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GRAPH-THEORETIC ALGORITHMS
FOR SPARSE MATRIX TRANSFORMATIONS

mat .This p.aper presents three algorithms for transforming a given sparse
fop nflx 4 11.1t0 a block diagonal form and into a block upper triangular
of 5 by using only row and column permutations. These reduced forms
of g matn?z allow us to partition some numerical problems into those

Maller gizes. Graph-theoretic results are used in the presented algorithms.

1. THE PROBLEM AND ITS APPLICATION

o8 Let 4 pe a square matrix whose entries are in some field. Without

S of generality we may assume the non-zero elements of 4 to be equal

ec(:)l. Let P, @, and R denote the permutation matrices. A matrix 4 is
Mposable if there exist permutation matrices P and @ such that

4,
(1) PAQ — A o 1
0 *.
Wh 'A'kk
o fe 4 (4 = 1,2, ..., k) are square submatrices, otherwise A is inde-
OMPosable,

he Similarly, a matrix A is reducible if there exist permutation
1¢es P and @ such that

Ay Ay .o Ay
" A
ot . kk
herwlse A i8 jrreducible.

o s he’l"e. are geveral numerical problems related to matrices which can
Wplified if a matrix is decomposable or reducible. For instance:

(1) Computation of the determinant det(4) of a matrix A,

k
det(4) = det(PAQ) = [ [det(4).

i=1



364 J. Dzikiewicz and M. M. Sysio

(ii) Finding the inverse A~' of a non-singular matrix 4,
A" = Q(PAQ)'P.

A i3 non-singular if and only if every submatrix 4, (i =1,2,..., %)
is non-singular. Thus the inverse of a given matrix can be expressed il
terms of the inverses of submatrices A, (¢ = 1,2, ..., k). If a matrix 4
is decomposable, then
ARt

AZ 0

0 s ’
A

(P4Q)™ =

and if A is reducible, then A~! can be computed by iterating the followibg
formula for ¥ = 2:

- AGY — AR AAG
(PAQ) 1=[ (;l 11 _A:-:l 22].

(iii) Solving the system of linear equations Az = b.

The system of linear equations with a decomposable matrix A cal
be split into independent subsystems. Firstly we solve the syster
" (PAQ)y = Pb and then z = Qy.

(iv) Finding eigenvalues of a matrix A.

If a matrix A is decomposable or reducible by using P and @ =P ~
then

k
det(A—2I) = det(PAP™'—iI) = [ | det(4,;—4I),
i=1

i.e., the set of eigenvalues of 4 is the union of the sets of eig'enwblues
of submatrices 4,; (¢ =1, 2, ..., k). Let us write

0
(3) pap =| e |,
A
All AIZ Alk
4 4
-1 __ 22 2k
4) PAPT = |

Ay
The paper presents three procedures for finding transformation®
of forms (4), (2), and (1) (transformation (3) is a special form of (4))-
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2. PRELIMINARY DEFINITIONS

Let D = (X, U) be a directed graph (digraph), where X is the set
Of vertices and U is the set of arcs, i.e., the set of ordered pairs of vertices.

Let A = (ay) (i,§j =1,2,...,n = |X|) denote the adjacency matriz
%f D with elements a;; defined by

1 if (4,5)e U,
a’&“=

! 0 otherwise.

The transitive closure D = (X, U of D is a digraph such that G,))eU
1t an(% only if there is a path in D going from the vertex ¢ to the vertex j.
Let 4 — (@) denote the adjacency matrix of D.
. A digraph D is strongly connected if any two vertices of D are mutually
€achable by directed paths. A strongly connected component of D is a maxi-
ng) strongly connected subdigraph. '
The condensation D* = (X*, U*> of D is that digraph whose ver-
a,:es correspond to the strongly connected components of D and whose
8 are induced by those of D.
of XA digraph D = (X, U) is bipartite if there exists' a partition SUT
Such that SnT = @ and if (s, t) € U, then either s € S and t € T or
€8 and serT.

