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On the Wold-type decomposition
of a pair of commuting isometries

by MAREK SEOCINSKI (Krako6w)

Abstract. In the paper the Wold-type decompositions of a pair of commuting
isometries are considered. Some results about the existence of this decomposition
and about connections beetwen it and the Wold decomposition of the discrete semi-
group generated by these isometries are given. The uniqueness of thig decomposition

(if it exists) is proved and an example of the pair of commuting isometries without
this decomposition is showed.

In what follows, H is a complex Hilbert space with inner product

(z,y); ¢, ¥y € H, and norm |jz| = V(z, «); v € H. L(H) denotes the algebra
of all linear bounded operators (shortly, operators) on H. For T € L(H),
T* is the adjoint of T. I, or shortly I, denotes the identity operator.
T |k is the restriction of the operator 7 to the subspace K. Let 8§ be a semi-
group. The map T': S—L(H) is called a semi-group of operators if T (t+s)
=T (t)T(s) for every t, s € 8. Let V(8), s € 8, be an abelian semi-group
of isometries on H. The semi-group V(s) is ealled:

(a) unitary if V(s) is a unitary operator for every s € 8§,
(b) of type “¢” if H = \/ V(s;)*V(s;)H and V(s) has not
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the unitary part,

(e) of type “s” if there is a wandering subspace L for this semi-group
such that

H = ® V(s)L.
seS
(The subspace L is called wandering for a semi-group T(s),s €8, if T(s,)L
1 T'(s,) L for every s, # 8,, 8;,8, € 8.) '
Let @ be an abelian group and § its subsemi-group such that §n —8
= {0}. Then, as was proved by Suciu in [2], for every semi-group of iso-
metries V(s),s € 8,thespaceL = \/ V(s,)*V(s;)H]" is its wandering

32-31¢—S
subspace and there is the unique decomposition H = H,®H, D H, such
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that the spaces H,, H,, H, reduce V (8) for every s € 8 and V(s) |n, 18 an
unitary semi-group, V(s)ly, is of type “e”, V(s)|y, is of type “s”.
Moreover, we have the identities:

(1) H, ={xecH: |[V(s)*z| = |lz|| for every s e 8},
(2) H, =@ V(s)L.
8eS

The above decomposition will be called the Sueiuw decomposition of
the semi-group of isometries. It is easy to see that the Wold decomposition
of one isometry V is the same as the Suciu decomposition of the semi-group
V(n) = V", where n = 0,1, 2,... Note that in this case H, = {0}.

Now suppose that V, and ¥, are commuting isometries on the space H.
The Wold decomposition of a single isometry suggests the following
definition: The decomposition H = H,®H,PH,DH,, will be called
the Wold decomposition of the pair of isometries V, and V, if the following
conditions are satisfied:

(3) the spaces H,,, H,,, H,,, H,, Teduce V, and V,,
(4) vV, o, and V,| H,, aTe unitary operators,
(5) Vilg,, is unitary and V,|y  is a shift,

(6) v, lm,, 18 @ shift and V, |m,, 18 unitary,

(7) Vilg,, and V, |u,, are shifts.

This definition gives rise to the following questions:

Has every pair of commuting isometries a Wold decomposition?

If it exists, is this decomposition unique?

Are there any connections between the Wold decomposition of the
pair of isometries V, and V,, and the Suciu decomposition of the semi-group
Vin,m) =ViV]?

We begin from the following easy observation:

Remark 1. Suppose that the decomposition H = H,®H,,DH,P
@®H,, is the Wold decomposition of a pair of isometries V, and V,. If
H,=H,»H, and H, = H,,DH,,, then the decomposition H = H,®
@ H, is the Wold decomposition of the single isometry V,.

Now we can prove

PropPosITION 1..If a Wold decomposition of a pair of commuting iso-
metries exists, then it i8 unique.

