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INTRODUCTION

1. A large part of the content of this thesis is of the following type.
We start with a countable transitive model It of ZI* + AC. Let x be
a cardinal of IR satisfying certain properties. We construct a suitable
extension N of IM by methods of P. Cohen and study how the properties
of » are altered in M. An example of a property we can ask to be satisfied
by % in M is measurability. In many of the constructions certain combina-
torial properties play a principal role alongside the methods of P. Cohen,
both as the chief tool in the construction and as a subject of the investi-
gation. These properties are close to those studied in [7] from the published
literature and still closer to [13]. Many theorems are statements of rela-
tive consistency with respect to ZF + AC 4 “an additional hypothesis”
of various conditions concerning uncountable cardinals.

More specifically, our main results are as follows. Let combinatorial
property (x, R(w,)) (Definition 1.24) hold in 9. Then there is a Cohen

extension N of M such that IR, N have the same cardinals and cf (x) = w,
in M. In particular, the construction can be carried out, if » is measurable,
or if there is an w,-saturated x»-complete ideal in #(»). This answers
a question raised by J. Silver and R. Solovay, whether the cofinality
of a cardinal can be changed by a Cohen extension preserving cardinalities.
The singular eardinal » obtained in this way has many interesting prop-
erties in 9. We mention here the following. There is a tree of cardinality
»*t in N such that every branch and every level have cardinality < »
in M. This is the first example of a singular cardinal with this property.
Actually, the method gives the relative consistency of the existence
of such a tree for the pair 8,, N,,,- The problem, whether such a tree
exists for every singular cardinal » was stated in [25] and again in [8].
Another property of x is that there is no Jonsson algebra of cardinality x
in M. We give still another example of such a singular cardinal in Theorem
1.29. These are the only known examples of singular cardinals for which
there is no Jonsson algebra of that cardinality. (For successor cardinals
the problem of the existence of Jonsson algebras is solved in [6], assuming
GCH. Assuming V = L the problem is solved completely in [9].) Indeed,
we prove a relative consistency of the existence of some » such that
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¢f () = w, and, for every A< » and every f: [x]<“° — 4, there is a set
U c x for which |U| = » and |f*([U]<“%)] < R,. This does not exhaust
the list of interesting properties which we prove that » satisfies. Another
application of this construction of a Cohen extension is to the theory
of complete Boolean algebras. If x is a measurable cardinal or if x = lim »x,,

n:wo

%, measurable, then there is a complete Boolean algebra £ such that
the distributive law (4, 2) holds in # for every 1< x» and the (¥, %)
distributive law fails in #. This is proved at the end of Chapter 2. This
type of problem was investigated in {22] and [14]. Our result represents
a strengthening of the results of [14] for special cardinals.

In Theorems 1.39, 1.44, we deduce the existence of nonregular ultra-
filters in £ (x) from even weaker properties than those used for changing
cofinalities of cardinals. The problem whether every ultrafilter is regular
was raised in [10a]. '

In Chapter 3 we answer some questions of J. Keisler and A. Tarski
[10]. In particular, we prove that if it is consistent that there is a measur-
able cardinal, then it is consistent that there is an w,-saturated 2%
-complete ideal in £ (2%0). It is also proved that the existence of such
an ideal does not.imply the existence of a measure on Z (2%9), answering
a question of A. Tarski. W. Sierpinski [16] studies the problem whether
every set of real numbers of second category can be decomposed into
uncountably many disjoint such sets. Some results concerning this are
obtained in Chapter 3. This problem is closely tied up with the problem
of the existence of saturated ideals.

2. We define some concepts used frequently in the text. Let A be
a set. |A| denotes the eardinality of 4. Cardinals are initial ordinals and
an ordinal is the set of smaller ordinals. Letters », 4, » will always denote
cardinals. »* denotes the least cardinal greater than ». If 4 < £(4),
J #0 and (1) A¢4, (2) (VX,Y)(X,YeS >X U Yes), (3) (VX, X)
(XS & Y c X - Yes), then S is said to be an ideal in #(A). Let S
be an ideal in #(4). £ is non-principal if | ) £ ¢SF. F is mazimal if, for
every XeZ(4), Xef or A—XeS. F is x-complete (abbrev. x-comp.)
if, for every S <./ such that |S]<zx | Sef. S is x-saturated
(x-sat.) if, for every disjointed 8 < P(x)—J, IS|< x; § is said to
be disjointed, if for all X, YeS, X # Y implies X ~ ¥ = 0. @ is said
to be a filter in #(A), if ®c Z(A) and {X|4A—XeP} =S is an
ideal in #(A). If @ and # are as above, then @ or . is said to be dual
to S or @, respectively. Let @ be a filter in #(4). @ is an ultrafilier if
its dual ideal is maximal, @ is wuniform if, for every X e®, |X| = |4].
& is x-complete if its dual ideal is x-complete. From now on, by “an ideal”
we shall always mean a non-principal ideal containing all finite sets,
unless specified otherwise,
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Let u be a real-valued function defined on #(A) such that for every
XeZ(A), 0 <u(X)<]1, u(d) =1, u({zr}) = 0 for every zreA, and, for

oo
every sequence {X;};., of disjoint elements of Z(4), u( U X;) = D p(Xy).
‘iewo i1=0

Then u is called a measure on #(A). Let u be a measure on #(4).
g is 2-valued if, for every XeZ?(4), u(X) =0 or u(X)=1. Let S,
= {X|u(X) = 0}. u is said to be x-additive (x-addit.) if 7, is x-comp. The
following statements are well known or obvious from the definitions. .#, is
w,-comp. and w,-sat. g is 2-valued iff #, is maximal.

If s, r are sequences of elements of A and ze¢A, then 8@, 37 will
denote the sequences obtained by letting x follow all terms of s, or by
letting the terms of r follow the terms of s, respectively. The order of s
and r is left unchanged. If n ew,, then s\n denotes the initial segment of s
of length n. [A]" is the family of subsets of A of cardinality .

[4]°*0 % U (47"
Newy
There is an obvious one-to-one correspondence between elements of [»]<“°
and finite increasing sequences of elements of » for every cardinal x.
Because of this we shall allow ourselves to treat finite increasing sequences
of elements of » as finite subsets of » and vice versa.

If f is a function, then f*(A) is the image of 4 under f. Other commonly

used notation will be adopted without any explanation.

Remark. Professor Tarski pointed out that if the axiom of choice
holds, then our definition of a x-addit. measure is equivalent to the
following: measure u on Z(A4) is x-addit. if for every disjointed family
8 < #(A) such that [S| <%, u(lJ S) =XZ u(X). Here

S

> u(X) = sup{ 3] u(X) [H [8]<*}.
XeS XeH

Acknowledgments. I am greatly indebted to my adviser Pro-
fessor J. Silver who has given me much encouragement while I was
a student at Berkeley. I should like also to express my gratitude to
Professors Tarski, Solovay and Craig. Finally I wish to thank the National
Science Foundation for financial support during the past three years
when I was engaged in two research projects supported by NSF under
grants N° GP-4608, GP-6232X and GP-5632.



CHAPTER 1

In this chapter we introduce various combinatorial concepts. Almost
all facts appearing here serve as lemmas needed for the development
in Chapters 2 and 3. However, because of their common combinatorial
character, they are collected in Chapter 1, rather than being proved in
connection with a particular result to which they pertain most. Many of
these facts were previously known and are attributed to their original
author. If they are only simple modifications of known results, the relation-
ship is pointed out. There are however a few theorems that are new and
of independent interest. We mention particularly Theorems 1.29, 1.39
and 1.44. We also introduce a property (x, R(wl)) (or more generally

(%, B(»))—see Definition 1.24 —which has not been previously formulated

explicitly and has many interesting applications. Both measurable
cardinals and cardinals » such that there is an w,-saturated »-complete
ideal in £ (x) satisfy (x, R(wl) However, it follows from our results

that the above-mentioned cardinals are not the only examples of cardinals
% such that (x, R(w,)) holds. (Compare Theorem 1.29 and also Theorems

2.28 and 2.29.) If (x, R(w,)) holds, then x has to be a regular limit cardinal

or ¢f(x) = w,. (Compare Proposition 1.23.) These are the only known
restrictions. A few other useful properties are introduced and no uncount-
able cardinal is known for which they fail. They of course apply to
a great variety of so called large cardinals, even to some singular ones.
See for example Definition 1.42 and Theorem 2.26. These new properties
are applied at the end of Chapter 1 to study the problem of the existence
of non-regular ultrafilters raised by J. Keisler [10a]. See Theorems 1.39
and 1.44.

An acquaintance with Section 2 of the introduction is necessary
for reading Chapter 1. Some conventions were made there, which are
not in common usage. Thus, for example, by a measure we mean a rather
non-trivial case of what is commonly accepted to be a measure.

1. DEFINITION 1.1. A cardinal x» is called measurable if there is
a x-addit., 2-valued measure on %(x).
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DEFINITION 1.2. Let u be a measure on 2(x). u is normal if u is
x-addit., 2-valued, and for every function fex” with the property f(&) < &
for all £ex, &£ > 0, there is a set Ue?(x), u(U) = 1, such that |f*(U)| = 1.

THEOREM 1.3. (D. Scott, see [10], Theorem 1.8, p. 241). Let = be
a measurable cardinal. Then there is a mormal measure on P(x).

LEMMA 1.4. Let 0 # 8 < [#]<°, u be a normal measure on 2(x), and
w(Us) =1 for every seS. Let U = {&l6e () Usp. Then u(U) = 1.

maxs<§

Proof. x— U = {£|(Hsef) (max s < & & £¢U,)}. Put
g(&) = min{n|(TseS) (maxs = n & §¢U;)} for éex— U,

and g(&) = 0 for &< U. It is obvious that g(£) < £ for all ¢ such that
0 < £ < x. By the normality of u, there is a set V < », u(V) =1 and
an ordinal %, such that g(&) = 5, for all £eV. If u(x— U) =1, then
p((x— U) ~ V) = 1 and for every £e(x— U) ~ V thereisan seS, max s =1,
and &¢ U,. Since [{s|seS & max s = 7,}| < x, there is a set W < (x— U) ~
~ V,u(W) =1, and an $,¢8, max s, = 7,, such that &¢ U, for all £<W.
This contradicts u(U,s) = 1. Hence u(x— U) =0 and u(U) =1.
Remark 1.5. Lemma 1.4 is well known. It has the following special
case. Let u4 be as in Lemma 1.4 and u(U;) =1 for all £ex. Then

p({nlne Qﬂ Us}) = 1.

Remark 1.6. It is an easy consequence of Definition 1.2, that if
% is a normal measure on #(x), u(U) = 1 and f(&) < &£ for all £c U, & # 0,
then there is a set V< U, u(V) =1 and [f*(V) = 1. (Put f(&) = f(§)
for £eU and f(&) = 0 for £ex— U and apply normality to f). Since u
is always assumed to be a normal measure, we shall not repeat this in
Lemma 1.7 and Theorems 1.8, 1.9.

LEMMA 1.7. Suppose UeP(x), uy(U) = 1, newsyn >0 and f: (U} — x
is such that, for every se[UT", f(s) < min s or min s = 0. Then there is a set
W < U for which uy(W) =1 and |f*([W]")| = 1. '

Proof. We proceed by induction on n. For n = 1 this is Remark
1.6. Assume that Lemma 1.7 is true for n—1 for every U and every f
as above. For every £eU let U, = {n|n > & & ne U}. Obviously u(U:) =1
for all £eU. We define f;: [U:I"' — % by fe(8) = f({£} w ) for all £eU
and se[U:]""'. By hypothesis about f and definition of U, f:(s) < & for
all se[UI""" and all £eU, & # 0. Thus f;(s) < mins for all se[U """
and all £¢U, & # 0. By the induction hypothesis, there is a set V, < U,,
#(Ve) =1 and an ordinal a; < & such that fi(s) = a; for all se[V,]*!
and all £¢U, § #0. By u(U) = 1 and Remark 1.6 there is a set V < U,
#(V) =1, and an ordinal o such that a; = a for all £¢V. Let

W ={nlneV &ne () Vi}.

f<n
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By Lemma 1.4, u(W) =1 and obviously W< V. Let se[W]". Let
= min s. By the definition of W, s—{&} = V.. Thus fi(s— {£}) = a;

and a; = a by £eV. But fe(s—{£}) = f({&} v (s—{&})) = f(s). Hence
f(s) = a for all se[W]". This proves thc lemma.

Lemma 1.7 gives easily

THEOREM 1.8. Let UeZ(x), u(U) =1 and f: [U]“° - » such that
for every se[U]<"0, f(s) < min s or mins = 0. Then there is a set V< U
such that u(V) =1 and for every newy n >0, |f*([V]") = 1.

Proof. For every mewy, » >0, there is a set V, < U for which
w(Vy) =1 and |f*([V.]") = 1. This is by Lemma 1.7. Take V = (N V,.

Newg

By »-addit. of g, u(V) = 1, and the rest is obvious. Theorem 1.8 genera-
lizes the following result due to F. Rowbottom [13]. The proof of Theorem
1.8 is essentially the same as his proof of Theorem 1.9.

TaEoREM 1.9 ([13)). Let u(U) =1,A< x and f: [U]<“ — A. Then
there is a set V< U, u(V) = 1 and for every newg,n >0, |f*([V]Y)] = 1.

Proof. Let U = {nlneU & n >4}. Obviously u(U’) = 1. Let
f =fILU'I=0. f', U’ satisfy the assumptions of Theorem 1.8. Let V < U’,
(V) = 1 and for every newy n >0, |f*([VI]")| = 1. Then also [f*([V]™)]
=1 for all newy n >0.

The next lemma appears in J. Silver’s work on indiscernables.

LEMMA 1.10. Let 4 be a normal measure on #(x), UeP(x) and u(U) = 1.
Let 0<mynew, and f: [UI™" —>=x such that max(rim)<f(r)
< min (r—7m) for all re[UT"*™. Then there is a set V < U, u(V) = 1, such
that for every se<[V]" and every s',s” ¢[{£|6 >maxs & £V}, f(s v §')
= f(s v 8").

Proof. For every se[U]" let U, = {£ & >maxs & £¢U}. Thus
p(Us) = 1. We define f,: [U]" = x by fo(s') = f(s v ¢') for all se[UT"
and all s’¢[U,]". By our hypothesis about f we get maxs << f(s v 8')
< ming¢’, i.e. f;(s') < mins’, for all s¢[U]" and all 8’ <[ U,]". By Lemma 1.7,
there is a set V, < Uy u(Vs) =1, and f, is constant on [V,]" for all
se[UT". Let

V={£& N eVa}'

maxs<<

By Lemma 1.4, u(V) = 1. It is claimed that V has the required properties.
Let se[V]™. By the definition of V,

{ElE >maxs & Ec V) =V, V,.

Hence, if ', 8" [ V,]", then s, s’ [ V,]". By the choice of V, and definition
of f,
fls v 8') =fo(8') = ay = fs(8"") = f(s v §").

This proves the lemma.
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DEFINITION 1.11. Let » < x», » regular. Let # be a x-comp. »-sat.
ideal in Z(x). £ is normal if, for every U e#?(x), U4¢# and every f: U — =
such that f(&) < & for all éeU, & # 0, there is a set V< U, V¢sf and
(V) =1.

