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On the tangency of multifunctions

by A. MemMARrRIDOU (Xanthi, Greece)

Abstract. We present a definition of tangency of multifunctions and relate it with various
notions of differentiability of multifunctions. We define a characteristic number on each
multifunction with the property that it remains the same for two tangent multifunctions. The
sign of this number is proved to give a sufficient condition for the asymptotic stability of
multivalued differential equations and ordinary differential equations which cannot be locally
linearized. At last we obtain some perturbation results.

0. The purpose of this work is to define the notion of a-tangent
multifunctions at the origin, where the multifunctions vanish. We relate o-
tangency with various definitions of differentiability of multifunctions ([2],
[4], [5]). Furthermore, to each multifunction F we associate a characteristic
number x,(F), which does not change on a-tangent multifunctions. This
characteristic number is a multivalued and Hilbert space version of the
characteristic exponents of non-linear single-valued functions in a Banach
space, which were introduced in [3). Also we show that the negativeness of
%.(F) implies the asymptotic stability of the multivalued differential equation
x'e F(x). Such a result is applied to ordinary differential equations which .
cannot be locally linearized. Finally we obtain some perturbation results.

1. Let H a real Hilbert space with norm |-| and inner product (-, -). We
denote by c(H) the collection of all compact convex non-empty subsets of H.
One can endow c(H) with the following metric, usually called Hausdorff
distance,

6(A, B)=inf{A >0: A = B+4S, B c A+4S},
where § is the unit ball around 0 in H.

Given two upper semicontinuous multifunctions F, G: H — c¢(H), such
that F(0)=G(0)=0, and a number a >0, we say that F and G ‘are a-
tangent (at the origin) if

fim S(F (x),!G_(x)) _
x—0 |x|
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Clearly a-tangency is a relation of equivalence, because of the properties of
the Hausdorff distance (e.g. [2]).
Now, given xe H, Aec(H), the following function is well defined ([1])

o (x, 4) = sup(x, ).
yed

o(x, A) is called the support function of the convex set A.
If F: H - c(H) is upper semi-continuous, F(0) = 0, and « > 0, we define
the following (extended real) number

, F
A (F) = lim sup O'(x—”(lJCl)
x—0 |XI
Obviously g, (F) is finite, if F is quasi-bounded of order a at the origin, i..
1
lim sup — sup |y < oo0.
x=0 X" yeFen

It is a fundamental property of the number y, which depends on the
equivalence class of a-tangent multifunctions only. This is seen by the
following proposition:

ProrosiTiON 1. Let F, G: H — c(H) upper semi-continuous, F (0) = G(0)
=0, and a >0. If F and G are a-tangent, then x,(F) = x.(G).

Proof. For any ¢ > 0 there exists a neighbourhood of the origin where
F(x) cG(x)+e|xI*S, G(x)=F(x)+e|x|*S.
Therefore we get
o(x, F(x) <o(x, G(x))+e|x**!,  a(x, G(x) < o(x, F(x))+e|x**!.
Thus it is implied
X (F) =22 (G)l < &

and the proof is completed, as ¢ is arbitrary.

ProrposiTiON 2. Let F, G: H — c(H) upper semi-continuous, F (0) = G(0)
=0,a21,J(x)=x|x""!, A>0 and ke R Then we have

Xa(AF) = Ao (F),  xa(F+G) < 1a(F)+ %(G), 1.(F+kJ) =y (F)+k.

Proof. It is a direct consequence of the following relations: ¢ (x, AF (x))
=4o(x, F(x)), o(x, F(x)+G(x))=a(x, FX)+0a(x, G(x)), o(x, F(x)+
+kJ (x)) = o (x, F(x))+k|x"*1.

We say that the multifunction G: H — c(H) is a-order homogeneous
(@>0), if GAx) =4"G(x), =0, xeH.

