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The maximum principle
for the systems of the difference equations

by T. StY§ (Warszawa)

In paper [1], p. 446, a discrete analogue of the strong maximum
principle for a difference equation is presented. Here, it is generalized
on a system of difference equations of the form (3).

Let (2 denote =-dimensional bounded domain of the Euclidean
space E,, consisting of a finite number of parallelepipeds with edges
parallel to the hyperplanes of the coordinate system. Let us consider,
in the domain 2 the system of equations of the form

n

(1) D @25t D) Bla) 2o Clayu = Fla)

8=1

where & = (&1, gy «y Tn)y U = (Uyy Ugy ouey Up)y F = (Fyy Fy, ...y Fy), By Oy
s = 1,2, ..., n, are matrices of the dimension p. Assume, that the functions
a’(xz) > 0, matrices B’(z), C(x) and vector F(x) are bounded in Qu I,
where I'" is the boundary of Q.

Let ih = (ihy, iyhg, eony inhn), WheTe 4= (iy, 4y, ..., in) i8 & set of
integers, h = (hy, hyy ...y by)y, By >0, 8=1,2,..,n.

Introduce Q= {ih ¢ 2} (2 denotes the closure of the domain £).
We shall call two points jh, kh, j = (41, Joy eery Jn)y & = (K1, kay ...y kn) adjacent,

n
if D |jo—ks = 1. Then, internal point of the net £, may be defined as
s=1

a point ih € 2, whose all adjacent points belong to Q. The set of the points,
which belong to 2, but are not internal points of the net 2,, will be called
the boundary of £ and denoted by I',. The set of internal points of the
net 2, will be denoted by 2,. The value of the function v, defined in the
point ¢2 will be denoted by w;.

Left side of the system (1) may be approximated by the following
scheme

. n n
(2) Lug = Z a‘}V,A,u,~+Z B‘}Z,u¢+ Ciug,

8m] 8=1
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where
8—1 8+1
. U —U
th € 2y , Verug = — ! y
hs

Agteg = 3 (Vo+-A)ue, wi=' = u(iyhy, iyhy, ..., (fs£1) R, ..., inhn) .
Let vy = (v, V2iy ..., Vpi) be solution of the system equations
(3) Lvy=F; dfor ihely,
=y¢ for thel},

where yi = (yui, Yai, ..., Ypi) 16 @ given vector.
It is convenient to introduce following denotations

A?:.:A?J_=4}C¢, Ali°+— 1——iBlh
AY, = AT = }(BYT, A¥ = AY = —LdiEs,,

E is a unit matrix, I,8=1,2,..,n, AT is a transposed matrix A.
Ry = (v¢, ™ 12 3+ — n}_ = e, where e; is a unit vector, defined for v; # 0
) » 7 n ’ ’ ’

in direction of the vector vy.

o = 2 (Ai+ ’71+7 Nt+) 2 (A,_ 771~ ) i
1,8=0
where %7, = A.eq, 7i- = Vieq, 8 =1,2, ..., n. Dmax i8 2 set of the points

th € £ where the function R, attains its maximum.
Let us prove now the following

THEOREM 1. If the set Dyax 18 non-empty and oF + 07 < 0, (vi, F¢) > 0
fO’I' ih € .Dmu ’ then .Dma,x = Qh.

Proof. Let us perform following substitutions into the system (3)

Aa0i = A(ecRe) = 3(63 A, Ri+ RiAsec+ €5 'V Ri+ RiV,el) ,

Vedsvs = VyAg(eRy) = eV Ay Ry+ VetV Ry + Aseq As Ry + RyVyAgeq .

n
(4) Z aieVeds Ry +

8=1

+ 2 [ai(VsesVs Ri+Asecds Ri)+ 3 Biley" ' A, Ri+ €7 ' 4, Ry)] +

8=1

FR{Ciet} Y Bidsect Vye)+ ) aiV,dpe] = Fy.
8=1 8-1
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Multiplying both sides of the lth equation,l = 1, 2, ..., p, of the system (4)
by the Ith component of the vector ¢, and taking a sum of all equations,
the following equations may be obtained

n

n n
(5) D aiWedoRi+ D bidsRo+ D) BV, R+
8=1 8=1

a=1

+R(Cier, 0+ D (Bideer, e)+3 (BiVseq, e0)+

8=1 8§=1

+Z a?(e;, VSASG()] = (eq, Fy),
s=1

where
b7 = a¥(es, Aged)+ 3 (Biei, ),

b; = ai(e:, Vaes)+ 3 (Biet ', &),

for the,,8=1,2,...,n
Identity (e, es) = 1 implies

(6) (eh VoAaei) = "%[(Aaeh Aaei)‘l‘(vael’ 17384)] .

