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NUMBER OF POLYNOMIALS IN DEPENDENCE
PRESERVING ALGEBRAS
BY

J. DUDEK (WROCLAW)

By S(A) we denote the set of all non-negative integers n such
that the algebra U contains an essentially n-ary polynomial, i.e., a poly-
nomial depending on its all n variables. M. Sekanina (!) described
the set S(A) in bidirected algebras. In particular, he proved that in
bidirected algebras any algebraic operation f has the following property:
(*) If f(wy, gy oooy Bp—yy Tyy Tgyyy -y &,) is a polynomial in A depending

on z; (1 < k < n), then after identification #; =, =2 (1 <j< n)
the resulting polynomial depends on .

E. Marczewski conjectured that in algebras having property (*)
results of Sekanina on S(UA) remain true. Examining Sekanina’s paper we
have checked that this conjecture is true, i.e., if (*) is assumed, then we
obtain a description of the sets S() the same as in that paper.

Moreover, in the case where 2 ¢S (W) and 3¢S (A) we give a simpler
proof and show essentially m-ary polynomials explicitly, while Sekanina
has proved only the existence of such polynomials. The algebras satisfying
(*) will be called dependence preserving.

THEOREM 1. If W 48 a dependence preserving algebra, 2¢8S (W) and
3eS8(A), then S(A) = {1,3,4,...}.
_Proof. If s = s(w,, x,, ) is an essentially ternary polynomial

(which exists by assumption 3¢S(%U)), then, since A is dependence
preserving algebra with 2 ¢S (), we have

sz, z,y) = s(»,y,2) = s(y, z, z),

where &(x) = s(x, v, y) depends on .
Write

83 = 83(®y, T2, T3) = 8(Ty, X3, Ty),
Son+1 = San+1(®1y Bay ooy Topy1) = 821 (3(-’1’17 Tgy Ly)y Lyy «- ey "1"2n+1)’

(1) M. Sekanina, Number of polynomials in ordered algebras, this fascicle,
p. 181-192.
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and
L] *
Sont+1 = Sant1(Lry gy ovy Tapyy) = 82n+1(‘§(w1)7 Loy ioey $2n+1)-
Observe first that s; (z,, #,, ;) = §(x,), hence that s; depends on

at least one of the variables x,, #,. If, for example, s; does not depend
on r3, then it does depend on z,, because we then have

3; (@) @s, a’s) = 3('§ (®1)y Xay .’173) = 8(§(w1), Tz, §(w1)) = §('§(m1))

Thus s; depends on x,, z3, and by 2 ¢S8() it is essentially ternary.
Hence and from (*) we infer that &) = s(8(x), 2,y) = s(¢(»), =, §(x))
= § (§()).

Suppose that s, , is essentially (2n—1)-ary. Consider s,,.,. It
depends on the variables x,, @5, ..., #5,,,, because

* *
Son+1(®as Tzy Tyy Byy ooey Topr1) = Sy 1(Tgy Tyy o vvy gy yy)-

If s;,,, does not depend on x,, then

8;n+1(w17 Bay oevy Loppy) = 32n+1(§ (®1)y @ay ...y m2n+1)
= 82n—1(s (8()y B2y @)y B4y -+ m2n+1)
= 32n—1(3(9(w2)’ (2% “’s)y Tyyeeey w2n+l) = Sn—1 (3 (8 (), @, o)y By «+ e -'Dzn+1)
= S3n—1(2y Tay Bay + ey Toni1) = Szn1(Fsy Bay -5 Tonsr);

where the right-hand side of the last formula does not depend on z,,

a contradiction. To prove that s,,,, depends on x,, #; we proceed as in
the case of s;. Consider operations s;,, (@, s, @, ¥3, L5y ..., Tapyy). BY

Son+1(Tay Tay Tay Tgy Lgy ooy Loy yy) = Szn—l(s(g(xz),-mz’ 9’3); T3y Ty oeey m2'n+1)

= '5'2n—1(~§ (%3); T3y X5y -y 372n+1) = S;n—l(w27 Lgyeeey Topyr)
we infer that sy, | (Ty, Tsy T3y Ly Tsy -« ey Topyq) depends oD Ty, Ty, Tgy - -« y Loy iy
Analogously as for s;,., we prove that sy, (1, @5, Ts, Tz, Tgy « -y Tapy1)
depends on x,,x,. Thus neS(A) for »n =1,3,4, ...

We have yet to prove that 0¢S(%UA). It is easy to check that if a is
an element of A and f(x,, z,, ¥3) is an essentially ternary polynomial,
then f(z, ¥, @) is an essentially binary function because U is dependence
preserving. Thus if a were an algebraic constant we would get an essentially
binary polynomial, a contradiction.

THEOREM 2. If U is a dependence preserving algebra, then S(A) is of
one of the following forms: {0,1,2,...,n}, {1,2,3,...,n},{0,1,2,3,...},
{1,2,3,...}, {1,3,4,5,...}.

Proof can be deduced from that of Sekanina (!).

Regu par la Rédaction le 24. 11. 1969