THEOREM 1.12. (R. Solovay, [23], [24]). Let v, x be as in Definition
1.11. If there is a x-comp. v-sat. ideal S in P(x), then there is a mormal
x-comp. v-sat. ideal J in P(x).

Theorem 1.12 is an analog of Theorem 1.3.

TureoreM 1.13. (R. Solovay, unpublished). Let v, x be as in Definition
1.11. Let # be a normal x-comp. v-sat. ideal in P(x). Let UeP(x), U¢S.
Then for every A << x and every f: [U]<“ — A there is a set V < U such
that U—Vef and [f*([V]<“)| < ».

We sketch a proof of this result.

LeMMA 1.14. Let v, %, #, A and U be as in Theorem 1.13. Let g: U — A.
Then there is a set V.= U, U—VeS and 1g* (V)| < ».

Proof. Let 8§ = {a|aed & g~ '(a)¢§#}. By the y-saturatedness of £,
|8] <» By A< x and the x-completeness of £, | ) g '(e¢)es. Hence
aeAi—S
we can take V = |J ¢ '(a).
aeS
LEMMA 1.15. Let v, %, #, U, f, A be as in Theorem 1.13 and mew,,
n > 0. Then there is a set V. < U, U—Vef and |f*([V]")| < ».

Proof. For » =1 Lemma 1.15 follows casily from Lemma 1.14.
Assume that Lemma 1.15 holds for »—1 for all 4, f, U as above. We
prove by induction on 4 that Lemma 1.15 holds for n. If 2 < », there
is nothing to prove. Let Lemma 1.15 hold for all 1’ < A. We shall consider
two cases. Case I: ¢f(4) < ». Hence A = lirgle, Ay < Ay 8. <. Put f,(s)

e

= f(s), if f(s) < 4,, and f,(s) = 0 otherwise, for all se[U]" and o < 6.
By the inductive hypothesis, there are sets V, < U, U—V,ef and
Ife ([V,]")| <#» Put V = () V,. By »-completeness, U—V es. Obv1ously

eed

ffravy < U Fa (LV,IY. Slmple cardinality = computations show
| Ufe([Ve] )| < 7. Case IL ¢f(A)>=v. We put U; = {n|neU & n > &}

and fe(8) = f(s v {£}) for all se[U""' and all £e¢U. Obviously Us¢Ss

for all £¢U. Let V, < U, Us— Vee and |ff([VeI ") < for all &eU.

Such sets V; exist by the induction hypothesis. Let a; = supfi ([V.]"™")

for all £eU. By cf (1) = v, a: < A for all £¢U. Apply Lemma 1.14 te get

U cU,U—U'es such that |{a;|&eU’} <». Again by of(2)=v,

sup{a¢|éeU'} =a <A Let V' = {n|ne () Ul & neU’}. Similarly as in
f<n

Lemma 1.4 (or Remark 1.5) one can prove that U — V' ¢#. By reasoning
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analogous to that of Lemma 1.7, we get f*([V'T") < a. Since a < 4, we
can apply the inductive hypothesis to get a set V < V', V'—Vef and
If*([VT")| < ». The rest is obvious.

The passage from Lemma 1.15 to Theorem 1.13 is similar to the one
from Lemma 1.7 to Theorem 1.8. A theorem parallel to 1.8 holds here
as well. We state it without proof.

THEOREM 1.16. Let », %, J#, U be as in Theorem 1.13 and let
f: [UJ<*® — x be such that for every se[U]<“0, f(8) < mins or mins = 0.
Then there is a set V. < U such that U—V ef and |f*([V]“0)| < ».

2. DEFINITION 1.17. x has the property R(v) if, for every 4 < » and
every f: [x]<“0 — A, there is a set Ve (x) such that | V| = xand |f* ([V]=?0)|
< v. Instead of saying x» has the property RE(»), we shall often
write (x, R (v)).

THEOREM 1.18. (F. Rowbottom [13]). Let (x, R(w,)) hold. Then for
every W= (e, 4y Bodnewyy A <%, there is an U <U, U = (4,4 ~ 1,
Ry | Adnew, Such that |A| = % and |A ~ 4| < R,.

An analogous statement holds if (x, R(v)) for some » < x.

DEFINITION 1.19. {4, fidnew, 18 & JOnsson algebra if it has no proper
subalgebra of the same cardinality.

The next theorem was known to F. Rowbottom.

THEOREM 1.20. If (x, R(w,)), then there is mo Jonsson algebra of
cardinality =x.

Theorem 1.20 continues to hold if (x, B(w,)} is replaced by (x, R(»))
for some » < x.

It has not been known whether, for any singular cardinal x, (x, E(»))
holds with some v < x, or weaker, whether there is no Jénsson algebra
of cardinality ». However, J. Keisler and F. Rowbottom [9] proved that
the axiom of constructibility implies the existence of Jénsson algebras
of every cardinality. Compare Theorems 1.29, 2.28, 2.29.

In order to discuss the applicability of certain constructions to appear
later, we indicate how to obtain the following known

PROPOSITION 1.21. If x = A%, then x does not satisfy the property R(w,).

Proof. For every aeit— 1 let f, be a one-to-one function mapping
a onto A. We shall consider A = (i, 1, R(a, B, 7)), where R(a, 8, y) iff
JaB)=y. Let <A, A~ 2, R =R|4) = <Wand |[4|=1". By A <¥Y
we obtain R'(a, 8, y) iff fo(8) = y and a, B, yeA. Also f, gives a one to
one correspondence between a ~ 4 and 2 ~ A for every aed. By |4| = it
we get an aged ~ (A*—1) such that |ay ~ 4] = . Thus by fa (ag ~ A)
=AnA,|A~ Al = A Tt follows from Theorem 1.18 that (», R(w,))
fails.



Chapter 1 13

PROPOSITION 1.22. Let 1 be regular, v, < A < x and » = limx;, where
$el
{#s}eer 18 a continuous increasing sequence of cardinals. Then (x,R(wl))

fails.

Proof. Put f({a}) = & iff aex.,,—x and f(s) =0 for se[x]<"Y,
|8| > 1. Clearly, if U < x» and |U| = x, then |f*([U]<“?)| = A. E. Klineberg
too found Proposition 1.22.

Combining Propositions 1.21, 1.22 we obtain

ProrosITION 1.23. If (x, R(wl)) holds, then x» is a regqular limit cardinal
or ¢f(x) = w,. An analogous proposition holds, if (x, R(v)) for some » < x.

DEFINITION 1.24. Let @ be a uniform filter in £ (x). x has the property
R(w,) with respect to P, abbrev. (x, R(w,), D), if for every 1 < x, and
every f: [»]<“0 — A there is a set Ue® such that |f*([U]°?)| < No. We put
() R(w)) ift (AP) (x, B(wy), D).

Property (x, R(»)) can be defined analogously. However, the most
important case seems to be (x, R(w,)). Obviously, if (¢, R(e,)), then
(%, R(w,)). The following is easy to see. Suppose (¢, B(w,), ®) and UeD.
Let 2<< »x and f: [U]°“° — A. Then there is a set Ve®d, V = U such that
If*([V]<“0)] < R,. It is clear from Theorems 1.9, 1.13, that, if » is measur-
able, or if there is an w;-sat. x-comp. ideal in 2 (x), then (x, R(w,)) holds.
In the first case,

(% B(wy), ®) holds for & = {X|X < » & u(X) =1},

where u is a normal measure on #(x). In the second case, we take
S ={X|Xcx&x—XeSf},

where £ is a normal w;-sat. x-comp. ideal in £ (x).

3. We shall now give examples of singular cardinals » such that
(%, R(»)) holds for some » < x. By specializing », it will be possible to get
cardinals » such that, e.g., (x, R(w,)} holds and a fortiori, (x, B(w,)).
Compare remarks following Theorem 1.20.

Throughout this section let {x;}:, be an increasing continuous se-
quence of cardinals such that x; is measurable for every successor

& =n+1, £ev, v i3 a regular cardinal, ) = 0 and » < #,. Let u; be a normal
measure on £(x;) for every & = n+1. Let » = lim x;. Let re[x]=“?. We
1534

define the type of r (relative to {:}:,) as follows:
(0)  tp°(r) = <K&pb1- b o o< 1< .. <& &
(Vi <E) (ega—mg) nr #0) &7 = gk("fﬁl_"ﬁ') M rl,
(1) tp(r) = <mo...mz> &
(E&y... &) [ED°(7) = C(bo--- Ea) & (Vi < E) (Ir A (o, 00— )] = mi)].
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Obviously tp(r), tp'(r) exist for every re[»]<“° and are uniquely deter-
mined. We put tp(r) = {tp°(r), tp*(7))>.

DEFINITION 1.25. Let A << » and f: [#]" — A. We say that V < x is
homogeneous of order n, n e w, with respect to f and A, abbrev. hom"(V, f, 1), if

(1) (Véer) ("e+1 > 2 > pe (V- wgyy) = 1)7
(2) (Vr, se[V]<™) (tp(r) = tp(s) & itp°(r)] = n — f(r) = f(s)).

In the remaining part of this section we are using notation just described
and assuming A1 < x; unless specified otherwise. For such a 4, and f as
above, we shall write hom"(V, f) instead of hom"(V, f, 4).

‘LEMMA 1.26. For every new, and every f as above there is a set V < x
such that hom™(V, f).

Proof is by induetion on n. For n = 1 it follows easily from A < »x,
and x,-addit. of g, , for all- fey. Assume the lemma to be true for all
m < n for all f as above. We prove that it holds for n+1 as well. Let
re[x]<“ and tp®(r) = (&...&,). Obviously » = p o q, where tp°(p)
= (&p...&n_1) and tp°(q) = (&,). Such a decomposition is unique.

If pe[x]™ tp°(p) = (&...€a1> and tp°(g) = (&), where & > &, ),
we put f5(q) = f(p v ¢). By Theorem 1.9 applied to f5 we get a set X}
such that X§ < x;, ,— xg, e, (Xp) = 1 and, for any g, ¢' < X5, if lg| = l¢'},
then f3(g) = f(¢'). We put

X = N X5 (A& ... Ennr < &) (tD°(P) = (&o.. &)

Obviously “pl((E[Eo...En_ll < &) (tp°(p) = oo bn D)) = e < o Thus
pea(XF) = 1. We put gi(p) = f(p v gx) for a fixed g; = X°, gil = lew,
and any pe[x»]<“0. If tp°(p) = {&;...&n—1) for some &, ...&,_, < &, then:

(%) gip) =f(pwq) forany gqc< X gl =1,

since for such a p we have X* = X}. By applying the inductive hypo-
thesis we get a set ¥ such that hom™(¥™ g}). Thus |
(#x) for any p,p’ < ¥, if tp(p) =tp(p’) and [tp°(p)| = m, then
g:(p) = gi(p").
Let
(&) tp%(p) = tp%(p’) = (&...&n-y> for some &, ...& ;< &

Hence, if q,¢' = X%, |g9) =1 = |¢'| and p, p’ are as in (*x) and (), then

by (%), gi(p) =f(p v @), g:(D') = f(p' v ¢'). By (»+), we get f(p v gq)
=f(p'wg) Let X=UX, Y= () Y*
Eev fev,leay

Let V= X ~ Y. That ug, (Y ~ (g1~ %)) = 1, for all £ev, follows
from hom"(Y") and » < x,. It is now obvious that u. a7 A (eg1— )
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=1 for all £ev. It is claimed that hom"*'(V,f). Let », 7' e[V]<, tp(r)
= tp(r'), tp®(?) = {&¢...En_1&n). We write r = p v ¢, 7" = p’ v ¢, where
tp®(p) = tp°(p’) = (&...&n_1> and tp°(q) = tp°(¢’) = (&x>. It is now
easy tc see that p, p’, q, ¢’ satisfy conditions of (xx), (%) for & = &,.
Hence f(p v ¢) = f(»’ v ¢'), f(r} = f(r').

LeEMMA 1.27. For every f as above there is a V < » such that for all
new,y, hom™(V, f).

Proof. By Lemma 1.26, for every new, there is a V, < » such that
hom™(V,,f):V = () V, works.

Newy

We shall now climinate the assumption 4 << »x,.

THEOREM 1.28. Let A < x and f: [#]~“° — A. Then there is a set V < »
such that, for all mewy hom™(V, f, 2).

Proof. Let &, be the least ordinal such that x; > 1. Thus &, is
a successor ordinal. We define a sequence {x;},., as follows: x, = #,, %; = x,.
If », have been defined for { < 7, then x, is the least ordinal , £<», such
that »; > %, for all { < 5. We have » >4 and can apply Lemma 1.27
to get a set V < x such that for all new, hom"(V, f) holds with respect
to the sequence {x},,. But it is easy to see that hom™(V, f, 1) holds now
for all new, with respect to the sequence {x;};, as well.

Let @ = {V|(H&ev) (Vner)(n = & = pypi(V ~ 2,4) = 1)}, Obvi-
ously, @ is a filter. If Ve®, let &(V) = minlﬂfev &(Vner) (n = & —
= pin1(V A %p0) = 1)), Let Egev, A< %,y and {Vi}.a be such that
Vae® and £(Vo) < & for all ack Then' () Vo= Ve® and &(V) < éo

This is an obvious consequence of the fact that u,., is x. ., -addit. for
all y > &,. Whenever there exists a function f: [x]~“° — A, where 1< %
such that hom™(V, f, 1) for all new,, it follows that V®.

THEOREM 1.29. (x, R(v*t), ®) holds, where ® as above.

Proof. Observe that |{tp(r)lre[#]<“?}| = ». The theorem now
follows from Theorem 1.28 and the above stated fact that, if hom™(V, f, 1)
holds for all new,, then Ved.

In particular, for » = w,, we get (x, B(w,), ).

4. In this section we state some lemmas of technical nature.

LEMMA 1.30. (F. Rowbottom [13]). Let {fu}nw, be arbitrary functions
such that 2(f,) < [x]=° for all new, Then there is a function f such that
D(f) < [#]<°° and, for every set S8 < x without last element, |J fn([S]°“0)

New,
= f*([8]=™). We say that f replaces {fn}ncu,- '
Proof. Let g be an arbitrary function such that 2(g) < [»]°“. Put

g.(8) = g(s) for every se¢2(g) ~ [#]" and g, undefined otherwise. It is
clear that for every 8 < x, g*([8]°*) = (U gr([8]<“°). We can assume

Newy
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that for every mew,, 2(f,) < [x]™ for some m,ew, Since if this is not
the case, we can replace each f, by countably many funections as above
without altering the image of any set, and arrange the new functions
into a sequence of type w,. We define a new sequence of functions {s}ncw,
by induction. We put h, = f, and j, = m, Assume that k, has been
defined and 2(h,) < [xYn. Let ju,; = Max (ju, may1)+1. We put D (k)
= {s|se[x" & $|My 1€ D (frrr)} and Ry 1(8) = fay1(8Imny,) for all
$€D(hyy1). If n # 0/, then D(h,) ~ Z(hy) = 0. Hence we can define f
on |J 2(h,) by f(8) = h,(8) iff se2(h,). The construction has the follow-

‘newo

ing properties: Let S be as in the hypothesis of the lemma. Let s¢[S]<“0
and se2(f,) for some n. Let re [87» and r|m, = s. Such an exists, because
S has no last element and j, > m,. By the definition of h,, h,(r) = f,(s).
It is now easy to sce that

U fa([815%°) = U ka([81=™).

mwo n:mo
It is immediate that

U Ba([8150) = f*([81<*).