Let us replace the expression (ei, V,4,¢¢) in equation (5) by the right-
hand side of equation (6). Thus, we obtain

(7) Zn‘ ag'VcAnRt+2n: b:'AaRl'FZn B;VsRi‘l‘
8=1

+R(Ceer, e+ 3 3 (Bidver, e+ Z(B’V es, e5) —

8=1

1 Y e dued—1 3] aiace, Vaeo] = (60, F) .

8=1 8=1

Using the notation described above, equation (7) may be rewritten in
the form

(8) Za,V A,R¢+2 bi4, R,+Z biVs Ri+ (OF + ®7)Ri = (&4, Fy)

! iheQ
N €y .
Therefrom
A b} S ai _
9 LR—\ ( _{)Rn+1 (1 )Ral
(9) ¢ < ha+hs i +‘_%‘ 2
O (BB 2a')
a0 R &+ D7)Ry = (e, F
+Z (h. T 1+ (7 +Di )Ry = (e, Fy) .
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Let Dpex # £2». From the assumption it follows that the set Dpax
is non-empty. 'I_‘_hus, there exists such a point jh € Dp,.: that at least in
one point kk € 2, adjacent to point jh, By < R;.

Let
S={1,2,..,n},
v b
S ={8€S ";—l-z; ,’l:hEQh},
8
s*:{ses %—b—/O,ihth}
8 ‘S

Recalling the assumptions we see that equation (9) implies the following
inequality

bj aj b}
10) LR <R[ \ ( ) (__7__)
(10) 3 P hs+h +“S— e +

e 3 (-5 X ()

seS—8S~ 8eS -8+

1 771 8 1 '_'1 9
+(Cyey, eJH‘QZ (Bjdses, 81)+§Z (BjVsey, €5) —

8eS 8eS
1 I\
5 D ey, due) 5 D) ailVaey, Vaey)
8eS s€N
8
a.
= Rf{ [—(61, Vs 81)+—(B‘;8§ Le)— =+
seS S hs

1 - a
+§(B?Vsm,€1)— (V er, Vs 31)]-}- l %(GJ; As€5) —

8eS— S*’

_—(BB A 31)—1‘;4‘1 (B;Aseh 31)—1;(410317 Asei)]+
2he B2 2

1\ T 8
+(Cjey, 61)+§ Z [((Bjdses, e5) —aj(Ases, Asej) ]+

3eSt
tg 2 [(Bidees, o) = ai(Vaey, Vo
seS~
< R;l [—(V es, Vs e,)”2+ a;
yeS—-S— h’ h
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a’
+ Ko(Vses, Vaes)'l2— Ej (Vaey, Vaei)] +

[———’+“’<A es, duesie+

geS— S*

s
+ Ky(Ayes, doeyit—3 5 (dseg; 4 6’1)] +

+Ko+ ) [Ks(A €1y 4 3!)1/2—_(A €5y A4 el)]‘l‘

a:S+

[K,(V €4, V,e;)”z—— (Vsey, V,e;)]}

8€S™
where

n
K,=nmaxmax|C¥|, K,= 5 MAX max |B .
‘ ls ihedp Lr iheny

Let us consider, the following set of auxiliary functions

8

Gi(x) = (K+%) +——“"

8
8

§8=1,2,..,n
From (10) it may be concluded, that

A1) IR < B[ D Ghart D) Ghoxt D Hauet D) Hamet Ko,

geS—-S+ 8eS—S- geSt 8€eS—
where
2K
8 8 s
mex = Max G(z)= + +
—00<z<+00 4 2h2 he
2
Hpay = max Hj(z)= ——:
—o<I<+0 j