3. METHOD USED

m 311- Procedure matrizpermp. Procedure matrizpermp finds the per-
Uation matrix P which reduces a given matrix 4 to the block trian-
Sular form (4).
o .Reg&rd A as the adjacency matrix of a digraph D. The set of labelled
Sponlges of D consists of #n elements such that the i-th vertex of D corre-
8 to the ¢-th row and to the i-th column of A.
_An algorithm for finding whether A is reducible is based on the fol-
Wing statements (see [6], [7], and [12] for details).
digy LEMMA 1. A matriz A s irreducible to form (4) i¢f and only if the
9aph D associated with A is strongly conneoted.

D LEMMA 2. Each vertex of D is in exactly one strongly connected com-
Onent of D.

lo

Levma 3. 4 matriz A is decomposable to form (4) if and only if the
nsation D* of D has at least two vertices and no are.

The algorithm can be described as follows.

fingt Step 1. Find the strongly connected components of D. The depth-
Search technique has been used in this step (see [4] and [14]).

Cong,
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n:nggdn:g_matéixpermp(n,p,nrp,f,np); .
¥alue n;

inlager array p,nrp,np;
comment (1) The procedure finds the permutation
matrix P which reduces a given matrix A to the
block triangular form (4);
hegin
integer 4,J,1,m,s;
integar axxay c[1:n];
progadure strongconnect(l,c);
intagar 1;
inieger array ci
qomment (é) The procedure strongconnect is a re-
alization of Tarjan's method [14] for finding
the strongly connected components of the digraph
D associated with A,

Data for prooedure'etrongconnect: n,pl(1sm],nrp
[0sn] are the global variables of procedure ma-
trixpermp.

Results of procedure sirongconnect:

1 - the number of strongly connected compo-

] nents of D,
c¢[1:n] -~ array which contains vertex numbers of

consecutive strongly connected compo -
nents of D. The number ef the first ver-
tex of each component is negative;
hagin |
integaex 1,J,m,s;
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intager arxay lab,num,stos[1:n];
pragedure dfs(v);
xalue v;
integer v;
kagin
inteager J,k,k1,k2,w,wl;
lab[v]ienum(v]:=i:=141;
B:=g+1;
stos[sl:=v;
k:=nrplv];
£or wis=nrp[v-1]+1 giap 1 until k do
hagin
wi=p[wi];
k2:=num(w];
4L k2=0
ikan
hegin
dafs(w);
k1:=lab[w];
if k1<lab[v]
ihen lablv]s=k1
and k2=0
alss
if k2<num[v]
iben
hegin
for J:=1 gtep 1 uniil s do
if stos[jl=w
Jhen
hagin
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if k2<lab[v]
than labl[v]s=k2;
g0 ko Y
end ;s
Ys and k2<num[v]
and wi;
k1:=num[v];
i1£ lablv]=Kk1
ihen
hegdn
l:=1+1; -
fox J:=s atap -1 unidl 1 do
hegin
k2:=sgtos{j];
i£ num[k2]zk1
then
hegin
ms=m+13
clm]s=k2
and num[k2]zk1
alse g g L
end J;

L: clml:=-c[m];

B:=]
and lab[v]=k1
end dfs;
for 1:=1 step 1 uakil n do
num[1]:=0;
1:=li=mi=gs=0;

faoxr J:=1 gtep 1 until n do
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iL oum(§]=0
then ars(J)
and strongconnect;
sammant (3) Step 1. Finding strongly connected
components of D;
T:=fIue;
strongoonnect(1l,c);
if 1=1
then
hegin
f:=falae;
&2 1o FIN
and 1=1
elae
hegin
dntegexr k,h,h1,r1,v,w,wl,z;
integer arxay a,b[1:1],nrcl0:11];
B8oglean array now([1:1,1:1];
comment (4) Step 2. Computation of the adja-
cency matrix now[1:1,1:1] of the oondensati.on
D* of D;
fox i:=1 gtep 1 until 1 do
for j:=1 gfiep 1 unidl 1 do
now(i,J]:=£fglae;
are[0]:=j:=0;
Lor 1:=1 gfep 1 uukil n do
if c[1]<0
lhan
kegin