'I.iewo
Thus f has the required properties. We mention that Lemma 1.30 plays
an important role in the proof of Theorem 1.18.

LeMMA 1.31. Let f be a function such that 2(f) < [#]°“0 X [#]<“0. Then
there is a function g such that 2(g) < [x]<“° and, for every set 8 = x without
last element, f*([S]°70 x [8]<0) = g*([S]<9). Again, we say that g replaces f.

Proof. Let {(ab)e[wy]<" X [we]<“?. We put

B — {(rsdrsd e[#]< 0 X [x]<“0 & (a w b, a,b,e) = {r s, T, 8, )}

and FX® = {r U s[<rsd e B}, It is immediate that for every teF<*®
there is exactly one pair (rs)<E‘*® such that ¢ = r u s. For this unique
(rs) we put (rs) = t®”. We define a function f<*® by f?(t) = f(1¢*»)
for 1 F¢*” such that #° ¢ 2(f) and f“” undefined otherwise. Let {g}ncv,
be an arrangement of functions < into a sequence of type w, and let g
replace {gn}nc, (S¢¢ Lemma 1.30). Let § be as in the hypothesis of the
lemma. For every {rs)e[8]<? x [8§]<“ there is an (ab) e[w,]<“? X [wy]<?0
such that (rs> ¢ B® and thus r v seF? A [8]<“0. Vice versa, if te F**®” A
~ [8]5“, then t*® ¢[8]<®0 x [§]<“. These two remarks give

FHI8TS™ X [8]1°%0) = U ga([S]<*).
‘n:mo
The rest follows from the fact that g replaces {gn}ncw,-
LEMMA 1.32. Let (%, R(w,), ®) hold, A < x, U<® and f: [U]<*0 x [T]<*
—> A. Then there is a set V e D suchthat V < U and |f*([V]<“0 X [V]<"0)| < R,.
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Proof. By Lemma 1.31 there is a function g such that g replaces f.
By the remark following Definition 1.24 there is a set V < U, Ve® such
that |g*[V]<“| < R,. But since g replaces f and since V has no last
element, [f*([VI<® X [VI<)] <R,

5. The following combinatorial facts and principles are weaker than
those discussed so far. The main difference is that while the above stated
properties apply to families of all finite subsets of a set, those described
next deal with more general collections of finite sets. The reason for
mentioning these weaker properties is that in the subsequent applications
they can be offen used instead of those discussed above, sometimes with
corresponding modifications of the conclusions. Also, there are a few
facts which we do not know how to obtain otherwise. Another merit
of these more general combinatorial principles is that they might apply
to a wider class of cardinals.

DEFINITION 1.33. Let @ be a filter in £#(x). A family U < [»]<“° is
called P-extendable if

(1) {zl{x>eU}e?,
(2) (VseU) ({als e U} <P},
(3) (VseU) (Vkew,) (s|keU).
It is obvious that if U, V are ®-extendable, then U ~ V is P-extendable.

DEFINITION 1.34. Let @ be a uniform filter in #(x). » has weak R(w,)
property with respect to @, abbrev. (x, w— R(w,), ), if for every 1< x,
and every f: [x]<“® — A, there is a ®-extendable family U such that
If*(U)] <Ry, We put

(x, 'w—R(wl)) « (HD) (x, w— R(w,), ¢).

If (%, w— R(w,), D), U is a P-extendable family, 1 < x, and f: U — 4,
then there is a @-extendable family V = U such that |f*(V)| < 8, This
is analogous to the remark following Definition 1.24. It is obvious, that
if (%, RB(w,), @) holds, then (¥, w— R(w,), D) holds as well. The assumption
(%, w— R(w,)) is the weakest condition on » under which we know how
to change the cofinality of » by a Cohen extension preserving cardinalities.
Chapter 2 deals in detail with the problem of changing cofinalities.

DEFINITION 1.35. Let u; be a »x;-addit. 2-valued measure on 2(X;)
fori =1,2,...m,...,newy. Let Ac J X,x... xX;=[[]X;]“ and

I<tewy
(1) ui({zl<z)ed}) = 1,

(2) (Vsed) (#[s|+1({97|§?""41}) = 1)7
(3) (VseA) (Vikewy) (siked).

Then A is called {,ui}im,o -extendable.

Dissertationes Mathematicae LXVIII 3
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THEOREM 1.36. (We shall use the notation of Definition 1.35.) Let
A< min{x;ltewo}. Let f: [[]X;]°“° — A. Then there is a set A < [[[X;]<“0
such that A 8 {fhi}iw,-extendable and |f*(A ~ (XX ... x X))l =1 for
all ’&'ewo.

Proof. Let seX, X ... X X;. We put f'(s) = a iff u;,, ({2|f(528) = a})
= 1. It follows from the x;,-addit. of u;,, and 1 < »;,, that f'(8) is well
defined. We put also f = f® and f*+" = f®’, Suppose Y, c X,, u(¥,)
=1 and f™ is constant on {(yDlyeY,}, say f({¥D) = a, for ye¥,. The
existence of sets Y, satisfying the above conditions is a consequence of
x-addit. of puy, A<, and f™: {(&d|xeX,} >A Let Y= ) Y,;

nzw

#.(Y) = 1. We now define elements of A by induction on the length of
sequences. If [s) = 1, we put sed iff s = (y) for some y¢Y. Assume that
all sequences of A of length < m were defined in such a way that

(*)  (Vsed)|(ls] =m —f(8) = am_1 = o)) & (Vnea,) (f*)(s)

= pm = an+|s|)]°

Let seA and |s| = m. Put Z; = {y|f™(3Y) = anym} By f®V(s) = anym
and the definition of ), we get pnm,,(Z,) =1. Let Z° = (O Z;;

Tew,
msa(Z) = 1. We put §§ed iff yeZ". Tt we let n =0 in (s), we get
f(8) = am = f(39) = as3_1 for all yeZ°® since Z° < Z; And f™(3y)
= Qpym = Qu_1ymp1 = Gn_1453 TOT 7 =1,2,... and all y<Z°, because
Z° < Z,. Since s was an arbitrary element of A such that [s| = m, we see
that the inductive hypothesis for sequences of length m implies the
corresponding assertion for sequences of A of length m{1. So the con-
struction can be continued for all mew, The set A defined as above is
obviously {ui}i.,-extendable and if seA, |s| = m, then f(s) = an_, for
m=1,2,...

The usual remark about functions defined on {u;}:.,-extendable
families, instead of the whole [[]X;]<", applies.

6. In this paragraph we shall discuss the problem of the existence
of non-regular ultrafilters raised in [10a].

DEFINITION 1.37. (%, », 4, @) holds if @ is a uniform filter in (%)
such that for every feA* there is a set Ue® such that |f*(U)| < ». We put

(%, v, @) =& (VA< %) (x, v, 4, D),

(%, v, 1) < (HD) (%, v, 4, D),

(%, ¥) & (HD) (%, v, D).

Remark 1.37.1. (x, R(»), (D) — (x, w— R(»), (D) - (%, v, D) ete. See
Definitions 1.24, 1.34. The implications in the opposite direction are not
known.
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Remark 1.37.2. Let (x, v 4, @) hold and » < ¢f(1). Let {U,}.x be
such that U,e® and Usz = U, for all a, fex,a<< . Then (M) U,e®D.

ael

Remark 1.37.3. Suppose (x,%, 4, ) holds and » <<i. Then the
ideal # dual to @ is »-saturated.

Remark 1.37.4. Suppose (x,v, 4, @) holds and » <A< ». Then
|@| = »+. This is seen as follows. Let # be the ideal dual to @ and assume
|®| < x. We can construct pairwise disjoint sets U,, aeA such that U,¢Sf
for all aeld. To assure that U,¢.# it is enough to have U, ~ U # 0 for
every Ue®. This is however done easily by transfinite induction using
|®| < » and the uniformity of @. This contradicts Remark 1.37.3.

DEFINITION 1.38. (H. J. Keisler [10a]). A uniform ultrafilter % in
P (=) is reqular, if there is a family {U,: aex} = # such that for every

8 c=x if |S| >R, then () U, = 0. H. J. Keisler raised the question
acS

whether every ultrafilter is regular.

THEOREM 1.39. Let (x, v, », @) hold for some v < x. Let % be an arbitrary
uniform ultrafilter in P(x), % 2 ®. Then % is not regular.

Theorem 1.39 will follow easily from

LEMMA 1.40. Let (x, v, », @) hold for some v < x. Let {U,}» be such
that U, ~ U = 0 for every Ue®P and every aev. Then there is an infinite set
S c v such that (\ U, # 0.

aeS

Proof. Let U, = U, U = x— U, for all aev. Let U® = () UZ¥
for every ¢e2’. Let D = {¢|U® £ 0}. Thus |J U? =x and U~ U¥Y =0

@eD
for all ¢ # y. Let 8, = {alp(a) = 1} for every ¢e2’. If there is a @peD
such that §, is infinite, we are done. Otherwise §, is finite for every ¢eD.
Hence |D| <». Define f: x > D by f(a) = ¢ e aeU’. By (%, 7, D),
there is a set Ue® such that |f*(U)| < v. Let f*(U) = {g¢£eA} for some
A< ». This means nothing else but {plpeD & U ~ U® # 0} = {p:|£el}.
Soif U, ~ U # 0,then U, ~ U% £ 0 for some £eiA. But {a|U, ~ U% +# 0}
= 8. Hence {a|U,~ U #0} < H Sg, = 2. |Z] <4 since every 8,

is finite. Let ayey—2. Then U, ~ U = 0. This contradicts the hypo-
thesis of the lemma and U ®. Thus there is a g e D such that S, is infinite.
We take § = §, for such a ¢.

Proof of Theorem 1.39. Let % be an arbitrary uniform ultrafilter
in (x), % 2 ®. Thus for every Ve and Ue®D, V ~ Ue%. This implies

V ~ U # 0. The rest now follows easily from Definition 1.38 and Lemma
1.40.

Proceeding similarly as above, we can prove e.g.
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THEOREM 1.41. Let (%, w,, D) and % be a uniform ultrafiller in P (x),
D < U. Let {Ujlaev} = % where w,<< v << x, v regular and > 2° < ». Then

o<p
there is a set S<» |8 =» and () U, #0.
aeS

Professor C. C. Chang informed me, that if GCH holds, then (w,, w,)
fails for all n > 2, new,. This is proved in [2]. It is open, whether (w,,, ®,)
holds. We give examples of cardinals » such that ¢f(»x) = w, and (x, w,)
holds. See Theorem 1.29 and Remark 1.37.1. Theorem 2.21 gives the
consistency of the existence of such a cardinal, provided that it is con-
sistent relative to ZF that there is a measurable cardinal. Compare also
Theorem 2.26. No non-trivial information concerning the existence of
non-regular uniform ultrafilters in #2(w,) ean be deduced from the above
results. We make an attempt to fill up this gap.

DEFINITION 1.42. Let @ be a uniform filter in #(x). @ is said to be
weakly mormal, if for every fex* such that f(&) < & for all fex, & # 0,
there is a set Ue® such that |f*(U)| < =.

For a few instances of cardinals » such that there is a weakly normal
filter in #(x) see Theorems 1.3, 1.8, 1.16, 2.28. Also the » discussed in
Section 3 of this chapter has that property. We did not prove it, but
it is easy to see on the basis of results given. The author does not know
whether it is consistent relative to ZF + AC + MC that there is a weakly
normal filter @ in Z(w,).

In the next lemma we shall assume that for every X c #, if | X| < ,
then x— X ¢®. This assumption could easily be avoided, but nothing
substantial is lost, if we make it.

LEMMA 1.43. Let » be a reqular cardinal, @ a weakly normal filter in
P (=), and S the ideal dual to . Let U, < =, U, ¢S for all aex. Then there

is an infinite set S < x such that () U, # 0.
aeS

Proof. Let & = sup({¢|lu< f & BeU,}) for all fex. Hence & < B
for all fex. Let U = {f|é; < f}. We prove that U¢®D. Assume Ue®.
Define fex™ by f(8) = £ for B¢ U and f(f) = 0 otherwise. For all fex,
if 8 # 0, then f(f) < f. By weak normality, there is a set V® such that
If*(V)| < . By regularity there is an a ex such that f*(V) < a, It is
easy to see that {f|feV ~ U & >a,} = We®d. Thus if feW, then
f(B) = Es < 0y < B. By definitions of &, U and W, we conclude that if
feW, then f¢U.. Hence U, e, contradiction. By U¢®P, we get x— U
= {f|& = B} ¢#. Thus |»— U| > 1 and it follows from the definition of
&; that every element of x— U is a limit ordinal. Let fex— U, # 0.
Since # is a limit ordinal and &; = B, the set {ala< B & feU,} =8 is

infinite and fef) U, This proves the lemma.
a8
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THEOREM 1.44. Let x, @ be as in Lemma 1.43. Let % be a wuniform
ultrafilter such that ® < % and U, <% for all aex. Then there is an infinite

set 8 < » such that () U, # 0. Hence % is not regular.
aeS

Proof. Proceed as in the proof of Theorem 1.39. Apply Lemma 1.43
instead of Lemma 1.40.

We state without proof the following observation. Let x, @, .# be
as in Lemma 1.43. Let U,<x and |J Uzef for all aex. Then

fea
{alael ) Up}es.
f<a
The following unpublished result is due to J. Silver.
THEOREM 1.45. Let v < x, v reqular. Let J be a v-sal. x-comp. ideal
in P(x). Let {X,: aev} < P(x)—F. Then there is a set A < v, |A| =,
such that () X, # 0.

aed
A sketch of the proof. Let a, == 0, a;,; < » be the least ordinal
>ae such that | X,— U X.¢4, and q, =lima; for % limit,

azga<y ar<a<agy) é<n
The existence of a¢, follows from the »-saturatedness of # and regularity
ofv.Let Y. = {J X.. It is easy to see, that if # < &, then Y,— ¥, ¢S

ap<a<dry)
and Y,¢#. Hence by another application of »-saturatedness of # and

regularity of », we get &;ev such that Y, — Y,ef for £ > £, By »<=x

and x-completeness of £, Y, — () Y;ef. Thus () Y.¢f, since Y. ¢.s.
$o<<é fo<<é
A fortiori (M) Y, # 0. So by a distributivity law and definition of ¥,
fo<$
there must be a family {X,|§ < & <»} such that e <pf:< o, and

() Xy #0.

The following observation is due to J. Silver and the author.

THEOREM 1.46. Let », v, # be as in Theorem 1.45. Let T < P (x)—SF
such that for every X, YeT, if X # Y, then either X A Y =0, 0r X = ¥
or Y < X. Should X =« Y, or Y = X happen, then Y— X ¢F, or X— Y ¢F
respectively. Moreover, assume that T is well-founded with respect to reverse
inclusion. Then |T| << ».