4
Proof. Suppose we have two decompositions H = @ H; and
4 i=1
H = @ H,. Evidently, it is sufficient to show that H; < H;fori =1, ...
i=1 . ‘

...y 4. It follows, by Remark 1, that
(8) H,®H, = H;@Hz J-H:;@H; = Hy®H,.
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If we apply Remark 1 to the second isometry, we get
(9) H,DH, = H;@H:; _LH;C‘DH; = H,DH,.

Now, by (8) we have H, | H, and by (9) H, < H,+ H,. Conse-
quently, H, = H,. Analogously we prove H; < H; for i = 2, 3, 4.

Consider the semi-group V(n,m) = ViVy, n,m = 0,1, ..., where
¥V, and V, are commuting isometries on the space H. We need some infor-

mation about the Suciu decomposition of this semi-group. First we prove
the following:

PROPOSITION 2. Let the semi-group V (n, m) be defined as above. Suppose
that the decomposition H = HDH,DH, is the Suciu decomposition of
V(n,m) and L 18 the wandering subspace for V(n,m) such that H,
= @ Vin,m)L. If L,=HOV,H (i=1,2), then L < L nL,,

n,m>0

® ViLc L, and @ V3L < L,. Moreover, if a space L' < LinL,
n=0 .

m=0

0o [}
is such that @ VIL < L, or @ V3L < L, then L' is a wandering

n=0 m=0
subspace for V(n, m).
Proof. Let Z° denote the semi-group Z2 = {(n,m): n,meZ,n,m
= 0} with addition. Then (see [2])

L={ V VPVeEMvHE = V VIRV VIV H]

_ _ 2 7, P,q,meZ
(n,m)—(p,q)¢-Z" n—p>00rm—g>0

=[ V VPVIVIViHv V ViPVVIVIH]}

n,m,p,9cZ n,p,.q,meZ
n—p>0 m—g>0
*q 7k * * 1
=[ V VEVIVIVPHv \ VIPVIVIVIH]
n,p,q,meZ n,p,4,meZ
n—p>0 m—gq>0
— * - ' * - n L
=[ V VNVIPVPHv \ V¥PVIIVIH]
n,p,g,meZ n,p,q,meZ
n—p>0 m—g>0
m 7™ r * n e 1
= [ v VZ qu VIHV \/ le Vl Vz.H] .
r,a,meZ,r>0 8,p,neZ,8>0

Consequently, if « € L, then

x | V3¢V ViH for q,m,r€Z, r> 0 and

z 1 Vi?V}ViH for p,n,se€Z, s> 0.

Ifweputr =¢=1andn =m =p =¢q=0,wegetz | V,H and
# | V,H. Hence, by definitions of L; and L,, # €e LynL,. If we put
n =0, =1 and ¢ > 0, then we get z | V,?V,H. It follows Viz | V,H
for ¢ > 0 and consequently é; V3L < L,. Analogously we prove that

n=0

® V"L < L,.

m=90
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Now, let L’ be a subspace of H such that L'’ < L,nL, and ViL’' < L,
for every n > 0. Suppose that z, y € L’. Then = € L, and V}y € L, for every
n > 0. Consequently, for every m > 0, V*Viy € V;*L,. Since L, is the
wandering subspace for V,, we get (ViV3 y,z) =0 for m >0, n>0
and z,ye L’. If m = 0 and » > 0 we have (Vi VPl y,x) = (Viy,a) =0
because Viy e ViL and zel’ < L,. Consequently, ViVy'L 1 L' for
every n, m > 0 and n+m > 0. Since V, and V, are commuting isometries,
this implies that L’ is a wandering subspace for the semi-group V(n, m),
which finishes the proof.

As an immediate consequence of this proposition we have

COROLLARY 1. Suppose V, and V, are commuting isometries on the
space H. If L~ L, = {0}, where L, = HOV,;H (i = 1, 2), then the semi-
group {Vi V), mso has not the part of type “s”.