Je=J+1;
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nre[jl:=1;
c[1]s=-c[1]
end 1;
fox i:=1 glep 7 unkdl 1 do
hagin
rii=nro[i];
ss=nre[i-1]4+1;
ms=i-1;
for Jj:=1 ghep 1 until m,i+1 glep 1 unidl 1 do
hagin
hi1s=nrc[j];
ki=nrc[j-1]+1;
for z:=s gtep 1 uniil r1 do
hagin
wit=nrplc(z]];
for wi=nrplc(z]-1]+1 giep 1 until w1 do
hegin
vi=plwl;
for h:=k gtep 1 until hi dg
if v=clh]
then
hegin
nowl[1,J]:=true;
ga o H
end h
and w
end z;
Hs and J
and 13
gamment (5) Step 3. Computation of the linear
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ordering al[1:1] of vertices of D" ;
faor i1:=1 giap 1 until 1 dg
hagin
gt=0;
Zaxr J:=1 glep 1 uniil 1 do
4L nowlj,1]
ihan si=s+1;
bl1]s=s;
ali]:=1
and i;
for ks=1 gtep 1 until 1 do
hagin
Laor h:=k giep 1 untll 1 do
kegin
Js=al[h];
iL v([j1=0
then
hegin
alh]:=alk];
“alk]i=g;
for 1s=k+1 glep 1 uniil 1 dg
hagin -
si=a[i];
AL now(J,s]
‘Lhen v[sli=b[s]-1
and i3
& o K
and bv[J]1=0
and h;
K: and k;

~ Zastosow. Matem. 16.2
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comment (6) Step 4. Computation of the permu-
tation np[1:n] from the linear ordering a[1:1]
and from array c[1:n] containing vertex num-
bers of consecutive strongly connected compo-
nents of D;
ms=0;
for Jj:=1 atep 1 untdl 1 do
hegin
ks=nrclalj]-11+1;
hs=nrclaljl]; :
for i:=k giep 1 until h do
kegin
s=m+1;
nplm]:=c[1i]
end 1
end J
end;
FIN:
end matrixpermp

Step 2. Find the condensation D* of D.

Step 3. Find the linear ordering of vertices of D. The method of
Marimont (see [9] and [10]) has been used in this step.

Step 4. Relabel the vertices of the consecutive strongly connected
components of D using the ordering found in Step 3.

Step 1 and Steps 2-4 of procedure matrizpermp need O (m) and O (I’ +m)
operations, respectively, where m and ! are the numbers of arcs a:nd.the
strongly connected components of the digraph associated with a gived
matrix, respectively. The space which is used by the procedure is bound
by 4n+31+1%+¢, where ¢ is a constant which does not depend on data-

3.2. Procedure matrizpermpq2. Procedure matrizpermpq?l reducf”s
a matrix A to form (2). It is assumed that A is a non-singular matriX
since problems (i) and (ii) which can be simplified if A is reducible to form 2)
are trivial in the opposite case.
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Rrecedurg matrixpermpq2(m,p,nrp,f,np,nq);
Xalue n;
integer n;
Boolean £
somment (1) The procedure finds the permutation
matrices P and Q which reduce a given matrix
A to the block triangular form (2);
dnteger aIzaY p,nrp,np,nq;
Rezin
integer i1,Jj,k1,1,11,11,12,m,m1,8;
899lean ff,ad;
injegar arzay c,k,r,sol[1:n];
somment (2) The declaration of procedure ma-
trixpermpp is to be .inser‘ted in this place,
The preoccedure matrixpermpp is a modification
of procedure matrixpermp consisting in ex-
changing the 40~th and the 135=th rows of it
to k:=nrp[v]-1 and wis=nrplc[z]]-1,resp.;
somment (3) Steps 1 and 2, Determination of
a maximal transversal of matrix A end itrans-
formation of A to AR;
fi=frye;
Lox j:=1 giep 1 uAtdd n 4o
k[jli=s01[3]1:=0;
1:=0;
nl tmena-1;
Zor i:=1 gfep 1 makil n do
Regin
Lor =1 giep 1 uptil n 4o
Rezin
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lé::nrp[i];
Lor 11 :=nrp[i-1]+1 giep 1 upfil 12 o
kezin
11:=p[11];
if 112
Lhen
heedin
ad :=11=j;
£9 g FD