Proof. By contradiction. Let T contain a family S = {X,|aev}
of cardinality ». By Theorem 1.45, there is a set A < v, |A] = », and
() X, # 0. The family {X,lacA} is well-ordered by reverse inclusion,

aed

since for any a,fed, X, ~ X; # 0. This leads to a disjointed family
Fc P(x)—F, |F| =». A contradiction.

The author does not know, whether Theorem 1.46 holds, if the
assumption of well-foundedness of 7 is removed. The relationship of
theorem 1.45 to the problem concerning regular ultrafilters is easily
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seen. Compare Theorem 1.39, Lemma 1.40, Lemma 1.43 and Theorem
1.44. Theorem 1.45 will be applied in Chapter 3. The next theorem is
due to A. Tarski [26].

THEOREM 1.47. Let 3 2° < x. Then any x-complete v-saturated ideal

er

in P(x) can be extended to a x-complete maximal ideal in P(x), i.6. » is
a measurable cardinal.

We take the opportunity to recall once more the convention made

in the introduction that by an ideal in #(x) we mean a non-principal
ideal in #(x) containing all finite subsets of x.



CHAPTER 2

In this chapter, 9t will be a countable transitive model of ZF, where
ZF includes the axiom of choice. ;i will always be a Cohen extension
of M. The reasonings will be carried out in M or in R. The words “in M”,
“in N”, will be omitted, if no confusion can arise.

J. Silver and R. Solovay raised independently the question, whether
there is a Cohen extension T of M such that both M, N have the same
cardinals and for some cardinal zx, ¢f™(x) # ¢f*(x). In this chapter, it
is proved that the answer is affirmative, if sufficiently strong conditions
are imposed on x». The assumption (x, w—R(w,)) is sufficient (see Defi-
nition 1.34). For simplicity we shall use the property (x, R(w,)) (Definition
1.24). Thus in particular our construction can be used to change the
cofinality of a measurable cardinal, or of a cardinal » such that there
is an w,-8at. »-comp. ideal in #(x). It is well known, that if » satisfies
one of the last two conditions, then x is a regular limit cardinal ([10],
[23], [24], [28]). In N, x becomes cofinal with w, It turns out that some
properties which » has in M are transferred to RN. For example, (x, B(w,)),

or still stronger statements, hold in R. This gives the relative consistency
of such properties for singular cardinals.

We shall study the notion of forcing for a partial ordering (£, <)
defined below. The elements of # will be called conditions. If p, g are
conditions, we shall sometimes say p extends ¢ instead of p < ¢q. Con-
ditions p, ¢ are compatible, if there is a condition » such that r< p, r <gq.
Otherwise p, ¢ are incompatible. A set 2 < Z is called a dense subset
of #, if for every peZ there is a ¢ < p, 2. If pe and o is a statement
of the Cohen language associated with (£, <), then “p | ¢” means
“p forces ¢”, and “p || ¢” means “p decides ¢”, ie. “p F ovp F Tc”.
The forcing used will be so called “weak forcing” having the property
1y F @) > (Hq) (¢ <p &q T1¢). This modification of P. Cohen’s orig-
inal notion is due to R. Solovay and others. It is well known that a state-
ment ¢ holds in every Cohen extension M of M, associated with (Z, <),
iff {plp I ¢} is a dense subset of 2. The set of sentences ¢ of the Cohen
language associated with (2, <), for which {p|p | ¢} is a dense set,
is a consistent set of sentences, provided the axioms of set theory are
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consistent. As always, the use of countable models ean be avoided.
However, for reasons of efficiency we ‘shall not do so. For more details
concerning our type of approach to forcing see e.g. J. Silver [21].

1. Let » has the property R(w,) with respect to @ as in Definition
1.24. We define a partial ordering (#, <) as follows:

DEFINITION 2.1. Z is the set of ordered pairs <s, 4), where se[x]<
and Ae®. If (s, A)e?, and (r, B)eZ?, then (r, B) < (s, 4), iff s is an
initial segment of r, B< A, and r—s < A.

Throughout this thesis, M shall be any Cohen extension of IR that
is associated with the (£, <) under discussion. In Sections 1,2,3 of
Chapter 2, the (£, <) under discussion will always be the one just defined
for the » considered.

LeMMA 2.2. Let (8, A)e?P, (s, B)eP. Then (s, A), (s, B) are compai-
ible.

Proof. Since @ is a filter, and A, Be®, we have A ~ Be® as well.
Thus {8, 4 ~ B)e#. Obviously (s, A ~ B) < (8, A), (s, A ~ B) < (s, B).

LEMMA 2.3. Suppose (s, A>eZP, {(r; BYe?, and s, A),{r, B) are
compatible. Then either r is an inilial segment of s, or s is an initial segment
of r. If r is an initial segment of s, then s—r < B.

Proof. Let (¢, C)> < (s, 4), (&, C)> < {r, B), by compatibility. Then
by Definition 2.1, r, s are initial segments of ¢. Hence either r is an initial
segment of s, or vice versa. Let r be an initial segment of s. Then s —r < t—7,
and t—r < B by {, C) < {r, B). Thus s—r < B.

LEMMA 2.4. Let o be a statement of the Cohen language associated with
(2, ). Let p, qeP be compatible, p + o and g|lc. Then ¢ |- o.

Proof. If ¢ 1o and ¢ <p,¢' <gq, we get ¢ - 0,4} "o
Contradiction. Hence ¢q |- o.

Instead of writting (0, x) } o, we write | ¢. This is the same as
to say, for every peZ,p | o.

LeMMA 2.5. Let a < x and a be a cardinal in M. Then a 8 a cardinal
in any Cohen extension M of M, associated with (P, ).

Proof. It is sufficient to prove the claim under the assumption that a
is regular, because the limit of a sequence of cardinals is a cardinal. Let
be a cardinal, 8 << a. Let 7 be a term of the Cohen language such that

F7: 8 —a Let (8, A>eP, (8, A'>eP, Eefy nea, ' ea, {8, A) } ©(§) =,
and {8, A’) F v(£) = #'. Since [ (v is a function), we get by Lemmas
2.2, 2.4, 7 = 7’. Thus for every se[x]<“9, the set

B, = [n|(HE) (HA) (§ef & A & (5, 4> | (&) = 7))

has cardinality < f§, because every £ef contributes at most one 5. Also
B, < a (by ¥ 7: f — a). Therefore by the regularity of «, supE; < a.
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We put #(s) = sup E; for every se[»]<“?. Since a < » and 7: [x]<“ — q,
by (#, R(w,), ®) there is a set Ue® such that [f*([U]<"0)| <R, Let
no = sup® ([U]<“?)+ 1. Again since a is regular, 5, < a. It is claimed
that <0, U> | t*(8)  no. Let (s, 4> <0, U), £¢f and (s, 4> | ©(£)
= 7. Thus 7neFE; and thereforec n < supF, = 7(s). By s, 4A) <0, U)
we get se[ U]<“0. Thus 7(s) < 5, by the definition of 5, which gives n < ,.
Thus no extension of <0, U) can force (Hn > 7,) (ner*(B)). This proves
the claim.

However, a completely analogous argument shows that for every
pe?, we can find a ge#, ¢ < p, and an ordinal n,ca such that ¢ [ 7*(8)
< 5, For an arbitrary pe?, we have p = (r, B) for some re[x]<", Bed.
Let B' = {p|peB & ¢ >maxr}. Thus {r, B’) <p. We would consider
conditions of the form (7§, A) where se¢[B']<*0 and 4 < B'. 7 would
be defined on [B']<“. Using the remark following Definition 1.24, we
can get a set U < B', Ue® such that |z*([U]<“?)] < R, and so on. Thus
we have shown that the set of conditions ¢ which force an ordinal 74¢a
to be an upper bound of z*(f) is a dense set of conditions. Since 7 was
an arbitrary term such that | v: § — a, there can be no map of g onto a
in the extension. This is true for every cardinal f < a. Thus « is a cardinal
in the extension.

LEMMA 2.6. (2, <) satisfies the x-chain condition, i.e. every set S of
mutually incompatible elemenis of 2 has cardinality at most x.

Proof. By Lemma 2.2, for every se[»]<“° and every A, Be®, (s, 4),
{8, B) are compatible. Hence S can contain at most one condition (s, X)
for every se[x]<“c. But |[»]<“°| = x.

LeMMA 2.7. If (2, <) satisfies the x-chain condition, then all cardinals
A > x remain cardinals in R.

Proof. This is well known. The proof is analogous to the one in
P. Cohen ([4], Theorem 2, p. 132). Compare also [15].

DErFINITION 2.8. If pe?, p = (s, A), we put s, = s.

LeEMMA 2.9, For every aex,

{q1(8B) (Bex & B > a & fesy)}
i3 a dense subset of 2.

Proof. Let pe?. Thus p = (s, A> for some se¢[x]<“° and AeD.
Since @ is a uniform filter, |A| = ». Let BeAd, 8 > max(a, maxs). Put
q = (§ 8, A). Then g <<s, A), fesg and f > a. This proves the lemma.

LEMMA 2.10. |2 < 2%,

Proof. This follows easily from Definition 2.1. From Lemmas 2.6,
2.10 and from some results in [15] follows, that if A > », then 2* =&,
in N iff 2* = 8, in M. Therefore in particular, if 2* = A+ holds in I for
all' 2 > », then the same remains true in N.
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LEMMA 2.11. There is an increasing sequence of ordinals 0 = {0n}new, ¢ N
such that limg, = x, and o¢IN.

Newg
Proof. M is obtained by adjoining a set 7 of true conditions to IN.
Z has the following properties:
(1) (Vp, qe7) (p, ¢ are compatible),
(2) (V2)(2 is a dense subset of Z — (Upe2) (pes)),
3) (Vp, Q) (peT &q>p —>qeT).
Let t = (U {splpeZ}. By Lemma 2.9 and (2),

(%) (Vaex) (HB > a) (Bex A 1).

It is claimed that {, = {#|f < a & f et} is finite for every aet. For some
PoeT, aesy,. Let geJ arbitrary. By (1), p,, ¢ are compatible. By Lemma
2.3, either sp, is an initial segment of s;, or s, is an initial segment of s .
Hence in any case, $; ~ t, S 8p) ~ to. Thus 4, = {B|f < a & fesp ). Since
3p, 18 finite, ¢, must be finite. This proves the claim. So there is a sequence
¢ = {0n}new, Such that for all newy gn < gny1, and ¢ = {gu|newy}. By (¥),
limg, = x. It remains to show that g¢I. If o' €(%“)%, we put 2, = {qls,

Newy
is not an initial segment of o'}. It is claimed that 2,, is a dense set of

conditions. Let p = (s, U). Let aeU, a >maxs, and « be different
from all elements of ¢’. Such an « exists, since s is finite, ¢’ is a countable
sequence, and |U| =x by Ue®. Then obviously (5@, U>e¢2,. This
proves the claim. By (2), there is a peD, ~ I for every o’ <(x“0)®, But
it follows easily from the previous part of the proof that s, is an initial
segment of p for every pe7. Thus ¢ # ¢’ for every g’ ¢(»*°)™. This proves
the lemma.

THEOREM 2.12. Cardinals of N are the same as cardinals of M. More-
over cf®(x) = w,.

Proof. For cardinals < » or > x this follows from Lemmas 2.5,
2.6, 2.7. ¢f*(x) = w, follows from Lemma 2.11. That x» itself remains
a cardinal in N would be clear, if » is a limit cardinal in 9. This however
follows from Proposition 1.23 and (¢, R(w,)) in M.

Let @ = {V|Ve?” (%) &(AU) (Ue® & U < V)}.

THEOREM 2.13. (%, R(w,), @) holds in 9.

Proof. Let A< x» and } 7: [#¥]~“¢ - 1. Similarly as in the proof
of Lemma 2.5, we observe that if for some se[%]<“°, he[x]<“?, 4, A',
70,48 A> |- t(h) = n and (s, A’) | v(h) = n, then n = »'. Hence we
can define a function %: ([#]<“°X [x]<“?) — 4 as follows:

(<8, h)) = 0,if for no AP and no 7ned, (s, 4) | v(h) = %;
(<8, h)) = n, if for spome AP, (s, A) } z(h) =17.
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By (x, B(w,), @) and Lemma 1.32, there is a set U@ such that |#*[ U]<*0x
X [U]°“0)] < N,. It is claimed that <0, U) | [£*([U]=*?)] < R, In fact,
let s, V> < €0, U, he[UI<", and (s, V> | v(h) =n. Thus (<, b)) = 1.
By (s, V> <0, U, we get se[U]<“0. Therefore net*([U]<“0 x [U]<*)
= 8. 80 (0, U) | v*([U]"") = 8. But |8 <N, in M. This proves the
claim. A remark like that in Lemma 2.5, concerning arbitrary conditions,
completes the proof.

2. To prove our next result, we shall assume that @ is x-complete.
It follows (see Remark 1.37.3 and Theorem 1.47) that 2% > x, or » is
a measurable cardinal.

THEOREM 2.14. Let @ be x-complete. Let v << » and {a;|Eev} = E be
a set of ordinals in M. Then there are sets E,, new, such that E, <M for all
new, and | J E, = E.

ﬂtﬂ)o
Theorem 2.14. has the following corollaries:
COROLLARY 2.15. Let E be a set of ordinals in N, |E| = x. Then there
are sels E,, new, such that \ ) E, = E and E, MR for all new,.

niwo

This follows easily from Theorem 2.14 and ¢f*(x) = w,.

CoROLLARY 2.16. Let E< M, EeN, |E| < x. Then there are sets
E,eM, new, such that £ = ) E,.

Htmo

Proof. By the x-chain condition for # (see Lemma 2.6), there is
a set F'2 E, FeR, |F) <z F can be well-ordered in I in type < =
We apply Corollary 2.15 or Theorem 2.14, according as |E| = x or |E| < x,
to the set § of indices of elements of ¥ in that well-ordering. In this way S
is decomposed into countably many sets S, It. Hence the corresponding
sets B, < F are in I, since the whole well-ordering and S, are both in M.

DEerFINITION 2.17. Let », A be cardinals and = & term such that } z:
v > A Let (s, V)e? be such that for all We®d, all £ev and all ael,

(Ksy Wy F 2(&) = a) > (<8, V> | 2(£) = q.

Then we say that (s, V) is full with respect to v.

LEMMA 2.18. Let v, A, v be as in Definition 2.17 and v < x. Let (s, U) 2.
Then there is a condition (s, V) < (8, U) such that (s, V) is full with
respect to t.

Proof. Let 8§ = {£ev|(HWe®D, ael) ({5, W) | 7(&) = a)}. For every
&e8, let Vi a; be such that (s, Ve) | 7(£) = az. Let V=U n Q Ve.

: {e
By x-completeness of @, Ved. (8 V) <8, U) and <8, V) < (s, Ve
for £eS. Hence, for all £e8,<s, V) | 7. = a;. By the definition of S,
if £¢8, then for all We® and all aed, 7)¢(s, W) | 7(£) = a). If £e8 and
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S W) F1(f) =q, then (8, WATV) | (1(5) = a; & (&) = a). Thus
@ = a. This shows that (s, V) is full with respect to 7.
LEMMA 2.19. For every mew,, the set

D, = {8, VD I8 = n & (s, V) is full with respect to =}

is o dense subset of 2.