COROLLARY 2. If U is a wunitary operalor which commutes with an
isometry V, then the semi-group {V* U™}, .-, has not the part of type “s”.

Now, we shall prove the characterization of semi-groups of type “s”.

THEOREM 1. Suppose that V, and V, are commuting isometries on the
space H and write Ly = HOV,H (¢ = 1, 2). Then the following conditions
are equivalent:

(i) the semi-group {ViV3}, nso 8 of type “s?,

(ii) V, and V, are doubly commuting shifts,

(iii) V, 48 a shift and L, = % Vi(LinLy) or V, 18 a shift and L,

o n=0
=‘®_0 V?(LlﬁLa);

(iv) LynL, is a wandering subspace for the semi-group {ViV3}, n=o

and H = @ ViV (L.nL,).
n,m>=>0
‘Proof. (i) = (ii). Let L be a wandering subspace for the semi-group

{V1Vi}amso such that H= @ V} V7 L. Let us define L;= @ V*L and

n,m=0 m=90

] <] -}
'Ly = @ V¥L. Then H =@ VL, = ® V*L,. It follows that V,
n=0 ‘ n=90 m=0

and V, are commuting shifts and L; = L; (¢ = 1, 2). Now we shall show
that V] commutes with V,.

If x € H, then « = ) VTx,,, where z, € L,. Consequently

m=0

Vives = D ViVeVia, = 3 ViViVes, = Y Vi Vaa, + ViV,a,.
m=0 m=0 m=1

We shall show that ViV,z, =0. Since z,e L, = @V L, we have

Me=0
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Vazy € L. It follows, by the definition of L, that 0 = (V,xy, V,¥)

= (V] Va2, y) for every y € H. Consequently Vi V,z, = 0. On the other
hand,

Vs lm—ZVzV"V’"m = NV, Vrly 4V, Vi,

m=0

Vi1V, + V. Vi,

fhas iMe

But z, € L,. It follows that for every y € H we have (Viz,, ¥) = (2, V1¥)
= 0. Then V,V}z, = 0 and consequently V] and V, commute.

(ii) = (ili). We shall prove that L, = @ Vi(L,nL,). The second
n=>0

assertion can be obtained in the same way. First we shall show that L,
reduces V,. Let # € L,. Then V2 = 0 and consequently for every y ¢ H
we have

(Viw, Vyy) = (Vi Vi, y) = (V,Viz,y) =0
and

(V;xy Vay) = (V;eryy) = (VI V;w’ y) = 0.

It follows that Viz e L, and V,z e L,. Consequently L, reduces V,.
Hence Vi(L,nL,) < L, for every n > 0. Evidently, L,nL,, regarded as

a subspace of I, is a wandering subspace for V,. Then we have @ Vi(L;n
n=0
F\La) < Lz.
Let L = L,©V,L,. If we prove that L < L,nL,, then we get L,
=@ ViL< ® V}{(LnL,) = L,, which finishes this part of the proof.

n=0 n=0
Suppose that # € L. Then # | V,L, and consequently Viz | L,. On the
other hand # € L,. Since L, reduces V,, we have Viz € L,. This implies
that Viz = 0 and so z € L,. Since z € L,, our proof is complete.

(iii) = (iv). Suppose that the first condition of (iii) is fulfilled. Since V,
is a shift, we have H — 6—) V*L,. Then H = (-B V"‘(@ V(LN L))

m=0

= @ ViVi(L,nL,). In the second case the proof is the sa.me

m,n=>0
(iv) =(i). (i) follows (iv) immediately by the definition of a semi-group
of type “s”.
Now we can give an answer to the problem of connections between
the Wold decomposition of a pair of commuting isometries and the Suciu
decomposition of the semi-group generated by these isometries

THEOREM 2. Suppose that a pair of commuting isometries V, and V,
on the space H has the Wold decomposition H= H, O H, H D, DHg,.
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Let H=H,®H®H, be the Suciu decomposition of the semi-group
{Vi ¥V mso- Then

H = Hu7 Huse')Hsu < Hc and Hs < Hss'
Moreover, Hy, = H,, if and only if V, and V, doubly commute.