gnd 11;
_ad:=fglgg;
FD1: jif ad
dhen
Rezin
if soll[jl=0
iben
hezin
gol[jle=1i;
1:=1+1;
r(i]:=0;
£9 ko NEXTI
end sol[jl=0
gnd ad
snd Js
r(i]s=m1;
NEXTI:
sagd 13
if 1=n
ihen g9 Lo FUN;
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ITER:

Zor i:=1 giep 1 mpiil n do
hegin
k1s=r[i];
if x1<0
hen
begiy
rlils==k1;
Lo J:=1 giep 1 uniil » 4o
if k[3l1=0
lhen
hegin
12 :=nrplil;
Lor 11:=nrp[i-1]1+1 giep 1 upiil 12 do
Regin
© 11:=p[11];
4L 1123
iben
begip
ad:=11=J;
&9 1o FD2
sad
8ad 11;
ad:=falge;
FD2, if ad
dhen
begin
4L sol[jl=0

ihen zo Lo EX;
k[jle==i;
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ff:=fzue
&ngd ad
sad J
2and k1<0
snd 13
if ff
ihen
kegin
Lox J:=1 ghep 1 uniil n 4o
hezin
k1:=k[j];
if k1<0
Lhen
hegin
k(jle==k1;
r(so1[jl]:==J;
If:=fglge
&nd k1<0
send J
snd ff
&l8g g0 Lo FUN;
&9 Xo if ff then FUN glge ITER;
EX:
Lox solljl:=1i ghile rlilsn 4o
hexin
j:=abs(r[i]);
is=k[j]
end so1l[jl;
r[i]:=0;

li=1+1;



Algorithms 62-64

4f 1=n
then g9 1o FUN1;
Zor i:=1 gtep 1 unidl n do
r(il:=if r{ilsn ihep O glge mi;
Lor j:=1 gigp 1 until n 4o
k[J]:=0;
&2 %o TTER;
Fun.
if 1<n
ithen
bezin
f:=fglge:;
&9 ko FIN
£nd;
FUN1:
fox i:=1 giop 1 upidl n o
rlsol[i]]:=1i;
Lor i:=1 gigp 1 uptil n do
Rezin
12 :=nrp[il;
Lor je=nrpl[i-1]+1 giep 1 wntil 12 dg
if plil=rlil
ihen
kegin
for 11:=3+1 giep 1 uptil 12 do
pl11-1]:=p[11];
£ %o EP
&nd Js
EPigng 1;
l:=nrp[n];

367
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Lor i:=1 gigp 1 uniil 1 do
plils=s01{p[i]];

. somment (4) Step 3, Computation of the permu-
tation np;

matrixpermpp(n, p,nrp,f,np);
somment (5) Computation of the permutation nq;
L £
ihen
Lop i:=1 giep 1 unfil n do
ngli)s=r[np[il];
FIN:

£nd matrixpermpq2

Let B be the bipartite digraph associated with A such that the 5¢
of vertices is SUT = {8,, 85, ..., 8,} U{ty, 85, ..., t,} and a pair (8 b
is an arc of B if and only if a;; # 0.

Reduction (2) of A is related to the reduction of the bipartite digraP]
associated with A (see [1]-[3] and [8] for details). '

If a matrix A is non-singular, then the reduction PAQ is in faC
carried out by two steps P(AR)P~!, where R is a permutation mfbﬂ'lf
such that the matrix AR has non-zero diagonal elements, hence Q@ = RP
(see [2]).