Proof. This is an obvious consequence of Lemma 2.18 and of the
definition of a dense set of conditions.

Proof of Theorem 2.14. The set E is the range of a one-to-onc
function f: v — 2 for some cardinal 4. Let 7 be a term denoting f in RN.
Let 7 be as in Lemma 2.11. By property (2) of J and by Lemma 2.19,
there is an {s,, V,)e2, ~ J for every new, Let

E, = {al(ﬁ&w) (<8n7 Vo) F 2(é) = a)}-

Since the notion of forcing is expressible in M, we get E, eI for all
n e w,y It remains to prove that for every aeF there is an new, such that
aeB,. Let acE = f*(v). Hence for some &ev, a = f(£) holds in R. There-
fore for some (s, W)e7, (s, W) [ 7(&) = a. Let newy n > |s|. Since
{(Sny Vay, <8, W) are both in J, they must be compatible by (1), Lemma
2.11. Thus by Lemma 2.3, we get s, —s < W which gives {(s,, W) < s, W)
(see Definition 2.1). Hence (s,, W) [ (&) = a. Now (s, V,> is full
with respect to . We conclude (s,, V,> I ©(£) = a, i.e. aeE,. This
completes the proof of Theorem 2.14.

COROLLARY 2.20. Let Uge®D for all Eevex, cf(v) > wy and {Ugle e M.

Then there is a set S < v such that |S| =v and () Uge®.
£eS

Proof. By Corollary 2.16, {U;lfev} = |J E, and E,<IR for all

n(wo
new, Hence, for some myewy, |E,|=». Since E, ¢M and P is closed

under intersections of cardinality < x in M, we get () E, <®. Take
S = {ser GEno}.
Another result of this type is

THEOREM 2.21. Let % be an arbitrary ultrafilter in P (x) such that
D UeR. Then U is non-regular.

Proof. This follows from Theorems 2.13 and 1.39.

3. In this section, unless specified otherwise, we shall assume that »
is measurable and @ = {U|u(U) = 1}, where u is a fixed normal measure
on 7% (x). Hence (x, R(w,), ) holds by Theorem 1.9 and all results proved
thus far about (£, <) continue to hold.

LeMMA 2.22. Let o be a statement of the Cohen language associated
with (#, <). Then there is a condition {0, A) such that {0, A)|c.
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Proof. Put

8, = {slse[x]=“ & (AU) (¢, U> F "o},
81 = {slse[»]°" & (AV) (<5, U> | o)},
8, = [#]7%°— (8, v §8,).

It is an immediate consequence of Lemmas 2.2, 2.4 that §, ~ §; = 0.
Thus 8; ~ S; = 0 for ¢ # j,4¢,j = 0,1, 2. By Theorem 1.9, there is a set
A e® such that for every n ew, there is an ¢ = 0, 1, or 2 such that [A]" = 8;.
It is claimed that <0, A)|to,i.e. <0, A) |- o, or <0, A> | TJo. Assume
not. Then there are conditions <r, U) < <0, A), (s, V) <0, A) such
that ¢(r, U) | Tlo and {s, V) | 0. We can assume that || = |s|. Since
if for example |r| < |s|, we could replace {r, U) by a condition ¢, U’)
such that ¢, U') < ¢, U) and I¥'| = |s|. By (r, U) <0, 4A), we get
re[A]<". Similarly se[A]<“0. Hence r, se[A]" for some new, Therefore
[AT"~ 8, #0,[AT* ~ 8; #0. Thus by the choice of A,[A]" < 8,
[AT" = 8,. But [AT]" #0, and Sy~ 8, = 0, which is a contradiction.
This proves the lemma.

LEMMA 2.23. Let 2 << x and |- v < A. Then there is a oondition {0, A)
and a set a = A such that {0, A) |- v = a.

Proof. Let aeld arbitrary. By Lemma 2.22 there is a condition
{0, A,> such that (0, A4,> | aer or <0, A4,> |} a¢r. Let A =) 4,.
aed

We have u(4) = 1, since u(4,) = 1 for every aeld and p is x-addit. Thus
{0, A>e? and (04) < (0, A,> for every aeA. Therefore (0, A) [ aer
iff (0, A,) | aer, and <0, A> | a¢r iff (0, A,y | ad¢r, for every ael.
It follows that {0, A)> |- v = a, where a = {a|<{ 0, 4> | aez}.

Proceeding by analogy with Lemmas 2.22, 2.23 (compare also Lemma
2.5), we can establish

LeMMA 2.24. Let A, T be as in Lemma 2.23 and (s, A)e?. Then
there is a condition (s, B), (s, B) < (s, A) and a set a < A such that (3, B)
Fr=a.

THEOREM 2.25. Let A< x and aeP™(1). Then acP™(A).

Proof. This is an immediate consequence of Lemma 2.24.

The next theorem gives a normality property of @ in R.

THEOREM 2.26. The following statement holds in N: For every fex”
such that f(n) < # for all nex, n # 0, there is a set U «® such that |f*(U)] < R,.

Remark. Let @' = {V|V 2" (x) & (AU ®) (U < V)}. It follows that
@’ is a weakly normal filter in 2% (x) in N. For definition of a w. norm.
filter see Definition 1.42. '

Proof of Theorem 2.26. We shall need some auxiliary notions.
Let A be the family of all finite structures U = {a, &, ¢, d>, where ¢,
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is the membership relation ¢ on o, restricted to a,cca, dea and deo.
Obviously (4| = R8,. We could identify isomorphic elements of A4, but
this is not absolutely necessary for our purpose. Let = be a term such that

F (1: #—>nx & (Vnex) (v(n) < vy= 0))
We define sets E* < [x]<“ for WeA as follows:
se ™
o (Anes) (Hays) (A0) [(<s—{n}, U> k() = ) & (8w {a}, &7, a) == U|.

If 9 is given and se¢E¥, then 7, a as above are uniquely determined.
Indeed, there is at most one e-preserving isomorphism between a— {d}
and s. 7 is the image of ¢ under this isomorphism. The existence of a unique
a now follows by | (t is a function) and Lemma 2.2, much as in Theorem
2.13. This unique 7 will be denoted by 7y, and the unique a, . We put
also (8)y = {£|6es & £ < ¥}, (5)* = s—(s)y. Clearly, if s, s cE¥, then
ls] = 18I, 1(8)al = I(s")ul and [(9)"] = [(s)"]. In fact, |s| = |a|—1 for
all seE". By Theorem 1.9 there is a set UyeZ(x) such that u(U) =1,
and either [Uy]""' < E¥%, or [Uy)* ' ~ E¥ = 0. Assume first that

(%) [Uy]“ ' = EY.

There are two cases:

‘Case I. [(s)y] = 0 for some (and hence all) seE¥. Then (s)* =s
and of < mins for all se E*. By Lemma 1.7 there is a set Vy < Uy such
that u(Vyg) =1 and af = af = o for all 5,8 ¢[Vy]*' and some
fixed of.

Case II. [(s)y] = nyg > 0 for some (and hence all) se EY. We know
that |(s)¥] = n® >0 by 72 > o¥. Thus for every se[Uy]™™", maxs|ny
< ay < min(s— 8|ny).

By Lemma 1.10, there is a set Vy = Uy such that u(Vyg) =1 and,
for every re[Vy]"™® and every #,t’e[{£|f > maxr & EeVy}PY, af,

b
= Or gt = Qp.

I [Ug]® ' ~AE* =0, put Vo = Ug. Let V = () Vi p(V) = 1.
Aed

It is claimed that (0, V) [ [z*(V)| < R,. It is enough to prove that if
{0, V>eJ (see Lemma 2.11) and v denotes g in R, then [g*(V)] < N,
Let t be as in Lemma 2.11. Hence

{tin: newy} = {talnewy & t, = tin} = 8{(HT) ({3, UDeT}.

If 7¢V and ¢(5) = @, then there is a condition {I,, U)eZ7 such that
{ay U> | t(n) = a. Since {t,, U)eJ and (0, V)eT, {t,, U), (0, V) must
be compatible by Lemma 2.11, (1). Thus by Lemma 2.3, {,<[V]". Assume
that #¢t,, a¢t,. Let 8 =, v {n}. For some ed, (s v {a}, &, na)=U
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= (@, &4y ¢, ). We have |s| =n+1 = |a|—1. So se[VI]"F' < [Vu]9 "

Obviously s ¢E¥. It follows that (x) happened for Uy. By the choice of Vy

and cases I, IT, either a = ¥, or a = agj,,. Consider case II, i.e. = ai}nm.

We have 7 >a >maxs| ny. This, together with s =1, v {5}, gives
tolny = 8|ny. Hence a = a7 n,. It follows that
g*(V) = {a" | Wed} © {og ny | Ued &newy} v

v {g () (Enewg) (neta)} w {al(Anew,) (aety)}.

Thus g*(V) < 8,. A remark concerning arbitrary conditions, as in Lemma
2.5, has to be made.

An analogous, but somewhat more complicated proof shows

THEOREM 2.27. Let f: [#]°“° — » be such that f(s) < mins, or mins = 0,
feN. Then there is a set U such that u(U) = 1 and |[f*([UTZ“%)] < R,

Theorem 2.27 remains true, if measurability of x is replaced by the
existence of a x-comp. w,-sat. ideal # in Z(x) and u(U) =1 by Ue®,
where @ is dual to .

Theorem 2.25 implies that 2* remains the same aleph in N as it was
in M for all 1 < x. Combining this with the remark following Lemma 2.10,
we see that if GCH holds in I, then it holds in M. This gives, together
with Theorems 2.12, 2.13: If ZF + GCH + “x is meas.” holds in I,
then ZF + GCH -+ (@x) (%, R(w,)) & of (x) = w,) holds in R. Thus by
well known methods, we obtain

Con(ZF + MC + GCH) — Con(ZF + GCH + (Ex) (‘(x, R(wl)) &
of (%) = wo)).
It is a theorem of J. Silver [20] that
Con(ZF + MC) — Con(ZF + MC -+ GCH).
We can therefore state
THEOREM 2.28.
Con (ZF -+ MC) — Con(ZF + GCH + (&) ((x, R(o, R(w,)) & of (x) = = v,)).

Let # be a normal x-comp. w,-sat. ideal in £(») and 2“0 > x. Let
® = {U|x— Ues}. It follows from Theorem 1.13 that (x, R(w,), 9
holds.

Proceeding analogously we get:
Con(ZF + (Fx) (2% > x & (HF) (# is & x-comp. w,-sat. ideal in P(x )))
. Con(ZF + (Ex) (2% > # & of (%) = g & (% B(w))))).
We shall however prove (see Theorem 3.21) that
Con(ZF + MQC) —
-~ Con(ZF + (Fx) (2% > « & (HF) (# is & x-comp. w,-sat. idealin W(x)))).
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This gives
THEOREM 2.29.

Con(ZF + MC) — Con(ZF A (@x) (2% > x & of (%) = o & (%, B(w,)))).

We remark again, that if (x, R(w,)) holds, then there is no Jénsson
algebra of cardinality ». Compare Theorem 1.20 and the remark following it.

4. Let (T,<T) be a partial ordering such that for every teT,
{w)z <"t} is well ordered by <”. Then (T, <7) is called a tree. If T, then
the rank of t is the order type of the set {xlx <”t} in the ordering <”.
The set of all elements of T of a fixed rank is called a level. A subset
of T totally ordered by <7 is called a branch.

E. Specker [25] proved the following theorem. Let GCH hold and x
be a regular cardinal. Then there is a tree of cardinality »+ such that
each level and each branch have cardinality < ». It is not known,whether
such a tree exists for singular ». The problem is open even for » = R,
and assuming GCH. Compare [8]. We shall prove that if ZF 4 MC is
consistent, then ZF + “there is a tree of cardinality ¥,,; such that
each level and each branch have cardinality < N,”, is consistent. Sub-
sequently J. Silver and the author found a different method for obtaining
this result. The assumption of the existence of a measurable cardinal
i3 not needed. This result will appear elsewhere. However, J. Silver -
observed that the method presented here gives something stronger.
Namely, for every U = (4, U, By)ncuy 14| = 8y, |Ul = Ry, there is an
U =<4', U, B dpw, such that A =A and [A'| =Ruyy, U] =Ry,
holds in the model constructed below. This proves the consistency of
Vaught’s two-cardinal conjecture, ([29], p. 82), for R,,), R.,. No alter-
native method is known to obtain this result.

The following is proved in [25]. Suppose » is a regular cardinal and
the GCH holds. Then there is a total ordering (£, <7) of cardinality x
and a tree (T, <T ) such that

(a) elements of T are sequences W = {a;};, Where aex*, and if
£ < 1, nea, then a; <? a,.

(b) A< B iff A, BeT and A is an initial segment of B.

(e) |T| = »* and every level and every branch of T has cardinality
< x.
We retain the same meanings for M, N as throughout most of
Section 3 of this chapter, i.e. » measurable and so on.

THEOREM 2.30. “There is a tree (T, <T)e such that |T| = x+, and
every branch and every level of T have cardinality < x”, holds in N.

Proof. Since » is measurable in M, » is regular in M. We can also
assume that GCH holds in I (see [20]). Thus by just described results



Chapter 2 33

of [25], there is an ordering (2, <?) of cardinality » in 9, and a tree
(T, <T)eM such that (a), (b), (c) hold in 9. By Theorem 2.12 the cardinals
of i and IR are the same. Hence the statements “|Q2| = »”, “|T| = »*”,
(a), (b), and “every level of (T, <7T) has cardinality < »” obviously hold
in Jt. All these claims follow from the fact that 2 and 7T have the same
elements in N as in P and thus the notion of level of 7 remains unchanged.
The proof, that “every branch of (T, <”) has cardinality < x”, holds
in N, is essentially the same as the proof that the corresponding statement
holds for every (T, <”) satistying (a), (b), (¢) in set theory. Let {M:}e.+
be a branch of (T, <”) of cardinality »+ in RN, i.e. A = A, for & 9,
P f8 <T A, for fenext. By (b) and the assumptions just stated we can
get ageWe,;— U for all Eext. It is easily seen that a;<?a, for &< 5 and
a; # a, for & # 5. Therefore |2| > »+ holds in M. But also “|2] = »”
holds in ¢, which contradicts the fact that x», x+ are distinet cardinals
of N. Hence every branch of T has cardinality < x» in RN. This finishes
the proof of Theorem 2.30.

We sketch the proof of J. Silver that Vaught’s two-cardinal conjec-
ture holds in M for x+,x Let A =<4, U, Bidnuy AR, A} =8y,
|U|m = No-

It follows easily from Theorem 2.25 that we can assume A IN. Since
GCH holds in 9, by applying a theorem of C.C. Chang (see [29], Theorem
1.2, p. 82), we get an A =W, W e M, A' = (4", U', Bpdneoy |4 = =7,
|U' ™ = ». It is however easy to see that 9" = U holds in M as well.
The rest follows from the absoluteness of cardinals.

To extend these results to the case of R,, R,,: we prove the
following.

THEOREM 2.31. There is a Cohen extension N’ of N such that » =
xt = wgpy P (0]) = P (0]).