ProrositioN 3. If G is a-order homogeneous, then

1

12 (G) = Is|u=pl o (x, G(x)).
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Proof. It follows from the definition of lim sup and the homogeneity of
G(x) and o(x, G(x)).

2. In order to fix the ideas we assume in this section that H is finite
dimensional, eg. H = R". In the sequel we assume a > 1.

A multifunction F: R® — c(R") is called a-order Lipschitzian at the origin
if there exist constants L > 0 and § > 0 such that for all ye F(x), |x] < J, we
have

Iyl < L|x|*

An upper semi-continuous a-order homogeneous multifunction @: R"
— c(R") is called a-order upper differential of the a-order Lipschitzian multi-
function F if there exists é > 0 such that for all |x] <é

F(x) c &(x).
Note that, if F is a-order Lipschitzian, an a-order upper differential
always exists; it is &(x) = {ye R": [y| < Lix|*}.
We define the a-order differential at the origin of the a-order
Lipschitzian multifunction F by

Dy F(x) = {®(x): @ is an a-order differential of F}.

The above definition of a-order differentiability of multifunctions gen-
eralizes the definition of Lasota and Strauss [4] concerning the existence of
multivalued (first order, ie., o« =1) differentials of non-differentiable
Lipschitzian at O single-valued functions (cf. the first order generalization of
De Blasi in [2]).

The following result shows that DG F is well-behaved.

ProrosiTION 4. If DY F is the a-order differential of F at 0, then (i) the
range of DG F is c(R"), (ii) the multifunction DGF: R" — c(R") is upper semi-
continuous a-order homogeneous and (iii) there exists a sequence {®@,} of a-
order upper differentials such that ®,,,(x) < ®,(x), xeR", n=1,2,..., and

DyF() = N 2,(x).
Proof. (i) The only fact which requires a proof is that D§ F(x) # @ for
x # 0 (the case x = 0 is trivial). For sufficiently large integer n we have for all
yn€ F(x/n) that
|val/lx/ni* < L.

Thus there exists a limit point z of y,/|x/n]* as n — . Let n, —» o0 such that
Ym/IX/m|* —z. Let @ any a-order upper differential of F. Then for n,
sufficiently large

Yo,  F(x/my) P/ ‘p(x )

|x/m®  |x/m]* fx/m)® x|
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Letting n, - o0, we obtain ze ®(x/|x]). Thus |x|*ze ®(x) for every a-order
upper differential @, ie. |x|*ze DG F(x).

The proof of (ii) and (iii) is similar to the one in [4] and so it is omitted.

The next result relates a-order differentiability with a-tangency.

ProposITION 5. Let F: R" — c(R") a-order Lipschitzian at the origin. If
there exists an a-order homogeneous upper semi-continuous multifunction
G: R" > c(R") such that F and G are a-tangent at the origin, then G = Dy F,
ie. F and Dy F are a-tangent at the origin.

Proof. First we remark that G, as defined above, is the multivalued
differential of F at 0 in the sense of De Blasi [2] (if « = 1) and of [5] (if
o > 1). Thus the conclusion of the proposition follows from a direct exten-
stion of the proof of Theorem 4.8 of [2] for any a.

Let us remark that the existence of G in Proposition S is an indispens-
able assumption. Indeed, the (single-valued) function f: R— R defined by
f(x) =x*sin(1/x), x #0, f(0) =0, is a-order Lipschitzian at 0, Df f(x)
= x*S, but f and Dy f are not a-tangent at 0.

3. Now we are going to give some applications of the above ideas to the
stability of multivalued differential equations.

ProrosiTION 6. Let F: R"— c(R") upper semi-continuous, F(0) =0, and

a>1. If x,(F)<O0, then the zero solution of the multivalued differential
equation

(1 x' e F(x)
is asymptotically stable.