It is easy to see that the right-hand side expression of the inequality (11)
is negative for sufficiently small h,.
Let 8t = 8~ = 8. Then equation (9) (cf. [1], p. 446) implies the
following inequality

(12) LR; < (B +07)B; < 0.
If 85 %8 or 8 % §, then from inequality (11) immediately follows
(13) LR;<o0.
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On the other hand, we have LR; > 0, which contradicts (12) and (13).
Thus, we conclude that the assumption Dpey # 2, was false and this
terminates proof of Theorem 1.

We shall prove, that if the matrix C satisfies the condition

(Civg, v4) < —pl(og, v4), ’ihe.éh,

where u > Eﬂ, K = max K;, a = minmina’(x), then
4a 8 € ze

ST4+d; <0 for ihef.
Namely

(14) ¢:+¢_ = (Cier, e1)+ % Z [(B:'A.Gt, 6‘)’“:(Ase‘1 Aseq)]+

+13 D) [BiVaer, e) —ai(Vseq, Vaer)]

n

< —pt+1 D (Hodeer, A —a(dyer, dyeq)]+

=1

43 D [KVaer, Voo —a(Vaeq, Vaer)] .

8=1

The function Hiz) = K,z —as’ attains its maximum equal K;/4a. Hence,
inequality (14) implies

(15) OI 407 < —utit<o for >

TUEOREM 2. If v, is a solution of the system (3) and &7 +d; <0
for ih € 2,, then vy satisfies the inequality

(16) (v¢, )12 < K[max (Fy, F)V24 max (v¢, v)2], iheQ,
ihcﬂ;. thelp
where the constant K > 0 does not depend on h.
This theorem will be proved with the aid of the following

LemMA (cf. [2), p. 328). If v s a solution of the system (3) and the
Sfunction g¢ conforms to the assumptions

(i) —Lg; > max (Fi, F))¥2  for ihey,
ih(.ah
(ii) g¢ > max (vg, %)% for thely,
ihelp
then

(v, D)2 < g¢  for dheQy.



Mazimum principle for the systems of the difference equations 229

Proof of lemma. Let 2z, = Ri—g(, Ri= (vi, v¢)"2. From (i) and
equation (9), it follows that

Ez; = ZR;—EQ'( = (ey, F;)—Eg; >0 for thel2 .

Thus, the function z; conforms o the maximum prineiple (¢f. Theorem 1).
From (ii) it follows that

Ri—g:1 <0 for thely.
Thus
R; < gi for th € ﬁh y
q.e.d.
Proof of Theorem 2. Assume, that the domain 2 belongs to the
half-space x, > 0 it could be always achieved by means of suitable choice
of the coordinate system. Let

g+ = [exp(ex,) — exp(az,)Imax (F¢, Fi)'# 1 max (ve, v¢)'?,
ihesdy thely

where z, > z,+1, ¥ = (%, Z;, ..., Tn) 18 a fixed point in the space E,.
Now, we shall show that the function g; satisfies the assumptions of the
lemma. From the definition of the function g; it follows

s+1 a1 |—aexp(az,)max(F¢, F)'*+0(h}) for s=1,
g: _gi — iheay
2h,
2 0 for $=2,3,..,n;
g —29i+ g7
hs

{— d’exp(aw,) max (Fs, F)'*+O(R) for s=1,
= iheQy

0 for 8=2,3,..,n.
Ad (i):

—Lgi = [exp(amy) (aia’+ (b5 +53) a) — (B + ®7 ) (exp(aZ,;) — exp(az;,y))] x
X max (Fy, F)'?— (@] + &7 )max (v, v) 2+ O (k)

theQp thely

> max (Fy, Fi)m y
theQy

where a sufficiently large number.
Ad (ii):

g1 > max (vq, v)2  for dhely.
thely
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Thus, lemma implies

(17) (v, v4)2 < [exp(aZ;) —1]max (F¢, F)'2+ max (v, v4)V2 .
ih(ﬁ}. thely

The inequality (16) follows immediately from (17), e.q.d.
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