It is clear that if M’ is as in Theorem 2.31, then there is a tree of
cardinality o},, in %' whose each level and each branch have cardina-
lity < . In fact, we take the same tree T as in the proof of Theorem
2.30 and by essentially the same argument as there that it has the required
properties. To prove that Vaught’s two-cardinal conjecture for 8.,
8, holds in RN’, we proceed similarly as in the proof of that conjecture
for »*, » in 9. We use the fact that it holds in RN for x+, », x* = ),
% = oy, and 2% (o) = P* (o). We remark yet that 2% (o) = % ()
has the following obvious consequences: o} = w}, v} = o). Bence if
we prove Theorem 2.31, we can consider to have proved

THEOREM 2.32. If ZF -+ MC is consistent, then ZF -+ “there is a tree
of cardinality R,., such that each level and each branch have cardinality
<R," + “Vaught's two-cardinal conjecture holds for R,.,, R,” is con-
sistent.

Dissertationes Mathematicae LXVIII 3



34 Changing measurable into accessible cardinals

Actually, by a remark due to J. Silver, if two-cardinal conjecture
holds for a pair at, a, then there is a tree as above for same pair. We can
arrange for GCH to hold in N and this will now be assumed (compare
remark following Theorem 2.27). Let w; <2y < %, < ... < %y ...y 3 < New,,
be an increasing sequence of regular cardinals of 9 such that limx, = x.

new
The intention is to make o¥ = o¥, 0} = wgz, wi® = oy, .. xn'R = 0¥
for n > 3. We shall write x; instead of »;™. Let 4, = w,X %, and 4,

= (%4 — #p) X %y for » > 3. Let A = A,,. We define in N

n>2

= {P|P< A &P is a function & |P ~ A4,| == 8} & (Vn > 3)
(1P~ Ap] <=

We shall construct an extension ' of N by taking elements of #’ for
conditions. By definition, if P, Q<2’ and P =2 @, then P extends @.

LEMMA 2.33. Let P;e2’ for all éew?) and Py = P, for all Eenew,. Then
U P & 1374 '.

€ewy

Proof. This is obvious from the definition of #'.

LEMMA 2.34. 2% (w}) = Z% (o}).

Proof. This is a well known consequence of Lemma 2.33. See also
Lemma 2.23 for an analogous proof.

LEMMA 2.35. |w}| = || and |%f| = |#z,.] for n >3 hold in N

Proof. ' = MN(¥), where ¢ is a generic subset of A. It is claimed
that ¢ ~ 4, is a function from o) onto x,. This is well known and we
therefore only outline the proof. Since ¥ is generic, ¥ has to contain
a condition P from every dense subset of #'. But for every fex,,
{P|(Haew,)({a, B> eP)} is a dense subset of #'. Thus for every fex,, for
some aew,, {a,f)e¥, hence (a,f>e¥ ~ A,. The remaining part of the
lemma is proved similarly.

LeMMA 2.36. The set of cardinals of M less than » is included in the
set {oF, o, %, xt, ... %t, ... n > 3}.

Proof. This is a consequence of Lemmas 2.34, 2.35.

DEFINITION 2.37. Let Pe#',n > 2. Then

(P)p =P ~ (U 4x), (P)* =P ~ (U 4,).
k<gn k>n

Obviously (P), ~ (P)* = 0, (P), v (P)" = P for all n > 2, and all PZ".

LEMMA 2.38. Let {Pgle,,, be such that Pie?',(Py), =P for all
Eern,y and Ps < P, for all Eenenn,yy n=>2. Then \J Pie?'.

fen 1
Proof. This is an easy consequence of the definition of &'
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DEFINITION 2.39. Z, = {(P),|P<?’} for n > 2.

LEMMA 2.40. |2#,| = %y, for n =2 holds in N.

Proof. This is an easy consequence of GCH.

LeMMA 2.41. Let P | (v: %, — x%) for some mewy n > 2. Then
there is a condition Q = P, (Q), = (P), such that for every R = Q, every
aeny,y, and every Pext, if B |- v(a) = B, then Q v (R), [ t(a) = p.

Proof. Well order &, so that 2, = {P;|1 < £ex,,,} and every
element of %, appears x,,,-times in the sequence P;. We shall define

a sequence {Q¢le.,,  , of conditions by induction. Let @, = P. If @, have
been defined for & < %, put @, = (Qo)n v U (@)™
$<n

P, is the a-th occurrence of some condition P’'e¢Z, in the sequence
{Pe}teny ., for some aesx,,,. Let @, = Q, if there is no R and no fex*,
such that

(%) R2Q,,(BWw=P, and R | t(a)=5.

If there exist R, fex* such that (x) holds, let @, be such an R for some
Bext. Let Q@ = (Qo)n v U (Q¢)". Using Lemma 2.38 it is easy to see

fen
that Qe#’. Obviously Q= P, (Q), = (P).. Let R2Q and for some
aexpiyy fexty B | t(a) = B. Let P, be the a-th occurrence of (E), in
the sequence {Pg}c, . - It follows casily from the definition of the sequence
{Q¢}eex, ., @nd from the properties of R just chosen that @, | z(a) =§’
for some f'ex*, and (@,), = P,. Also (@,)" = @. Thus @, < R and
therefore B |- 7(a) = f’. Since 7 is forced to be a function we get f = g’.
Thus @,, | z(a) = B and obviously @, < @ « (RE),. Thus @ v (R), | 7(a)

This proves the lemma.

LevmMA 2.42. Let P | (72 %4, — #%). Then there is a Q 2 P and a set
EeN, |E| < %y, sSuch that Q |- v*(%,,,) < E.

Proof. Take @ as guaranteed by Lemma 2.41. Let

E = [ﬂ](ﬂP'e.@,’l) (Haerny ) (P, v@ | r(a) = ﬂ)l .
Let
B = {f|(HRZ) (Taexu1) (@ v R | 7(a) = B)}.

It is obvious that @ |- 7*(x,.,) < E'. However by Lemma 2.41 we
conclude easily that E = E'. Thus @ |} t*(x%,,,) € E. By Lemma 2.40
|Z,] = #p,1. For every P'e?, and every aex,,,, there is at most one 8
such that P' © Q | v(a) = B. We conclude |EB| < x,,,.

LEMMA 2.43. Let geN', g: #nyy —> x+, 2 <new, Then there is a set
Ee® such that |[E® <oy, and g*(x,,,) < E.
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Proof. This is a consequence of Lemma 2.42 and of a density argu-
ment.
LEMMA 2.44. x5, ; i8 a cardinal in N’ for n = 2. x* is a cardinal in N'.

onto
Proof. Otherwise there is a map geR’, g: #,,, - #7,,. For every

such a g, g: %, — »*. By Lemma 2.43, there is a set E R, |B® = Kyl
and g*(x%,,,) S E. Since x,,, is a regular cardinal in' R, there is a fex,},,,
. >supl. Thus for all aex,,,, g(a) # B, contradiction. The remaining
part is proved analogously.

LEMMA 2.45. 2% = lim;.

Newy

Proof. This follows from » = limz,.

LEMMA 2.46. x = o), %t = w?};_l.o

Proof. This follows from Lemmas 2.36, 2.44, 2.45.

Proof of theorem 2.31. See Lemmas 2.46, 2.34.

The type of construction used here appeared first in W. Easton [5].

5. We shall discuss one more construction closely related to
those described in Sections 1-3 of this chapter. We adopt the notation
described in Section 3, Chapter 1. We also take » = wy. It will be
proved that there is a system of conditions for adjoining a subset of
in such a way that no new subset of A is adjoined for all A< .
Combinatorial results used this time will be Theorem 1.28 and the
remark following it.

We repeat that u, is a normal measure on x, for » > 1, and

D = {VI(Hmewo) (Vnew,y) ('m, <0 = (VA x,) = 1”

For further information about @ see the remark accompanying Theorem
1.28.

We define (2, <) as follows. Elements of # are ordered pairs ¢{s, U)
satisfying the following conditions: se[x]~“% 8 A (#p,1— %) has at most
one element for all mew, and if s~ (4w —#m) # 0,n < m, then
8 ~ (%p 11— #,) # 0 as well. Furthermore, if m is the least natural number
such that s ~ (xp 1 —xn) = 0, then p, (% 1~ U) =1 for all n = m.
The relation < is defined as in Definition 2.1. (s, U) < (r, V) iff r is
an initial segment of s,s—r < V and U < V.

The definition of conditions differs somewhat from that in Defi-
nition 2.1. No restriction on the distribution of elements of s was imposed
there. It is easy to see, that if we drop some of the requirements on s,
a new set of natural numbers appears in the extension. For example,
{n| the generic sequence contains no point of x,,,—x,} would be such
a set.
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Lemmas 2.2, 2.3, 2.4 are easily seen to hold for the present con-
struction.

THEOREM 2.47. Let A < x. Then for every a<P™ (1), we have acPT ().

Proof. Let m, be such that x,, > 1. The set 2 = {5, U>|{s, U)ZP &
& |s| = m,} is a dense subset of 2. Thus it is enough to prove the following:
Let 7 be a term of the Cohen language, (s, Uy> €2 and <(8,, Uy> | 7 < A
Then there is a condition {8, V) < {8y, Uyy and a set a = 1 such that
{80y V> | 7 = a. To get an {8, V) as above, it is sufficient to get sets V,
such that {(sy Vo)llaer and &(V,) = [8,| for all aed. See remarks accom-
panying Theorem 1.28 for the definition of &(X). V' = (M) V,e®, and

ael

E(V') = |s,l. Hence (84 V'D> < (8, Vo) for all aed, and (s V') | 7
= {a|{(sq Vo> | aet} = a. It is now enough to take V =V ~ U, in
order to get (84 V> < <8y Up)y {80, V> F 7 = a.

The next lemma completes the proof of Theorem 2.47.

LEMMA 2.48. Let 6 be a statement of the Cohen language and {8, U,>
as above. Then there is a set Ve such that E(V) = [so| and {8y, V)l|lo.

Proof. We proceed in analogy with Lemma 2.22. Let
f(s) = 0 o se[x]° & (ATV) (¢348, U F o),

£(8) =1 o se[x]5°0 & (AT) (<5o8, UD | ),
f(5) =2 o se[x]5“0 & f(s) +# 0 &f(s) # 1.

As in Lemma 2.22, we see easily that for no s do we have f(s) = 0 and
f(s) = 1 simultaneously. By applying Theorem 1.28 with 4 = 3, or indeed
Lemma 1.27, we get a set V' such that for all newy, hom™(V’,f). Let
V =V ~ (x—un,) Where ny = [8,]. Thus &(V) = n,. It is claimed that
{89 V)|lo. If not, we can get, as in Lemma 2.22, 7, se[V]<?, |r| = [s| and

sets V,, V, such that (sT,;, Voo F Tloand (é‘Ts, V> I o. It is clear from
the definition of & that tp(r) = tp(s) (see Chapter 1, Section 3). But
f(ry =0, f(s) =1 and hom"(V’, f) lead to a contradiction.

THEOREM 2.49. There is an increasing sequence of ordinals ¢ = {gn}necw, N
such that limg, = % and o¢ M.

newg

Proof. This is the same as in Lemma 2.11.

6. We will say a few words about further modifications of previous
constructions. First of all, property (x, B(w,)) can be replaced by (x, R(»))
where » < ». All cardinals A > »* will remain absolute with respect to
the Cohen extension in question. This case applies, for example, if there
is a v-sat. x-comp. ideal # in #(x). Since such a x is a regular limit cardinal,
its cofinality will be changed to w, For another possible alteration com-
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pare remarks accompanying Definition 1.34 and introduction to this
chapter.

A combinatorial principle, which can be used to generalize construc-
tions using measurable cardinals, is given in Theorem 1.36. Still further
results can be obtained in this way. Thus for example, assume that there is
a uniform x-comp. ultrafilter @ in 2™ (x+). Then there is a Cohen extension
N of M such that [x+|® = », ¢f*(%*) = wy, and, if A< » and acP2(1),
then a<Z™(4). Let limx, = x, %, < #,,,, and let @, be x,-complete uni-

Newq

form ultrafilter in ™ (x+) for all n ew,. Then there is an extension 9 of M
such that |x*® = %, of*(x+) = w,, and, if A< x and ae?*(1), then
aeP®(2). Hence if 2* — A+ for all 1< x and 2"* = »+++ holds in 9N,
then 2* = A+ and 2* = »++ holds in N. Thus we would get an example
of a singular cardinal » such that the generalized continunum hypothesis
holds below x» and fails at x.

We shall briefly discuss what assumptions are needed to change
the cofinality of a cardinal » to w, by a construction of kind given above.

As usual, [] 4, is the cartesian product of sets A, [x]* denotes the set
el

of all increasing sequences of elements of » of order type a. We put

[#]=%1 = H [%]"

We Woluld like to obtain the conjunction of Theorems 2.12, 2.25,
where ¢f(x) = w, is replaced by ¢f(x) = »,. For this it is sufficient that »
satisfies the following condition.

There exist x-addit. measures u,, cew,, on #(x) such that for every
A< x, and every f: [x]<“! — A there are sets A, aew, such that

(a) ua(4,) =1 for all cew,

(b) 1F*([»1* N !:IAe)I =1 for all aew,.

In above, w, can be replaced by » < x, v regular. Since all essential ideas
needed to carry out the construction already appeared in previous
examples, we say nothing more about this. A variation of the above
assumption has been used by Y. Moschovakis and the author to extend
results of D. A. Martin on the determinatness of X subsets of w(® to
X; case. It has not been proved that any hypothesis of the above type
about » violates the axiom of choice.

7. In order to give some consequences of our results for the theory
of Boolean algebras we need to state some results of [15]. Every Cohen
extension M of IR can be obtained by taking for Z the set of non-zero
elements of a complete Boolean algebra #, and for all a, be%, b < a iff
b < a holds in 4. In what follows, # is a complete Boolean algebra in IN;
1, 0 denote the unity and zero of # respectively. | ¢ means1l |- ¢, or
equivalently, for all be#, b F ¢.
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THEOREM 2.50. Let A be a cardinal of M. The following statements
are equivalent:

(a) There is a term T such that | ve(2')®—2H™

(b) There is a sequence (B0 M, bie B for all Eed and i = 0,1
such that {J b =1, b ~ b} = 0 for all £e1 and

i=0,1
U o9 =o.
;,(21)1111 ged

Informally, there is a new subset of 1 in every Cohen extension 9t of N
associated with & iff the distributive law (4, 2) fails in M relative to
every element of 4%.

THEOREM 2.51. The following two statements are equivalent:

(a) For every term v, if | ve(2")*, then | (2™

(b) For every sequence {bi}i' e, bieB for all £ed and i =0,1
such that by v b} = 1,08 ~ b} = 0 for all Eel, we have

U NHo=1.

feehIt et

- Less formally, the (4, 2) distributive law holds in & iff in every extension
N of M corresponding to &, (2)* = (2™

A result analogous to Theorem 2.50 is

THEOREM 2.52. Let x be a cardinal of Y. Then the following statemenis
are equivalent.:

(a) There is a term t such that |- ve(x“0)%— (x")™,

(b) There is a sequence {bi}ic, <M, b B for all £ ex and icw,, ) bf =1,
b7 ~ b5 = O for every icw, and all £, nex, £ # 7, and e

(*) U Nbo=o.
te(x@0) T iewg

Theorem 2.52 says that there is a new countable sequence below x in
every Cohen extension M of IN associated with Z iff the (R, ») distri-
butive law fails in I relative to every element of #. We outline a proof
of Theorem 2.52. Theorems 2.50, 2.51 can be proved analogously.