Proof. Let ¢ > 0 be such that k = x,(F)+¢ <0 and 6 > 0 be such that
o(x, F(x)) < k|x**! whenever |x| <. We consider any solution x(f) of (1)
(in its right maximal interval of existence [0, 7)) such that |x(0)| < §. If there
exists 0 <t, < T such that |x(t)] <6, t€[O0, t,), |x(t,)] =5, then we would
have in [0, t,)

d
Ehmﬁ=ﬂﬂmxﬁ»<&ﬂﬂmFh@»s%uuw”,

i.e.. by integrating the above differential inequality in [0, ¢;) we get
8 = |x(t,)l < x(0)e"! <, if @=1,
|x (O)f
[1—k(@=D[x(OfF 'r,]7=D

a contradiction. Therefore for all 1[0, T) we have |x(f)] <. A standard
argument shows that T = oo. So, since for all r >0

[x (1) < [x(0)] €, ifa=1,
| (0)]
[1—k(x—1)|x ()~ (Jfe-1

it follows that the zero solution of (1) i1s asymptotically stable.

& = x(ty) < <, fa>l,

[x(8)] < if a>1,
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Combining the above proposition with Propositions 1 and 3 we get the
following result.

CoRrOLLARY 7. Let F: R" — c(R") upper semi-continuous, F(0) =0, a > 1.
Suppose that there exists an a-order 'homogeneous upper semi-continuous
multifunction G: R" - c¢(R") such that F and G are a-tangent at the origin. If
for any x, |x| =1, we have o(x, G(x)) <O, then the zero solution of (1) is
asymptotically stable.

Now we give an example of a scalar single-valued differential equation
with right-hand side not linearized at 0. For any a > 1 we consider the
function f;: R— R defined by f,(x) = x*(0 sin (1/x)—1), x # 0, £,(0) =0, for
some fixed 68€(0, 1). Clearly f; is not differentiable at 0 and for any a > I
the differential of f, at O vanishes. An easy computation shows that if a is an
odd integer, then yx,(f;) <0, which implies that the zero solution of the

differential equation
X = x‘(B sin l—l)
X
is asymptotically stable.

Finally we obtain some perturbation results applying the previous
propositions.

ProposiTION 8. Let F: R" — c(R") upper semi-continuous, F(0) =0, a > 1.
If x,(F) < 0 and ¢ > 0 sufficiently small, then the zero solution of the perturbed
multivalued differential equation
(2) x'eF(x)+e|x|*S
is asymptotically stable.

Proof. Let G(x) = F(x)+¢|x|*S. Then we have

o o(x, F(x)+3(x, e|x*S)
%a(G) = lim sup X1

< xa (F)+e.

Since y,(F) <0, we can take ¢ > O such that x,(G) = x,(F)+¢& < 0. Then the
conclusion follows from Proposition 6.
Combining Propositions 3 and 8 we get the following result.

CoRroOLLARY 9. Let F: R"—>c(R") a-order homogeneous upper semi-
continuous, a > 1. If for any x, |x| =1, we have o(x, F(x)) <0 and ¢ >0
sufficiently small, then the zero solution of (2) is asymptotically stable.

References

"[1] T. Bonnesen and W. Fenchel, Theorie der Konvexen Kdirper, Chelsea, Bronx, New York
1948.
(2] F. S. De Blasi, On differentiability of multifunciions. Pacific J. Math. 66 (1976), 67-81.
[3] -, and M. A. Boudourides, Characteristic exponents and some applications to differential
equations, Proc. Amer. Math. Soc. (3) 86 (1982), 464-470.



148 A. Meimaridou

[4] A. Lasota and A. Strauss, Asymptotic behavior for differential equations which cannot be
locally linearized, J. Difler. Egs. 10 (1971), 152-172.

[5] J. Schinas and M. Boudourides, Higher order differentiability of multifunctions,
Nonlinear Analysis, T.M.A. 5 (1981), 509-516.

DEPARTMENT OF MATHEMATICS
DEMOCRITUS UNIVERSITY OF THRACE
XANTHI, GREECE

Regu par la Rédaction le 15. 10. 1982