Proof. First we prove that H, = H, . H, reduces the semi-group
{ViV}n ms, to the unitary semi-group. In particular, H, reduces V, and
Vs, and the operators V, |y, , V.|, are unitary. Since the Wold decompo-
sition is unique (Proposition 1), we get H, < H,,. On the other hand,
H,, reduces the operators V, and V, to the unitary operators. Consequently
the semi-group {ViVy' |y, }nmso is unitary. Now, since the Suciu decom-
position is unique, we get H,, < H,. Thus H, = H,,,.

Now, it is easy to see that H,, reduces the semi-group {ViV3'}, ,.m0-
As regards the semi-group {V} V.","]Hw}n_,,,}o, then by Corollary 2 we see
that it is of type “e”. This shows that H,, < H,. Analigously we prove
that H,, < H,. Consequently H,® H,, < H,.

The semi-group {V7 V3" g, }n,m>o i8 of type “s”. It follows by Theorem 1
that V,| u, and V,| H, are commuting shifts. This implies that H, < H,,.

Now suppose that H,, = H,. It follows by Theorem 1 that ¥V, and V,
doubly commute on the space H,,. It is easy to see that every operator
which commutes with. a unitary operator must commute with its adjoint.
Hence V, and V, doubly commute on the spaces H,,, H,, and H,,. This-
shows that V, and V, doubly commute.

Now, if ¥V, and V, doubly commute, then V, | and Vs lg,, are doubly
commuting shifts. It follows by Theorem 1 "that the semi- group
{vivy |#,,}n,m=0 18 Of type “s”. Consequently H,, < H,, which together
with the inclusion H, < H,, finishes the proof.

Now we shall consider the problem cf the existence of the Wold
decomposition of a pair of commuting isometries. Before that, we shall
prove a lemma which is the key result in this part of the paper.

LemMA 1. Let V be an isometry on H with the Wold decomposition
H =H,DH,. Then H, is an invariant subspace for every T € L(H) which
commutes with V.

Proof. Since V is unitary on H,, we have h = VV*h for he H,,.
It follows that for he H,, Th = TVV*h = VTV*k. This implies that
V*Th = V*VTV*h = TV*h for every hec H,. It is easy to show by
induction that V**Th = TV**h for every he H, and n = 0,1, ... Con-
sequently, for he H, and n,m = 0,1, ... we get

VV*Th = V*TV*"h = TV™"V*"h
and
V*V™Th = V**"TV™h = TV**V™h.
Since the projection Py is in the von Neumann algebra generated by V,
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we get in limit Py Th = TPy h = Th. Hence TH, < H, and our proof
is complete.

COROLLARY 3. If T doubly commutes with V, then H, reduces T.

Now we can prove

PROPOSITION 3. A pair of commuting isometries V, and V, has the
Wold decomposition if and only if the space H; reduces V; (i = 1, 2), where
the decompositions H = H{®K, and K, = H,DK, are the Wold decom-
positions of the single isometries V, and V,|g , respectively.

Proof. Suppose that H; reduces V; (¢ =1,2). Let H, = H®H,
be the Wold decomposition of the single isometry V, |4, . Since V, is unitary
on H,, V,|g and V,|y doubly commute. Hence, by Corollary 3, H,
reduces V,|g . Consequently H, and H, reduce ¥V, and V,. Evidently
Vila,s Valu, and V,|y, are unitary and V, |y, i8 & shift. It follows by our
assumptions that H, and K, reduce V, and V,. Evidently V, |y, is unitary
and V,|g,, Vilg, and V,|g, are shifts. Then the decomposition H = H, @
®HDH, DK, is the Wold decomposition of the pair V, and V,.

