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For Cesaro summability, there is a theorem (see [6], p. 105) which
gives necessary and sufficient conditions on f;, such that )’ f,», is C;-summa-
ble whenever > x; is 0,-summable (0 < f < a). The sequence f; is called
a summability factor. It is therefore natural to ask whether a similar theorem
holds for strong summability. This paper gives an affirmative answer.
We shall formulate the result in terms of Orlicz metries.

Following Waszak [5] and Antoni [1], we define a modular space of
strongly summable sequences as follows. Let A = (a,,) be a regular
matrix such that a,,, > 0 and no column consists of zeros only. Let ® = {¢,}
be a sequence of Orlicz functions, i.e. each ¢, is a non-decreasing con-
tinuous function defined on [0, oc), vanishes only at 0, and ¢,(u) - oo
as 4 — oo. For ¢ = {t,} we write

O (D3 0) = D Gpupallty).

n=1

Denote by T'((®) the space of all sequences = such that o, (P; iz) — 0
a8 m — oo for all 1> 0. We may define an F-norm in T'y(®) by

1) lalle = inf{e > 0: o(®; afe) < e},
where
o(P; z) = sup{o,(P;x): m>1}.

It is interesting to note that for each m we may define a norm |i@lo
as in (1) with o(®; -) replaced by o7,(®P; ). Then, following the same
argument as in [3], we have

(2) Izle = sup{lz]en: m=>1}.
An Orlicz function ¢ is said to be r-conver (0 < r < 1) if

@ (au + fo) < a"p (w)r+ 9 (v)
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for all a, >0 and o+ " = 1. If all functions ¢, are r-convex, then
an r-homogeneous norm can be given by

(3) Izl = inf{e > 0: o(P; z/e'r) < 1}.

Similarly, (2) holds with |jz|l, and |#|ls,,, being r-homogeneous norms.

A sequence x = {t,} is said to be P-strongly summable to a number
t = (o) if {t, —t} € To(P), and ¢ is called the P-strong limit of . We denote
by T(®) the set of all @-strongly summable sequences. Again, following
Antoni [1], we say that a sequence @ = {p,} of Orlicz functions is lower-
-regular at the point zero if there exist an Orlicz function y and a fixed
neighbourhood U of the point zero such that y(u)<inf{p,(u):n > 1}
for all w € U. It was shown (see [1], Theorem 7) that if ® = {p,} is lower-
-regular and equicontinuous at the point zero, then 7'(®) is an FK-space
([6], p. 29) with norm given by (1) or (3). Furthermore, the ®-strong
limit ¢ = #(x) of x € T'(P) is uniquely determined ([1], Theorem 8).

Let @ = {¢,} and 4 = {4,} be two sequences of Orlicz functions.
For cach n; we define a complementary function of ¢, with respect to 4,
as follows:

¥a(v) = sup {4, (u0) —g, (v): u > 0}.

For example, for ¢,(u) = u?[p and A,(u) = w"[r, where p > r > 0,
we have y,(v) = v?/q with 1/p+1/q = 1/r. We say that ¥ = {yp,} is the
sequence of A-complementary functions of @. In order to obtain a meaningful
Holder inequality, we shall assume in what follows that both ¢, and 1,
are r-convex for each %, and that y, is also an r-convex Orlicz function.

The next lemma gives a sufficient condition for the complementary
function to be also an Orlicz function. A function 4 is said to satisfy the
(45, 8,)-condition if A(2u) < MA(u) for some constant M > 0 and for all
u = 0.

LEMMA. Let ¢ and A be r-convex Orlicz functions and let A satisfy the
(4,5, 8,)-condition. If the properties

¢ (w)[A(u) >0 as u ~0, @(u)/A(u) > oo a8 u - o

are satisfied, then the complementary function v of ¢ with respect to A is an
r-convex Orlicz fumgtion.
The proof is elementary.