The algorithm for finding the permutation matrices P and @ reducing 4
to form (2) is as follows.

Step 1. Find a maximal transversal of B, i.e., a maximal numb®
of non-zero elements of A such that no two of them belong to the satt
row or to the same column of 4. The algorithm of Ford and Fulkerso”
has been used in this step (see [6] and [9]). .y

If a maximal transversal has cardinality less than n, then the matri*
cannot be reduced to form (2). The matrix A is singular in this case.

Step 2. Find AR, i.e., permute the columns of A until the elemed®
of the maximal transversal occupy the main diagonal.

Step 3. Apply procedure matrizpermp to the matrix AR.

Procedure matrizpermpq2 needs 0(n3) and O(m) operations in Step z
and Step 2, respectively, and the space is bounded by 4n in these t
steps. Time and space complexity of Step 3 has been evaluated above:



Algorithms 62-64 369

Rrocedyce matrixpermpq3(n,p,nrp,f,np »14);

¥alue n;

integer n;

Boalean f;

duteger array p,nrp,np,nq;

SQmment (1) The procedure finds the permutation
Matrices P and Q which decompose a given matrix
A %o the block diagonal form (1);

Legin |
W i,k,1,m;

k==m:=o,

W3 =m+kx=(k-1);

k=]
&ngd i;
1I m=0

imm 119303191,11;
Lategep &xxay cn,cnb,nev,npi1[1:nl,nrp1[0snl,p1[1:m];
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integer nraocadurs conrec(pi,nrpi,cn,ov,nov);
integer array pi,nrpi,cn,cv,nev;
comment (2) The procedure conrec is a realiza-
tion of Tarjan’s method [14] for finding the
connected components of the simple graph G
assocliated with A. The structure of G 1s sto-
red in arrays p1{0:m] and nrp1[0:n], where
m=min(nx(n=-1),(a[1)x(d[1]-1)+ec.+d[n)=(d[n]-
1))) and d[i] is the number of non-zero
elements in the i-th row of A;
hegin
integexr f,g,J,13
integer array number[1:n];
pregadure dfs(v);
integexr v;
kegin
integer 1,11,w;
l:=number([v]:=1+1;
en[v]:=g;
fe=f+1;
ev[l]:=v;
i1:=nrpilv];
for i:=nrp1lv-1]+1 gtep 1 uniil i1 do
kegin
ws=pi1[i];
if number(w]=0
ihen dfs(w)
end 1;
end dfs;
g:=1:=0;
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fox J:=1 giep 1 until n dg
number[j]:=0;
for J:=1 gtap 1 uniil n do
if number(jl=0
lhen
kegin
£1=0;
g2=g+1;
afs(j);
nev(gli=f
and J;
conrec:=g
and conrec;
comment (3) Finding the elements of arrays p1
and nrp1 (see gomment (2));
nrp1 [Olzsmao;
Lor k:=1 gfep 1 until n do
Reain
li=k-1;
for j:=1 giep 1 uyntil 1,k+1 gtep 1 wntil n d¢
kegin
for i:=1 gtep 1 yntil n do
hezin
11:=nrp[i];
for 11:=nrp[i-1]+1 giep 1 until 11 do
if pli1l3k
then
Regin
it pl111dx
then go to FD2
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flse
for j1:=nrpli-1]+1 gtep 1 uniil 11 da
if plJ1]23
then
hegin
if pli1l=)
Lhen
hegin
ms=m+1;
p1lm]:=3;
ga o ¥D3
end pli1]=]
alse go Lo FD2
" end pl311z3
and 11;
FD2: and 1;
FD3: and J;
nrp1(k]:=m
and k;
somment (4) Computation of the permutation nq;
k:=conrec(pi,nrpl,cn,nq,ncv);
commant (5) Computation of the permutation np;
if k=1
lhen
kegin
f:=falge;
g g fin
end k=1
alge f:=irue;
for i:=1 gtep 1 uniil n do
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npliJ:=np1{i]:=0;
1:=0;
Zor i:=1 gtep 1 until k do’
kegin
enb[1]:=1+1;
1l:=1+ncv[i]
end i;
3¥=1;
for i:=1 gtep 1 until n dao
hegin
j1s=nrplil;
iL 12
%hen
kegin
np1{il:=1;
ls=cnlp({j]];
k:=cnb[1];
np[k]:=1;
cnb[1]:=k+1
end J12J;
Ji=j1#1
and 1i;
Ji=1;
for i:=1 gtep 1 unill n do
if npi1l[il=0
then
hegin
for J:=) siep 1 unill n do
if npljl=0
then