On the other hand, if H = H,®H, OH,DH, is the Wold decom-
position of the pair V, and V,, then it is easy to see (see Remark 1) that
H,=H, and H, = H,DH,,. Consequently H; reduces V,; (¢ =1, 2)
and our proof is complete.

Before we prove the positive answer to our problem, we give an exam-
ple of commuting isometries which have not the Wold decomposition.

ExampLE 1. Let {e;;}; s be a sequence of orthonormal vectors
in a Hilbert space K, where I = {(¢,j): i>0 or j> 0}. Let H be the
closed span of {e;;}; ;. Suppose that V, and V, are operators on H
such that V,e;; = e;,,; and Vye;; = ¢;;,, for (¢, j) € I. It is easy to see
that V, and V, are commuting isometries on H. Let the decomposition
H =H,®H, be the Wold decomposition of V,. By Proposition 3 it is
sufficient to show that H, does not reduce V,. An easy computation shows
that H,, is equal to the closed span of {ei,'j}, 1> 0. It follows that ¢,, € H,
and e_,, ¢ H,. But Vye,, =e_,,. Hence H, does not reduce V,.

Combining Corollary 3 with Proposition 3 we get:

THEOREM 3. Every pair of doubly commuting isometries has the Wold
decomposition.

Let H = H,®H, be the Wold decomposition of an isometry V and
let E be the spectral measure of its unitary part. Suppose that m is the
Lebesgue measure on the unit circle. It is a known fact that the spaces
H, = {x e H,: (Ex,x) is singular with respect to m} and H, = {v € H:
(Bx,x) is absolutely continuous with respect to m} reduce V and H,
= H,®H,. We shall call V|y, and V|, the singular and the unitary
absolutely continuous part of V, respectively. Theorem 2.1 of [1] implies
the following observation:
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Remark 2. If T € L(H) and commutes with V, then H, reduces T.
This remark and Proposition 3 implies

THEOREM 4. Suppose that V, and V, are commuting isometries without
unitary absolutely continuous part. Then the pair of V, and V, has the Wold
decomposition.

Our last positive result is the following:

THEOREM 5. Let V, and V, be a pair of commutling isometries. Suppose
that V, has not the unitary absolutely continuous part and its shift part has
finite multiplicity. Then the pair of V, and V, has the Wold decomposition.

Before the proof of this theorem we prove one more lemma.

LeEMMA 2. Suppose that U is a unitary operator on the space H such
that o,(U) = {0}. If there is a shift 8§ on H which has finite multiplicity
and commutes with U, then H = {0}.

Proof of Lemma 2. Suppose that H # {0}. Then L = HOSH #0
and dim L < oo. First we shall show that L is an invariant subspace for
U. Let he L. Then h | SH. Since U is unitary, we have Uk | USH
= SUH = SH. Consequently Uh € L. Now, by our assumption that
dimZ < oo, we see that U/, is an operator on a finite dimensional space.
It follows that there are A € C and h € L such that » £ 0 and Ak = U | h
= Uh. Consequently 2 is in the point spectrum of U an we have a contra-
diction.

Proof of Theorem 5. Let the decomposition H = H,P K, be the
Wold decomposition of V,. Since V, has not the unitary absolutely contin-
uous part, by Remark 2 we get that H, and K, reduce V,. Let the decom-
position K, = H,® K, be the Wold decomposition of V,|g . It follows
by Proposition 3 that it is sufficient to show that H, reduces V,. We shall
prove that V,|g has not the unitary absolutely continuous part; this,
on account of Remark 2, will finish the proof. According to Remark 2
we can assume without loss of generality that V,|g has not the singular
part. Now, by Lemma 1 the space H, is invariant for V,|g . Evidently,
it H, +# {0}, then V,|y, is a shift of finite multiplicity. But V,|y, is
absolutely continuous. It follows that its point spectrum is empty and by
Lemma 2 we have a contradiction. Consequently H, = {0} and our proof
is complete.
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