Suppose that a = ||z||y,, and g = |[yllv ., a8 given by (3). Then for
x = {t,} and y = {s,} we have

1 1
Inf1x2a] 208)1) < = @u(ltal @)+ 5 pullenlB1)-
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Multiplying by a,,, throughout and summing over n =1,2,...,
we obtain

om(4;2y/(2af)") <1 and  ||oyllgm < 21l o,ml¥lle,m;
where 2y = {t,8,}. Taking the supremum over all m, we get

lkeylla < 2llzlloliylle-

This is the Holder inequality.
We may define a A-associate norm of ||-|j, as follows:

lyilG? = sup {llzylla: lello < 1}.
Obviously,
lzylla < leloliy ) -

This is the strengthened Holder inequality. Similarly, we can define
lylG), and obtain

12y llam < 1210, mllY I
A modular o(®; -) is said to be r-homogeneous if, for a > 0,

o(P; ar) = o"o(D; ).

Now we state our main theorem. Again, we write oy = {t.8,} for
@ = {t,} and y = {s,}.

THEOREM. Let @ = {p,}, 4 = {A,} and ¥ = {y,} be three sequences
of r-convex Orlicz funciions, all lower-regular amd equicontinuous at the
point zero. Let ¥ be the sequence of A-complementary functions of P, and
let o(A; +) be r-homogeneous. dn®rder that xy € T(A) whenever x € T(P),
it 18 necessary and sufficient that

(i) Il < oo,

(ii) y e T'(A).

Remark. If y e T(¥), then (i) holds. However, it is possible to
obtain (i) without y € T'(¥). Here y is called a summability factor from
T (D) to T(A).

Proof. To prove the sufficiency of the theorem, we consider

Itnsn—tsl < ltl lsn—sl 'I" I&n‘ ltn—tl7

where ¢ = t(x) and s = s(y) are the ®-strong limit of # = {,} and the
A-strong limit of y = {s,}, respectively. In view of (i), (ii), and the ine-
quality

oy —t8)| g < [8\NlY — 814, +1YNGN12 — 2l 5, 1m

the result follows. Here we have used the fact that if ¢, (P; Ax) ~0 a8
m — oo for all 1 > 0, then |z|ls,, -0 a8 m — oo.
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Conversely, since ¢ = {1,1, ...} € T(®P), condition (ii) is necessary.
If we regard oy as the image of a diagonal matrix with entries 8,, 8, ...
applying to # € T(®P), then using a theorem of Zeller (see [6], p. 29, Theo-
rem III) we have, for some constant M > 0 and for all » € T(®P),

leylla < Milzlle.

Obviously, the A-associate norm of ||-||, is finite and condition (i) is
necessary. The proof is complete.

COROLLARY 1. Let @, A and ¥ be given' as in the Theorem. Then in
order that xy € To(A) whenever x € Ty(P), it is necessary amd sufficient
that |ly|$) < oo.

In particular, if ¢,(%) = %?/p, an, =1/m for 1< n<m, and a,,
= 0 for » > m, then T'(®) is the set of all sequences # = {t,} such that,
for some t = t(x),

1 m
-—2 [t, —t? -0 as m —oo.
m n=1
Denote the space by T'(p). It is easy to see that & = {t,} e T'(p) if
and only if

oaMm—1
g-m+1 2 lt,—t? -0 as m — .
neagM=1
Now, let T'(P) = T'(p) and T(A) = T(r), where p > r > 0. Then
T(¥) = T(q), where 1/p+1/q = 1/r, and we have
COBOLLARY 2. zy € T(r) whenever x € T (p) if and only if y = {8,}

i8¢ in T(r) and (3
PIUES |
1sup{2""+l 2 18,1%: M = 1}< oo.
”_,zm—l

We remark that, as in Corollary 1, the condition y € T'(r) in Corollary 2
can be dropped if we consider only sequences strongly summable to zero.
In this special case, ||‘|%? (Orlicz norm) and |-|y (Luxemburg norm)
are equivalent, However, the problem remains open in general. (P 1197)
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