(a) - (b). Let v be a term such that | (ve(x®0)"—(x™)®). Let
bi = U{b|b I (i) = &£}. Since |- (¢ is a function), it is easy to see that
bi ~ b] = 0 for £ % 5. Also | bf = 1. This follows from the fact that

Eex

for every be# and every iecw, there is a b’ < b and a £ex such that
b | (i) = £ Assume that for some fe(x“0)®, b = () bl® £0. It is

easy to see that b |- v = f contradicting the hypothesis I (ve(x“)*—
— (x*)™). (b) is now obvious.
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(b) = (a). The terms of Cohen language are built in an inductive
fashion from a basic term Z denoting the set J of true conditions in N
(see Lemma 2.11). Let {bf}ﬁzo be a sequence of elements of & such that
(b) holds. We define a term 7 by

(Viewy, &ex) (z(3) = £ o bieT).

To prove that (b) — (a) it is enough to show that for every fe(x"0)%,
and every be#,b £ 0, there is a b’ < b, b’ =0 such that b’ |- ¢ #£f.
Let fe(x®)™ and bed, b # 0. It follows easily from () that there is an
iew, and & nex, £ # 7 such that b ~ b} # 0 and b ~ b] # 0. For at least
one of &, n we get f(¢) £ & or f(i) # n.Say f(i) # & Nowb ~ b - T(d) = &,
and & # f(i). Hence b N bf | v 5 f, and b ~ b < b. This proves (b) — (a).

Let » be a measurable cardinal, or » = limx, where x, are measur-
n(wn

able in 9. Then there is a partial ordering (%, <)t such that in every
Cohen extension T of M associated with (2, <), 2%(A) = 2T(1) for
every A< x» and (»"0)% £ (x*)®, This follows from Theorems 2.25, 2.47,
2.49 and Lemma 2.11. As it was remarked previously, (#, <) can be re-
placed by (#, <) retaining all the properties of Cohen extensions. Taking
into account Theorems 2.51, 2.52, we can state

THEOREM 2.53. Let » be measurable, or » = limx,, where x, are measur-

e,

(]
able. Then there is a complete Boolean algebra % such that the (A, 2) distrib-
utive law holds in & for all A < x and the (R, x) distributive law fails in %.

The methods connected with Theorem 1.36, as described in Section 6
of this chapter, make it possible to obtain more non-isomorphic examples of
complete Boolean algebras satisfying conditions of Theorem 2.53. Actually,
we sketched a proof that Theorem 2.53 holds in JR. There is however a
general method, see [15], which enables us to dispense with countable
models and to obtain Theorem 2.53 as stated. But we will not go into this.
Theorems analogous to Theorem 2.53 were proved by E. Smith and A.
Tarski [22], and also D. Scott [14]. In fact, Theorem 2.53 represents a
strengthening of the result of [14] for special cardinals x. For the reader
interested in the connection of results stated here to those in [22], [14],
we make the following remarks. The (4, 2) d.1. is equivalent to the(4, 1) d.1.
If the (8,, #) distributive law (d.1.) fails in &, then the (x, 2) d.1. fails in #.
If % is a singular cardinal and the (x», 2) d.1. fails in &, then either the (4, 2)
d.1. fails in # for some i< x, or the (¢f(»), ») d.1. fails in 4.

Remark. D. A. Martin and K. Kunen proved that the assumption
in Section 6 of this chapter to change the cofinality of a cardinal to w,,
is inconsistent. No use of this assumption except for the short remark
in Seection 6 of this chapter has been made in this thesis.



CHAPTER 3

The main results of this chapter concern saturated ideals. We shall
need some auxiliary lemmas about models discovered by P. Cohen.

1. Thus let M, be a countable transitive model of ZF and 4 an un-
countable cardinal of I, Let S = . We put

P(8) = {p|Ipl <R &P € AX WX 0y &
& (VEed,m ewo)(|{n] <& m, n)ep}| <1)}.

Instead of #(4) we shall write just 2. If p, g2, then p extends q if p = gq.

LeMMA 3.1. The countable chain condition holds for 2, i.e. every family
of mutually incompatible elements of P is at most countable.

This is well known. It can be proved analogously to ([4], Lemma 2,
p.131).

If pe?, we define the support of p, suppp = {{|(HAm, new,)
(<&, m, n)ep)}. Obviously, if suppp ~ suppg = 0, then p v ¢geZ and hence
P, q are compatible. If peZ and § < 4, we put p |8 = {{&, m, n)|{§, m, n)
ep & £e8S}.

A generic subset of # over i, determines and is determined by a set
G < 1X wy X wy such that for every £el, mew, there is exactly one new,
such that (£, m,n)e¥, and ¢ includes a condition from every dense
subset of # (compare Lemma 2.11). We put I, = M,(¥9). If 8 < 4, we
put 98 =% ~ (SX wy X wy).

LEMMA 3.2. Let 8 < 4 and S eM,. Then 9|8 is a generic subset of Z(8).

Proof. Let 2 be a dense subset of #(8). Let 2' ={p v q|pe2 &
& qeP(A—8)}. We claim that 2’ is a dense subset of Z. To see this, let
pe?. Hence p = py v Py, where p,e2?(8), p,eP(1— 8). Since 2 is a dense
subset of Z(8), there is g,¢2, q, 2 p,. It follows that ¢,e2(8) and there-
fore g, is compatible with p,. Thus ¢, v p,eZ, ¢, v p, @ p. But clearly
go v P1€2'. We proved that for arbitrary peZ, there is a ¢e2’, ¢ 2 p,
i.e. 2’ is a dense subset of Z. Let pe2’, p = ¥. Such a p exists by density
of 2’ and genericity of 4. Then p|Se¢2, p|S < ¢|8. Hence ¥|8 contains
a condition from every dense subset of #(8). This proves the lemma.
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LEMMA 3.3. Let R AL, 8c A R~ S =0,ReM, and SeIR,. Then
Y| R i3 generic over IM,(Z|8).

Proof. Let 2 be a dense subset of Z(R), and 2¢MM,(%|8). By the
previous lemma, IM,(%|8) is a Cohen extension of M, with respect to
2(8). In the remaining part of this proof, the forcing which we have in
mind is one with respect to Z(8) over I,. Let 2 be a term denoting 2

in My (%|8). For some p, < 418, po H-(Q is dense in Z(R)). Hence for every
P1e Z(8), p1 2p,, and every ¢, ¢ (R) there is a p,e#(S) and ¢, <Z(E) such

that p, 2 Py, ¢; 2 ¢, and P, ﬂ-qze'@. But this is the same as to say that
(PI1peP8 VR &p|S2p, &p|StplReD) = 9

is a dense subset of #(S v R). By the expressibility of forcing in M,
2' eM,. Since ¥ |(8 v R) is generic over M, for some p < Z|(S v R),
pe?’, ie. p|Re2. Thus 9|R includes an element from every dense set
P < P(R), 2eM(9|8). This proves the lemma.

LEMMA 3.3.1. Let R< A8< A R~ 8 =0,8M, and ReM,(9|8).
Then % |R is generic over M,(¥%|8S) with respect to #(R).

Proof. Put M, = M,(#%|S). By Lemma 3.3, 4|(A—8) is generic
over I, with respect to Z(1— 8). We are now confronted with a situ-
ation analogous to that of Lemma 3.2, but over 9, instead of over M,.
We consider Lemma 3.3.1 as proved.

The following lemma has been first proved by A. Levy.

LEMMA 3.4. Let o be a statement of the Cohen language. Then there is
a set 8 < A such that |8| < Ry, and for every pe?, if p o, then p|8S |o.
This holds in IM,.

Proof. Let P be a maximal set of conditions satisfying the following
properties:

(1) (Vp)(peP —>p I To)
(2) (Vp, D) (peP &p' ¢P & p # p' — p, p’ are incompatible.)
The existence of such a set follows from Zorn lemma. Let S = (U suppp.
peP

By (2), the countable chain condition and [suppp| << R, we get [§] < R,.
Let g 0. It is claimed that ¢|S | o. Assume not. Then there is an r2 ¢|8
such that r |- Tjo. By the maximality property of P, there is a peP such
that p, r are compatible. Thus p, q| S are compatible by r =2 ¢|§. It follows
that pu q|Se?, and pu q|SF Tle by peP, (1), and pv q|S=27p.
Clearly, supp(p v ¢|8)c 8. Hence p v (g|8) v (q¢l{(A—28)) =s¢2,
and s o by 824q. Also s | 7)o, a contradiction. This proves the
lemma.

Let |7: w, > w, TFor every i,jewy let 8i;< 4, |8G;| <R, and
for every p, if p [-v(i) =j, then p|8i; Fv(¢) =j. The existence of
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a set S} ; with these properties follows from Lemma 3.4. Let 8 = (J §7;.
Clearly, |87 < N,. tfea

LEMMA 3.5. Let ge(wj®)™1. Then there is a set 8 = 4 such that |S] < Ry,
SeM, and geM,(Z|8).

Proof. Let ¢ denote g and Fgewy®. Take S = 8%, Let gm) =n &
o (dp)(pc 918 &pFg(m) =n). Clearly FeM,(¢18). If G(m) = n,
then g(m) = n since ¢ denotes g. We prove that g is defined for all mew,.
For every mew, for some ¢g< %, qg(m) =n. By definition of S‘i,
q[S"’ Fg(m) =mn, ie. qiS|g(m)=mn, and ¢|S < ¥[S. Hence g =g
and geM,(Z|8).

LeEMMA 3.5.1. Let 8 < A, SeM, and ge(wi®)™1. Then there is a set
R < A—8 such that ReMy(%18) = My, [RI™0 < Ry and gy (%|8)(% | R).

Proof. We consider forcing for #(1— 8) over M, and proceed as in
Lemmas 3.4, 3.5.

LEMMA 3.6. Let {@:)ep S (0d)™, {m:}epeM,. Then there is a set
8 < A such that SeMMy, [S™0 < B and {w:}epeMo(Z | 8).

Proof. Let r denote {w:},s in IM;. Let (&) be the natural term
which denotes the &-th element of 7 in wg? if such exists, and 7(£) = 0

otherwise for all &ef. Let § = |J 8. As in Lemma 3.5, we get
éef
wg(m) = n o (Up)(p < 4|8 &p (&) (m) = n) for all £ef. This shows

{Zeleep « Mo(Z(8). 18™0 < B follows from |S7E T < &, for all &ep.
LeMMA 3.7. (See [15]). Let aeMy, (a®)0 = q, SeM,, S = A and
IS|M0 = a. Then 2% = a holds in My(%|8) = M,.
We give only the main idea of the proof.
Let v, v" be two terms such that |(re(w3?)™) and similarly for z'.

Assume that S* = 8% and, for all pe#(S°) and all m, newy p |v(m)
=n e p bv'(m) = n Then 7, v' denote the same element of wj? in M.

The rest is now a consequence of o™ = a.
DEFINITION 3.8. For all £eld and m, new, let

fe(m) =n"  iff (&, m,n)e¥.
LEMMA 3.9. For every ge(wso)™,

[{fe16e2 & (Viewy) (fi(5) <g(@)}[™ <.
Proof. Let |80 < R, and geMy(¥|8). Such an § exists by Lemma

3.5. By Lemma 3.3, #|(1— 8) is generic over I,(%|8S). We shall consider

forcing for Z(A—8) over M,(¢|8). Let f: be the term denoting f; in
My(418) (¢1(A—8)) built on the basis of Definition 3.8. It is claimed

that for every &cA—S&, (&) (f:(i) > g(3)).
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Let £cA— 8 and pe?(A— 8). Let 7,ew, be the smallest number such
that, for all jewq, <&, %, J> ¢p. Let jo > g(io). Put p’ = p « {(§, ip, jod}-
Hence p’<#(A— 8) and p’ b f:(io) = jo > g(io). It follows that {91(Aiew,)

(¢ F fe i) > g(i))} is a dense subset of 2(2—8) for every £ei— 8. This
proves the claim and at the same time the lemma, since |§|™0 < R,.

DEFINITION 3.10. Let se(J o). Then B, = {g|g o s & gewio}. If M

kew

is a transitive model of ZF, then B® — B, ~ M.

The following lemma is due to R. Solovay. The proof given here is
due to J. Silver.

LEMMA 3.11. Suppose M is a countable iransitive model of ZF,
(P, <)eM, |2\ =R, and (P, <) is ‘a partial ordering. Suppose also
X € (0g")®, X e M and X is of second category in M. Let 9 be generic over
IN with respect to P. Then X is of second category in N = M(F).

Proof. Assume that X is of first category in IR(¥). Then there is
a term 7 such that

(1) F(Vnewo) (s is a dense open subset of (w3?)”) &
& (Ve eX)(Hnew,) (xd1,).

So for every p eZ and every reX thereis a ge?, ¢ < p and new, such
that ¢ |- ¢, Let X, = {z|ve X &g | x¢r,}. Wehave U X,, =X

Q‘cg’.'nswo
and |2/® = &,. Thus for some g, 2, nyew,, Xgom, 18 0f second category.

Let sel ) o such that Xgon, 15 dense in B, Let ¢, <go, 728 and
kiwo

(*) 9. Br s Tn

The existence of ¢, and 7 as above follows from the first part of (1). Since
B, < B, and X, ., is dense in B,, there is an element z,¢X, n, such
that @yeB,. By (), ¢, I @oetn, By @peXg,n, and the definition of Xy,
9% | %od¢tay It follows that ¢, |- xy¢v,, since ¢, <g,. Hence both
01 & @yetny ¢ b @o¢7,, which is a contradiction.

LEMMA 3.12. Let I, N be transitive models of ZF, abbrev. t.m. ZF,
Me N, X < (0)® and X M. Let X be of first category in N. Then
there is a ge(wy®)® such that X is of first category in all t.m. ZF N’ such
that M <= N’ and geN'.

Proof. If u < | of and M’ is a t.m. ZF such that u <M, let O™ (u)

Newy

— U BY. If M is another t.m. ZF and fe(wl)®,fe(w)®’, then

Seld
clearly fe O™ (u) o fe O™ (u). Let % < (w5 )‘-"" and # be open in I
Then % = 0™ (u) for some ueMM', u < U wp.

Tewq

Let X be a8 above There is a sequence {%}nw,ecI such that,
for all mewy U, = U wf, 0®(u,) is a dense open subset of (w(9)* and

kewy
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X ~ () O®(u,) = 0. There is a function ge(wjo)® from which {Us}ne,

Newg

can be constructed using simple set theoretic operations. Hence if
geFV', then {Uy}nw,cM'; and it is easy to see that X ~ () 6% (u,) =0,

Newg

i.e. X is of first category in M.

LEMMA 3.13. Suppose 8 < 4, SeMy, X < (0™, XMy (4|8) and
X is of second category in WMy(G|S). Then X is of second category in M.

