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Characters of finitely generated C*-algebras

by W. SzyMARSKI (Krakéw)

The present paper, inspired by a result of Arveson [1], deals with
some condition concerning the existence of non-trivial characters of finitely
generated C*-algebras(?).

Let #(H) be the algebra of all linear bounded operators on the
Hilbert space H. Following Dash [3] we introduce the definition of the
joint approximate point spectrum of a pair of operators T;,T, from
Z(H). We say namely that 0 = (0,0)eC xC (where C is the complex
plane) belongs to the approximate — point spectrum o,(T,, T,) of opera-
tors T,,T,eZ(H) if 8,7,+8,T, # 1, for all 8,,8,¢%(H), where I is
the identity in H. In general, 2 = (4;, 4;) e C XC belongs to o,(T,, T,)
if 0Oeo,(T,—4,,T,—A4,). A simple characterization of the set o,(T,, T,)
is given by the following lemma (see [4]):

LEMMA 1. 0 4s in o,(Ty, T,) if and only if there exists a sequence (f,)
of unit vectors in H such that:

(*) IT:fll =0  and || T,f,)l >0 when n — oo.

Proof. Let 0co,(T,,T,). Then for all 8;, S,eZ(H) we have S,T,+
+8,T, # I. It follows that Oeo, (T T,+T,T,), where o,(A) stands for
the approximate point spectrum of an operator A% (H). Consequently
there exists a sequence (f,) of unit vectors in H such that |T;T,f,+
+T;T,f,|| —0 when n — oo,

Since

NTaFullEH NTofullt = (Tufus Tufa) + (Tafus Tafi)
= (T:Tlfmfn) + (T;Tzfmfn) < "T:Tlfn"l_T:Tzfn"’
so || T,f.ll =0 and ||T,f,] -0 when n — oc.

(}) The author presented the results of the present paper for C*(T)-algebras
at the seminar of professor W. Mlak in December 1970. After the major part of the
present paper has been done the author found out that technically similar investi-
gations have been performed independently by Istratescu [6] — see also the review
of Suzuki in Math. Reviews vol. 41 (1971).
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We now suppose that there exist operators 8,, S,¢.Z(H) such that
8;T,+8,T, = I. But then for every feH we have 8,T,f+8,T,f =f.
If ||f]l =1, then

1 =[fl = I8, T, F+8:Tof | < IS:1MITf1l -+ ISl To 1

and consequently (%) fails.

Suppose H is a complex Hilbert space. It has been proved by Ber-
berian [2] that there exists a Hilbert space K > H and an isometric,
involution preserving representation ¢: #(H) — % (K) such that ¢(Ip)
= Ix (where Ig stands for the identity operator in the space §) and for
every T from Z(H): 0,(T) = o,(p(T)) = o,(p(T)), where o,(4) is the
point spectrum of the operator 4. In what follows we write T° = ¢(T)
for Te¥(H). ,

- We define the joint point spectrum o,(T,,T,) of operators T,; T,
from .#(H) as follows:

0p(Ty, Ty) = {(A4, A2)eC XC: there is an feH,||f| =1
: such that T.f = Af; ¢ =1,2}.
We will prove the following
THEOREM 1, Let T, T,e#(H). Then

0,(T,, T,) = or,,(Ti', Tg) = Gp(T(ll’ T3).

Proof. It is obvious that o (T}, T?) < o,(T}, T3). We refer to the
notations of the proof of the theorem of Berberian from [2]. Let
Oeo,(Ty, T,). Then, by Lemma 1, there exists a sequence (f,) of unit
vectors in H such that (*) holds. But

ITY(fo)' 1 = glim |T,f,)1* = im||T,f,|* = 0,
ITo(f2)12 =0 and |(f)ll =1.

Hence Oeo, (T}, T3), which proves that o,(T,, T,) < o,(T}, T3). Since ¢
is an isometric mapping and I° is the identity in K, the inequality S,T, -+
+8,T, # Iis equivalent to the inequality ST +S3T9 5 I°, which proves
that 0 eo,(T,, T,) if and only if 0o, (T%, T0). Hence o, (T, T3) = o,(T,, T,)
which completes the proof.