373
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kegln
np(Jls=i;
£0 ig nexti
and J;
nextis
and 1
and;
fin:
and matrixpermpq3

3.3. Procedure matrizpermpq3. Procedure matrizpermpqd finds the
permutation matrices P and @ which decompose a given matrix 4 to the
block diagonal form (1).

Let & denote the digraph associated with A whose vertices corre
spond to columns of A and two vertices are adjacent if there exists ab
least one row of A having non-zero elements in both of the columns
Let

n
C =A"xA = | ay; Nay,
k=1
where A is regarded as a Boolean matrix. It is easily seen that ¢ is the
adjacency matrix of G, i.e., (,7) is an arc of @ if and only if ¢; # 0.
C is a symmetric matrix so that G is a symmetric digraph (i.e., simple
graph).

It is easy to prove the following lemma (see also [7] and [15]).

LEMMA 4. (a) Vertices of G (i.c., columns of A) which belong to a partis”
ular diagonal block are connected by paths of length n or less with each othe’
i.e., a partition of columns of A into diagonal block submatrices is determint
uniquely by the partition of vertices of G into connected components.

(b) If a;; = 1, then the i-th row of A belongs to the diagonal block 60"
taining the j-th column of A.

The main steps of the algorithm are the following:

Step 1. Find the connected components of G. The depth-first search
technique has been used in this step.

Step 2. Order columns of 4 according to the partition obt&ined
in Step 1.

Step 3. Order rows of A (see Lemma 4 (b)).
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b The algorithm has the running time bounded by O(n®) and the space
Oundeq by

n
6n+min {n2, ¥'d;(d;—1)} +o,
=
Where d, (; — 1 ,2,...,m) is the number of non-zero elements in the
“th row of 4.

4. DATA AND RESULTS

Data are the same for all procedures.

n — dimension of a matrix 4;

pl1: m], nrp[0: n] — these two arrays are the list representation of
the matrix A, i.e., m is the number of non-zero
elements of A and the column numbers of non-
zero elements belonging to the row k are located
in the increasing order in p [nrp [k — 1]+ 1: nrp [k]];
we assume that nrp[0] = 0 and one can see that
m = nwrp[n].

Results:

f — Boolean variable which has the value true if the matrix 4
can be transformed and false otherwise;

L0 . .
PLL: "] — integer array such that P =(e;, €, ..., e,-n)T, where
nq[1. t; = np[j] and e; denotes the i-th unit vector;
‘"] — integer array such that Q = (6,5 €y --+s ¢,), Where j; = ng[l].
5. EXAMPLES AND REMARKS
ExaJmple 1.
-0 0 1 1 1 07
0 0106 0O ,
4 _Jo0o0oo0 o0
111011
1101 01
L 0 0 1 0 0 O
ugmg‘he Matrix 4, can be reduced to form (4) by procedure matrizpermp

T
P, = (65, €;, €1y €2, €, €3) .
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Thus
-0 1 1 ! 1 1 0+
1 0 1 : 1 1 1
. 110,0 01
P AP = —‘—‘—‘—:6-:0 1
0 o 1
L 1 0-

