

m(e, 6) = t(&"/g, (3) = Z g[%n2(6212+3 M)]

2
(67)eV 0

has a local minimum at (¢, 6) = (0,1). The first derivatives and the second
mixed derivative of the function m(e, 6) vanish for the same reason as

4
the derivatives of the function » (0, 0, &, 6/1/3). Let us calculate the second
derivatives. We have

02 o e eon s , . . .
(24) e, Doy = 6a ) [bag” [a(i2-+37%)1*+¢' [a(iz+37%)]] 7,
@5

(25) 5 mie; 0oy = 2a Y [2ag" [a(iz+3j)] (32 —3j2)2
(t,7)eW

+¢' [a(i24-352)1(i2+952)],
where a = 47:2/1/5. If in the series (24) and (25) we add up the terms for
which ¢24-3j% = const, we get
2 : )2

(26) ﬁm(% 6)[(0,1) = gwm(% ‘5)[(0,1)

= 9a 2 lag” [a(i2+342)1(%+3j2) 429’ [a (4% +352)]] (42 +352) by;

(IE Y F )
where
; 2 if 0<3j<iq,
Pl i j=0 or i=a3j.

The spectral density corresponding to the exponential correlation
function (14) is

A
(27) g(ur+0?) == (A2 +ut+o?)”,
“TC

Hence
2

[’“— (i2 4 3j%) — 22 ] (i24+-3j%) by

9 - V3
(28) —a—gg—m(e, 0)l0,1) = 18V3xA 2 772
Bt (T )
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4
If 2 < nl/g ~ 3,36, then the series (28) is positive since all its terms
4 —
are positive. Therefore, for fixed A1 < T:l/g, the function s, (7,.;) has
a local minimum at the point (¢, §) = (0, 1). This completes the proof
R

of (a). To prove (b) we shall show that if 1 > V2T ~ 2.28, then the deri-
vatives

2

d Y Kt —3j2)i2 1 32
(29) ——n(ay0,0,1[V3)lucy = U =X J2[Vi 3]
g

i (32 435%)exp (XY i24-352)

)

3}./3’2 _iz/l/iz _|_3j2
——
@ haw, (17 +3j%) exp (A'Viz+352)

2

d 4 .,
(30) -d—ﬂ—,n(o, B,0,1/V3);_ =V = 34

4 —
where A’ = A/V'3, are positive.
Indeed, if (¢,j)e W,, then 24352 >1 and

}./ -2_3 .o
(31) U > Ar \ | . 3/01, ] e Cij,
(L)W g (12-4-3)2) “exp().’;/@z_{_g]z)
(32) V > A 31'}'2__1:2
i ) 2 1/ 2 oo Cijy
(i)W a0 (124353 exp (A'Vi2 4-352) !
where
4 if 4>0 and j>0,
C.i.' —_— -
] 2 if ’l: == or J — O’
and
2t+1 29+1
Wso = {( l/—g ) JVE ): i,j—integer, i > 0, j = 0, ¢2+4j2 > 0}'

Let us now split the set W,, into eight disjoint subsets

A, = Wyo~ {(@,9): y <3, 2+y = 0(mod 2V2)},

Ay =Woo~ {(2,y): y <3, x4y = l/é(monI/é)},

B = Wy~ {(®9): y = x/3},

C, = Wi~ {(z,9): @3 <y <, z+y = 0(mod2V2)},
Cy = Wag~ {(@,9): 23 <y <, x+y = V2(mod2V2)},
D =Wy~ {(x,y): z =y},

E, =Wy on{(&,y): y>z, xt+y = 0(mod2l/§)},

Ey, =Won{(x,y): y>2, oty = Vﬁ(modm/ﬁ)},
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(sce Fig. 2, the points of the sets 4,, B, C,, and F, on it are blackened),
and consider the one-to-one transformations

N AR
ay: (7"])_>( 2 ]7 2])’
(=it it
Ul (%])”’( 9 J; 21)’
.. ,—3)  1+)
a5 = az(ay): (m)»(’zj, 2”)-
Yy
A D

Fig. 2

It is easily seen that

a,(4,) = Oy, as(4,) = Ey, ay(C,) = H,.
Consider the ellipses
(33) i2+3j% = const
and denote

p(3,j) = Ai2=3j2,  q(¢,]) = 327> —i

It is easy to prove that if point p = (4, j) is on the ellipse (33), then,
also the points «,(p), ay(p) and as;(p) are on it. Hence if ' > 3, then
(i) yj)e Woo—(E1~E,), then p(i,)) >

(ii) if (¢,j)eE,, then a;'(i,j)ed, and we have p(i,j)+p(as' (s, 4))

!

f (2
if (¢ =0
(iii) if (¢, j)eE,, then a;'(¢,j)eC, and we have p(¢,j ‘l“p(az Ty ] ) )) =0,
if (4

(iv) if (¢,7)e Wiyo—(4:~4,), then ¢(¢,]) >
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(v) if (i,j)ed,, then «,(i,j)eC; and we have q(¢, j)+g(a, (¢, j))

=0,

(vi) if (é,j)eA,, then uz(z,j)el, and we have q(i,j)—i—q(ua(i,j)) = 0.