Proof. Assume that X is of first category in I,. We apply Lemma
3.12 to the pair M,(G|8), M,. There is a ge(w;?)™ such that X is of
first category in all t.m. ZF N’ such that M(Z|8) = N’ and geN'. We
choose such a g. By Lemma 3.3, ¢|(1— 8) is generic over (G |8). Let ¢
denote g in Cohen language associated with £(A—8) over IM,(#|8).
By Lemma 3.5.1, there is a set ® = A— 8 such that ReI(¢|8), IR <R,
in My(Z|8) and geTM,(Z|8) (9| R) = N'. Hence X is of first category
in N’ because of the choice of g.

By Lemma 3.3.1, 4| R is generic over IM,(%|8) with respect to Z(R).
By |R| < Ry we get |2(R)| < R,. It follows from Lemma 3.11 that X
remains of second category in 9, (¢ |8) (¢ |R) = N'. But we have already
asserted that X is of first category in R'. This is a contradiction. Hence X
is of second category in IR,. This proves the lemma.

We shall now prove several lemmas which contain no reference to
models of set theory. This will bring us into a position to see that the
following proposition C holds in IR,.

C: Every set X < w,°® of second category can be decomposed into uncountably
many disjoint sets of second category.

DEeFINITION 3.14. Let X < wp® X is called uniform if, for every
dense Gy-set G = i, | X ~ G| = 2%,

LemMmA 3.15. Let X < w,® be uniform. Then X can be decomposed
into 2% disjoint sets {X,},.. such that for all nec and, for every dense Gy-set
G < w?Gn~ X, #0. Here ¢ denotes the least ordinal of cardinality
continuum.

Proof. Let {G:):. be an enumeration of all dense G;-sets = wy".
We define af ewp® for # < £ec by transfinite induction as follows. Let af
be an arbitrary element of X ~ G,. Assume that a} was defined for each
n, & such that n < & < & for some &ec. We choose afe@; ~ X for each
7 < £ in such a way that a} + al for all #, %', & such that 5 < & o' < &,
& < & and {9, &) # {(y', &). This can be done for every £&ec, since
|Ge ~ X| = 2% and [{al |y < & < &|<c¢ and |£|<c For every pec,
we put X, = {a?|& < c}. Let nec and G < wy® be a dense Gy-set. Then
for some fec, @ =(@;. We have aleG; ~ X,. Hence G ~ X, # 0. This
proves the lemma,
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LEMMA 3.16. Suppose X < o is of second category, X = 2% and
(%) (VY < X)(|¥Y|< 2% Y s of first cafegory).

Then X can be decomposed into 2% disjoint sets of second category.

Proof. Let G be an arbitrary Gs-set, G < wy®. Then X = (X ~ Q) u
v (X A (0g?—@)). Since w;°—@G is of first category, X ~ G must be of
second category. Thus by (*), | X ~ G| = 2™, It follows that X is uniform
(Definition 3.14). Let {X.},. be a decomposition into disjoint sets as in
Lemma 3.15. For all £ec, X; is of second category. Indeed, every set
of first category is disjoint with a dense @,-set.

Lemma 3.16 has the following

COROLLARY 3.17. Assume that the proposition C fails. Let A be the least
cardinal such that there is a set X < wg® |X| = A, X is of second category
and X can not be decomposed into uncountably many disjoint sets of second
category. Then i< c.

Proof. Let 4 and X be as in the hypothesis of the corollary. Obvi-
ously, no subset of X can be decomposed into uncountably many disjoint
sets of second category. Hence, for every ¥ < X, if Y is of second category,
then | Y| = 4. If A = ¢, then X satisfies the assumptions of Lemma 3.16.
Thus X can be decomposed into uncountably many disjoint sets of second
category. This contradiction proves the corollary.

Assume that the GCH holds in M, Let X < (w39)™ be of second
category in I,. We prove that X can be decomposed into uncountably
many disjoint sets of second category in IMM,. Consider the set X = {(X', 8"
| X’ is of second category in My = My (Z|8) & 8" ¢ M, & |8 To(= |8 ™)
= | X'™ & X' < X}. It follows from Lemmas 3.6, 3.12 that there is an
8 eI, such that (X, §)¢X. Choose an (X', 8') X so that |§'|™ is minimal.
It follows easily from the countable additivity of sets of first category
that ¢f| 8" ™o # w, in M,. Since GCH holds in M,, it follows that (|§'|To)%

= |8'|™0 in 9M,. Hence by Lemma 7, (2%0)%0 = |§'To, Also |§'|To = ||
= |X'|™, For all Y = X', if YeM; and |¥|™o < |X'|™0, then ¥ is of
first category in 9. This follows easily from the choice of (X', §8'). By
Lemma 3.16, in 9M,, X' can be decomposed into uncountably many dis-

joint sets {X;|£ew} of second category. By Lemma 3.13, the X, are

of second category in M, for all Eewl®. Also o™ — o™, This gives

LeMMA 3.18. If the GCH holds in M, then C holds in M,.
Let D be the following statement:

(D) For every uncountable cardinal o« < 2% there is a st X = wl® such
that |X| = a and X is of second category.
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LemMA 3.18.1. If the GCH holds in IM,, then D holds in IM,.

Proof. We proceed essentially the same way as in Lemma 3.13.
The GCH enables us to assert that there is a set X < wg? such that
|X] =N, and X is of second category in I,.

LeEMMA 3.19. In IN, there is no measure defined on P (a) for every o < A.
(For definition of measure sce introduction.)

Proof. It is a theorem of S. Banach and C. Kuratowski [1], that if
there is a set A = wp?, |A| = a, such that for every gew,°,

“fl(V’iewo) U(@) < g("/)) &ffA” < Roy

then there is no measure on #(a). Take 4 = {f:|£ea} and apply Lemma
3.9.

2. THEOREM 3.20. Let 9N be a countable transitive model of ZF. Let
v, x be cardinals of M, v<< x and v regular. Let F# be a v-sal. x-comp.
ideal in P™ (%), FeM. Let (P, <)M be a partial ordering such that for
every S < 2, if SeM and for all p, qe8, p +# q, p, q are incompatible, then
I8 < v. Let N be a Cohen extension of M with respect to (P, <). Then
there is in N a v-sat. x-comp. ideal in P*(x).

Proof. Let #={X|XeZ"(x) & (HY)(Yef & X < Y)}. It is claimed
that # is x-comp. in N. Suppose A< x and v is a term such that
I z: 2 > 4. For every &£el let P, be a maximal family of pairwise
incompatible conditions with the property: for every p P there is a set
X?es such that p | t(§) = X7. The existence of a family P; as above
follows from Zorn lemma. By a basic property of forcing, see e.g. [15],
if p F(HY)(Yef &Y > 7') for some term 7', then there is a ¢ <p
and a set Y,ef such that ¢ | Y, 2 7. It follows that, for every £ei
and every peZ, there is a geP; such that p, ¢ are compatible. By one of

the assumptions, [P: <»< x for every &£eA. Hence if X, = |J X3,
pd’PE
then X;es by x-completeness. For the same reason, |J X; = XeJS.
&

It is now easy to.see that |- | Jr < X, and thus | Ures. Infact, let
p I ael Uz for some aex and pe?. The set {p'|p' <p &p’' | aezg for
some £eA} = P’ is dense below p. Let p’eP’ and p’' | aevg, EeA. p’ is
compatible with some p’’ ePe. Let p'"’ < p’,p'"’ < p’’. We have p"’ | ¢
c X¢',p"" | aery. Hence aeX; < X. This proves | (J7 < X. The rest
follows from the fact that every sequence {f;}:seM such that t;e# for
all £el is denoted by a term v as above. Hence . is x-comp. in N.

It remains to be proved that .# is »-saturated. We procecd much
as in the earlier part of the proof. Let

- [1:: h—>P(x)—F &(VE, ned) (& #n > T(E) A T(n) = O)]
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We prove that assumption 1 = » (and hence obviously A > ») leads to
a contradiction. Let X, = la[(Hpe?) (p | aer(£))} for every Eev. We
observe that |- 7 € X,. If not, then for some peZ, (p | aet:), and
a¢ X, But this is impossible.

If X:cs, then |- 1;¢#, contradicting our assumptions on 7. Thus
X.¢f for all fev. By Theorem 1.45 there is a set U < », |U| = », such

that () X: = X £ 0. Let 2eX. For every {eU let p;<Z? be such that
&U

Pe | wer(€). Since [U| = v, there are &, nev, § # 5 such that p, p, are
compatible. Let p < pg, p <p, Then p | (wer(S) & mer(n)). This con-
tradicts |- (& # 9 — 7(€) ~ v(n) = 0). Hence A< » and # is »-saturated.

If we assume in Theorem 3.20 that » is a measurable cardinal and
is a maximal x-comp. ideal in £ (%), then we can take U = » in the above
proof. This follows from the fact that the intersection of less than x sets
of measure 1, has measure 1. Thus Theorem 1.45 is not needed in this
case.

By a result due to A. Tarski and S. Ulam, every measurable cardinal x
is strongly inaccessible. The proof of this is an easy variation of the one
given in [28]. If we replace the »-chain condition for # by |#2| < x» (the
defining property of “mild Cohen extension” with respect to x), then x
remains strongly inaccessible in 9t. This follows from results of [15]. By
Theorems 3.20 ans 1.47, x is measurable in RN. This provides a different
proof of a theorem due to R. Solovay and A. Levy [11] that measurability
is preserved under “mild Cohen extensions”. An analogous proof also
shows that strong compactness is preserved under mild Cohen extensions,
a theorem of K. McAloon.

Suppose x is measurable in It, the GCH holds in I and J is a regular
cardinal of M, 6 < ». By a theorem of J. Silver [20], Con(ZF 4 MC)
— Con(ZF + MC + GCH). It is well known, see e.g. [6], that in It there
is a system of conditions (%, <) such that 2° = »+ for all v < 8, 2° > x
and 2" = »+ for » > 2° holds in N. This (&, <) can be taken to satisfy
d+-chain condition. Hence there is in 9t a é+-sat. x-comp. ideal in 2% (x).
% can not be measurable, since every measurable cardinal is strongly
inaccessible.

We shall now give special attention to the case § = w,. We impose
an additional assumption on the I, investigated in Section 1 of this
chapter. Namely, let 1 > » where »x is measurable in M,. If A = x, then (I)
“there is an w,-sat. 2%0-complete ideal in 2 (2%0)” holds in M,. This follows
from Lemma 3.1, Theorem 3.20 and Lemma 3.7. If 1 > %, then (II)
“there is a cardinal » < 280 such that there is an w,-sat. x-complete ideal
in P(x)” holds in IM,. This is analogous to (I).

Combining these results with Lemmas 3.18, 3.18.1 and 3.19 we can
state
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THEOREM 3.21. If ZF + MC is consistent, then ZF + (I) and ZF + (1I)
are both consistent and they remain consistent, if we add “for all v, if v < 2%,
then there is mo measure on Z(v)” 4+ C 4 D.

Remark 3.21.1. That our results are best possible, i.e. that the
agsumption of the consistency of the existence of a measurable cardinal
can not be weakened, follows from a theorem of R. Solovay [23]: If
ZF + “there are cardinals », x,v << x such that there is a v-sat. x-comp.
ideal in P(x)” is consistent, then ZF + MC is consistent.

Remark 3.21.2. R. Solovay proved that if ZF 4 MC is consistent,
then ZF + “there is a 2%-addit. measure on P(2%0)” is consistent. (See
[23]). K. Kunen showed that if there is a 2%-addit. measure on #(2%),
then every subset of w? of cardinality < 2% is of first category. Hence
by Corollary 3.17, the existence of such a measure implies that C holds.

The following questions are stated in ([10], p. 260).

(1) Is it true that there is no w,-sat. 2%-comp. ideal in 2(2%0)¢
(2) Isit true that there is no w,-sat. x-comp. ideal in 2 (x) for every x < 2% 9

(7) If there is a v-sat. »-comp. ideal in #(x) for some » < x, i3 » a mea-
surable cardinal ?

‘ A different terminology is used in [10]. The questions have been
translated in terminology used in this thesis. Theorem 3.21 gives an
answer to all these questions. In a sense, these answers are optimal
(compare Remark 3.21.1).

We mention some questions about saturated ideals that remain
open. By saturatedness of an ideal # in #(x) we mean the least cardinal
number » such that for every disjointed 8 = Z(x)— ., |S| < ». The satura-
tedness of the ideals constructed above is always a successor cardinal.
The author does not know how to get an ideal whose saturatedness is
equal to a regular limit cardinal. Theorem 1.47 gives a partial explanation
for this state of affairs. Thus, for example, it is a consequence of Theorem
1.47 that, if » < » and » is strongly inaccessible, then » can not be the
saturatedness of any x-complete ideal # = #(x). We also remark, at this
point, that the saturatedness of any x-complete ideal in 2(x) is never
equal to a singular cardinal. Hence the assumption that . is y-saturated
for some regular » made in all theorems concerning saturated ideals does
not cause a loss of generality.

The following two questions remain open. Is it consistent (say rela-
tive to ZF + MC) that there is a weakly (strongly) inaccessible cardinal »
such that there is a x»-complete ideal # = 2(x) of saturatedness » ? These
questions are rephrasements of questions (3), (4), ([10], p. 260), after
taking into account results of R. Solovay [23], [24]. According to these
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results there is no x-complete ideal # in Z(x) of saturatedness »x, if x
is the first weakly (strongly) inaccessible cardinal.

Let » be a strongly inaccessible cardinal such that there is a x»-com-
plete ideal .# of saturatedness » in 2(x). J. Silver proved that such a car-
dinal cannot be weakly compact. We state a slight strengthening of this
result. Namely, there is a Suslin tree of cardinality x». A Suslin tree of
cardinality » is a tree (T, <T) such that |T| = » and every chain and
every anti-chain of T has cardinality << »x. This is proved essentially in
the same way as Theorem 1.47. Hence we shall give only the main idea
of the proof. The elements of T are sets § < #(x) such that S¢f. If S,
ReT, § # R, then either S ~" R =0or Sc R, or B c 8. If either R §
or 8§ ¢ R, then §— R¢F or R— S¢.#, respectively. We put R<T 8 if
R, 8e¢T and R o 8. It follows easily from the x-saturatedness that there
can be neither a chain nor an anti-chain of cardinality » in (T, <7).
This observation is in a contrast with Theorem 1.46.

Finally, we make a remark concerning proposition C. The problem
whether C holds has been investigated by W. Sierpinski ([16], pp. 173-177.)
He makes the following observation. Let X = wi be of second category
and |X| = A. Moreover, assume that X cannot be decomposed into
uncountably many disjoint sets of second category. Then there is an
w,-complete w,-sat. ideal .# in Z(4). It is enough to see that there is such
an ideal in 2(X). Let .# be the ideal of subsets of X of first category.
It is well known that # is w,-complete. However, the assumption of
indecomposability -of X implies that # is w,-saturated as well. It follows
that C holds unless 2" is an extremely large cardinal. Compare [28],
({161, pp. 173-177), and [23], [24]. Theorem 3.21 shows that it is con-
sistent that there is an w,-complete w,-saturated ideal # in Z(1) where
A = 2% or 1 < 2%-and C holds (provided ZF + MC is consistent). Observe
also that the conjunction of C and D appears in the statement of Theorem
3.21. This is of some importance in the light of Corollary 3.17.
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