Let (4, 4,) = 4e0xC, (4;, 4;) = 4 and deo,(T,; T,). We define the
set

Ni(Ty, Ta) = {(fa) © H: Ifall = 1, ITsfu— Aafull = 0, I Tofu—Aafull > 0}

and we say that 4, belonging to o,(T,, T,), is in O (T,, T,) if i belongs
to ¢,(Ty,T;) and Ni(Ty,T;) = Ni(T,,T,). Now the following- lemma,
can be proved:
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LEMMA 2. If A = (4, 4,)eCxC is in C,(T,,T,), then there exisis
a sequence (f,) of unit vectors in H such that

TS = mlf)y  T3fa) = Aalfa)
T (f) = h(f)y TP = h(fa)

Proof. T AcC,(Ty, Ty), then Aco, (T, Ts), Aco,(T5, T;) and Ni(T,, Ts)
= N.(T;,T;). By Theorem 1 we get Aeco (T}, T}) and Aeo, (T3, T%').
Moreover, there exists a sequence (f,) of unit vectors in H such that

Hm (T — A, D)f, )2 = W (T} — A, D)f,)F = lim (T, — A,1)f, |12

= lim (T — A, I)f,|I* = 0.
Hence

(T =4 I°) (f) 1P = glim (T, — 4, 1) fll* = lm|(T,— A, D)f,|* = 0,
ie. TY(f,) = A(f,). Using similar arguments we have

T* () = L), TULY = (fa)s T3 = %),

and the proof is complete.

Every homomorphic mapping form a Banach algebra A onto the
complex plane C is called a character on A.

Now we apply the results form the preceding section to a construction
of non-trivial characters of finitely generated C*-algebras. Suppose
T,, Tye#(H). Let QCr-) be a product Q%1...Qn, where each @,
(s =1,...,n) cquals to one of the operators T,, Tr, T,, T,. For w(z,, ...
ey 2y) =292 (2,¢0) we put w(Ty, Ty) = QU For w(z,,...,2,)
= Ya,,. i 20 ...40 we define w(Ty, Ty) = Ya; ; QU The algebra
C*(T,, T,) is, by definition, generated by operators of the form w(T,, T,).
The properties of the Berberian isomorphism 7 — T° imply that C*(T,, T.,)
and C*(T?, T%) are isometrically isomorphic.

THEOREM 2. Assume that A = (A;,A,)eC,(T,,T,). Then there exists
a character y: C*(T,, T,) — C such that %(T;) = A, and x(T;) = A,.

Proof. Let f= (fp) be as in Lemma 2. Let w(z,...,2,)
= Day. ;2 ... 2% Then w(ly, ..., ,)f = w(T}, T3)f. Hence

[0 (Azy 2oy A)l = [80(Aay -ns Z)FIl = 0 (TS, TFII < L0 (T3, T
It follows that there is a well defined character ¥y on C*(T?, T?) such

that »(T9) = Ay, x(T%) = 2,. Since C*(T,,T,) and C*(T%, T?) are iso-
metrically isomorphic, the proof is complete.
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Now we define the sets:

0,(Ty, Ty) = {(A;, Az)eC xC: for all 8, S;eL(H): 8y (TF —1,)+
+8:(T3 — &) # I},

Ono(T1, Ts) = {(A1, A;)eC xC: for all 8y, S,eZ(H): 8;(T,—A)+
+8,(T5 —4a) # I},

6, (Tyy Ty) = {(A1, Ay)€C x C: for all 8, SyeZ (H): 8,(TF —4,) +

+8,(15 — %) # I},
aand, if ;s == (}51, 12)60'9(1'1, Tz)v

Nﬁ(TU Tz) = {(.fn) c H: ”fn” = 17 ”(T;_il)fn” —>07 “(T;_—j%)fn” - 0};
if ;‘eaun(TI! Ta)’