If 4 > 3/V3, relations (i)- (iii) imply that the derivative (29) is posi-
tive and relations (iv)-(vi) imply that the derivative (30) is positive.
The proof of theorem 1 is thus complete.

Proof of theorem 2. For a process with correlation function
f(lp—q|) = o(d) and the net 7', the limiting variance s (Z,,) = t*(e,0)
18 given by

oo o0

e, 0) = Y [ exp{—aWuort(v+ew)o}dF(4) = [ t(e, 0)dF (),

(w,v)el 0 0

where f,(e, 6) is the limiting variance corresponding to the process with
exponential correlation function (14). It is easily seen that the function
t;(e, ) and its first and second derivatives may be dominated by the
function P2/A? summable with respect to F(2). In view of theorem 1 (a)
we obtain theorem 2 by differentiating under the integral sign.
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B. KOPOCINSKI (Wroclaw)

0 LOKALNEJ OPTYMALNOSCI REGULARNYCH SIECI PROB
NA PLASZCZYZNIE (II)

STRESZCZENIE

W pracy [3] rozwazone jest zagadnienie estymacji $redniej pewnego stacjo-
narnego, izotropowego procesu stochastycznego na plaszczyznie. Dla danej sieci
punktéw i danego kola na plaszczyZnie estymatorem nieobciazonym S$redniej pro-
cesu jest Srednia arytmetyczna obserwacji z tego kola. Jako miare efektywnosci
sieci przyjeto graniczna warto$é wariancji tej $redniej mnozong przez ilo$é¢ punktéw
uzytych do jej okreslenia przy promieniu kola rosngcym nieograniczenie. Proble-
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mem rozwazanym w [3] jest pytanie, ktore sieci o ustalonej gestosci sa najbardziej
efektywne. Zasadniczy wynik [3] mowi, ze dla proceséw stacjonarnych izotropo-
wych i ciaglych z wykladnicza funkeja korelacyjna sieé wierzchotkow trojkatow
rownobocznych jest lokalnie optymalna ze wzgledu na deformacje afiniczne, jesli
gestosé sieci jest dostatecznie mala. W tej pracy uogélniono ten rezultat, dowodzac,
ze sieé¢ trojkatow rownobocznych jest w klasie deformacji afinicznych lokalnie opty-
malna przy kazdej gestosci sieci oraz Ze moze ona by¢ lokalnie optymalna w szer-
szych klasach deformacji albo w szerszych klasach funkeji korelacyjnych.

B. KOITOU HHbCK H (Bpounas)

O JIOKAJIbHOI OITUMAJIBHOCTU PETYJISAPHbBIX CETEN INPOB
HA IIVIOCKOCTH (II)

PE3IOME

B padore [3] paccMaTpuUBAJICA BONPOC CpCAHCIl OLleHKM HEKOTOPOr0 CTal[MOHA P
HOro, N30TPONHOI'0 CTOXACTHYECKOTro mpolecca Ha ILIOCKOCTH. JlIA XaHOIl ceTH TOouek
1 JAaHOr0 Kpyra Ha INIOCKOCTH HecMeléHHOoIl olielkoil cpefHell mpolecca ABIAETCH
cpeaussa apudmernyeckaa nadawojennii U3 ororo Kpyra. B kavecrBe 3QeKTUBHOCTH
CeTH NMPHUHATO Ipejeiblioe 3HAUCHUE AUCIEPCHM DTOl cpemHeil, YMHOMEHHOEe HA KOJIH-
YeCTBO TOUEK, YMOTPEOJEHHHX NPKU €€ ompe/esiciiiy NPH HEOrpaHMYEHO BO3PACTAIOIINM
panpnyce kpyra. B [3] paccMaTpuBaicsa BONPOC, KOTOPhIe CeTU C ONMpeNeéHHON MJOT-
HOCTbI0 ABAATCA Hanbodee d>PpdentunHeiMu. OcioBHOIl pesyastar [3] 3akiawuaeTcs
B TOM, YTO JIJA CTALMOHAPHBEIX, M3OTPOIHHIX, HENPCPHIBHHIX HPOILECCOB C HKCMOHEH-
IHAJIbHON KOpeIAUuMOHHOI GyHKUueli, CeTb BepUIMH PABHOCTOPOHHUX TPEYrOIbLHUKOB
ABJAETCA JOKAJbIO ONTUMAJbHOi oTHOCMTENbHO adduuHBIX pedopmauuit, ecau
ILIOTHOCTb CeTH J0CTATOYHO Maja. B nwacroawmeii paGore 3ToT pesyanTaT 0GoGuIaeTCA
H 0KAa3bBAaeTCA, UTO CETb PABHOCTOPOHHUX TPEYrOoJbHMKOB ABIAETCA B KJacce ad-
duHHBIX pedopMaLMil JTOKAJBLHO ONTUMAJILHON HPU BCAKONK IJIOTHOCTH CETH M UTO
MOeT OHA OCTABAaTbCA JIOKAJIbHO ONTMMAanbHOi B 0ojee IIMPOKUX Kiaaccax Aedop-
Maguil uaum B 0oJce LIHUPOKUX KIACCAX KOPEJNALMOHHHX (QyHKUMIA.