Notice that procedure mairizpermpq2 applied to the matrix 4, fails
to find this reduction. Generally, procedure matrizpermpq2 is not a ¥
laxation of procedure matrizpermp. -

Example 2.
0 1 1 1
10 1 0
42 = 0 0 1 1}
101 0

The digraph corresponding to the matrix 4, is strongly connected'
Hence, for no permutation P does PA,P~! reduce. Using procedure
matrizpermpq? we obtain permutation matrices

T
B, = (63, 61,64,€) and P, = (e, €3, €z, €)

and hence @, = (e,, ¢, €, €3). Finally,

1!l1 01
0170 1
P, A = — ' —" .
22Q2 00'11
0 01 1
Example 3.
010 0
100 1
4ds=11 00 1|
0 01 0

Despite det(A4,) = 0, the matrix A; has the maximal tranSV‘?rsal
of cardinality 4. In fact, procedure matrivpermpq?2 can reduce any mat?lx p
which satisfies per(4) ## 0, where per denotes the (-1-)-de1;ermln’"Il
(permanent) of a matrix.

For the matrix 44, procedure matrizpermpql finds

T
Py = (6y, €3y 62,€5)", Q3 = (€2, €4, €1, €3),
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ang
110 0 o
011 170
Py A3Q, = !
34393 O]I—l_']-._]_._o
0 0 0,1

0 4 The same result can be obtained by applying procedure matrizpermpq3
he matrix 4,.

EXample 4.

ang The maﬁrix 4, can be reduced by using procedure matrizpermp,
€ matrix 4, can be reduced by using procedure matrizpermpql and

¢
“Mposed by using matrizpermpq3.
Ocedure matrizpermp reduces 4, to the form

P,APT! 0

ang
Procedure matrizpermpg3 decomposes A, to the form

0 PydyQs)

Ve procedure matrizpermpg? fails.
Mg ﬁmotlee that reduction of form (2) can be found by using procedure
Permpq2 to submatrices 4, and As,.
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ALGORYTMY 626
JADWIGA DZIKIEWICZ i M. M. S YSLO (Wroclaw)

TRANSFORMACJE MACIERZY RZADKICH METODAMI TEORII GRAFOW

STRESZCZENIE

Praca zawiera opisy trzech algorytméw dla transformacji kwadratowe]j maciersy
rzadkiej do diagonalnej lub gérnej tréjkatnej postaci blokowej przy uzyciu tY}kP
permutacji wierszy i kolumn. Zredukowane w ten sposéb macierze pozwalaja zmniol;
szyé wymiary wielu probleméw analizy numeryecznej, jak np. obliczanie Waftoé?l
wyznacznika, odwracanie macierzy, obliczanie wartoéci wlasnych oraz roni&ZYWa’n%e
ukladéw réwnan liniowych. Podstawowe kroki algorytméw maja swoje uzasadnient®
na gruncie teorii graféw. ’

Dane (jednakowe dla wszystkich procedur):

n — wymiar macierzy 4;
pll:m], nrp[0:n] — tablice zawierajace listows 1eprezentacje macierzy A, tzn. ™
jest liczba niezerowych elementéw macierzy 4, a pumery
kolumn, w ktérych znajduja sie niezerowe elementy K-t€8°
wiersza, umieszczone sg w rosngeym porzadku w p [nrp [(k— g
+ 1:nrp[k]]; zakladamy, ze arp{0] =0, i widaé,
m = nrp [n].
Wiyniki:
f — zmienna boolowska, ktéra przyjmuje wartosé true, jesli istnieje odp®
wiednia transformacja macierzy A, warto§é false za§ w przeciWnyIn
razie; 1
np[l:n] — tablica catkowita taka, ze P = (€5 €ips - oe» ein)T, gdzie 4 = np [0
a e; oznacza i-ty wektor jednostkowy;
nq[1:n] — tablica calkowita taka, ze @ = (ejl, €jor +vs €,)s gdzie j; = nq [l