N2 (Ty, To) = {(fo) © H: Ifull =1, [(Ty— A)fall = 0, (T3 — A2)f, ]l = 0};
if }'eogu(TI! T2)’

Nea(T1y To) = {(fa) = H: Ifull =1, I(TT = A)full = 0, (T2 — ) full — 0}

We say that

_ %, belonging to o,(T.,Ty), is in C,(Ty, Ty) <> Aec,(T}, T;) and
Nﬁ(Tf,T;') =NZ(T1;T2)7 _

_ %, belonging to o,,(Ty, Ty), is in O, (T, Ty) <> Aeo,, (T}, T;) and
VLT3, T3) = NiW(Ty, T), )

_ 2, belonging to o,,(Ty, T,), is in C, (T, T,) < Aeo,, (T}, T;) and
Nﬁn(Tf, T;) = Ngn(TU T,).

Then the following corollary is true:

COROLLARY 1. If AeC,(Ty, T:)(Crp(Ty,y Ts)y Con(Ty, Ty)), then there
exists a character y: C*(Ty, T;) — C such that x(T?) = 7y, 2(T¥) = 4, (and,
respectively: x(T1) = Ay, x(T3) = 4, and y(T7) = Ay, x(Te) = 4y)).

We notice that the following inclusions are true: {(4,A)eC xC:
rea (T} < 0,(T, T) for every TeZ(H) and, for all 8, TeL(H), 0,(8,T)
< 0,(8) %o, (T).

In the case when we consider the algebra C*(T) gencrated by one
operator Te%(H), we have:

COROLLARY 2. If A¢C is a mormal approzimale proper value of T,
then there exwists a character y: C*(T) — C such that yx(T) = A

Proof. Let A be a normal approximate proper value of T. Then
there exists a sequence (f,) of unit vectors in H such that |(T —A)f,|| -0

and |(T*—A)f,| — 0. Hence (4,4) is in C,(T,T) and, by Theorem 2,
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there exists a character y on O"‘(T , T') such that x(T) = 2, which com-
pletes the proof. '

It has been proved by Bunce [3], that if y is a character on C*(4),
then y(4) is in ¢,(4). Since the character ¥ on C*(T,, T,) is a character
both on C*(T,) and C*(T,), it follows that x(T,)eo,(T:) and yx(T,)eo,(T,).

It may be proved in a similar way that Theorem 2 is true in the
case of the finitely generated algebra C*(T,,...,T,)(T;eZ%(H) for
¢t =1,...,n), when, by definition, 0 is in the joint approximate point
spectrum of T,,...,T,, if for all §8,,..., S, (H) it holds 8,T,+...+
+8,T, #1. :

ExAmrLE. We take the I} space of square suminable sequences

(219 Z3y +++)y D 12|32 < oco. Let T be the unilateral shift in I}, ie. Tx
t=1

= (0, &y, &3, ...) and U — a diagonal unitary operator of the form Uz

= (@y &1y Q3 &3y ...) (a;eC, |a;} =1). The approximate point spectrum of T

is the unit cirele [5]. We choose a;¢C, |a;] = 1 such that o, -1, a, # 1.

Then 1 is in the approximate point spectrum of U. The algebra C*(T, U)

is not commutative. Consider the sequence: 2z, =(1,3%,13,...), 2,

' 1 1
=344 .02 = (7, Ry ), of vectors from I. Since the
series 5_:‘ 1 converges, thus lim 2“1 = 0, Hence
ne=] ”' g ’ N0 junp 7:2 )
00 .
~ 1 1.\ 1
1T 2, — 2,12 < | T2 — 2,1 = 5(7 — i+£\) +$ —~0, when % > o
and
1 a;_ 2
NU* 25— 218 < | T2y — 2|12 = 2{ ey
{=0 (n-H,) f=n v

It follows that (1, 1) is in C, (T, U). By Theorem 2 there exists a char-
acter y on C*(T, U) such that »(T) =1 = y(U).
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