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Oscillatory solutions of second order
ordinary differential equations

by A. LasorA* (Krakéw) and JAMES A. Yorxe™ (Maryland)

While investigating the behavior of quickly oscillating solutions
of second order ordinary differential equations, we construct a counter-
example by using the Tietze Kxtension theorem. This method seems
useful for a variety of problems which ask questions like, “Is there an
equation having a solution with a specified behavior ?*’ The Tietze ex-
tension theorem has been used by other authors in the construction of
examples for differential equations. The point of interest in our appli-
cation is to show that the set on which the right-hand side is originally
defined is a closed set.

1. Consider a differential equation
(1) al™ = f(o, 2, ..., w(n_l))r

where f is real valued function defined in the whole space R". A solution
2(t) of equation (1) will be called quickly oscillating if there is a sequence
of points {¢;} such that

(2) z(t) =0

and

(3) lim t;, = co, 1 >1t, Hm (4,,—1%) =0.
i-»00 100

In [1], [2] proofs have been given showing that if f satisfies some
regularity conditions, for example “the Lipschitz condition

n—1

(4) lf(mm D1y 0y & —1) _'f(yo; Yy «v ey yn—l)l < 2 L’i!w'i_yif’
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then every quickly oscillating solution of equation (1) converges to zero
a§ t-> oo. Using the well-known de la Vallée Poussin theorem [B],
it is easy to obtain an estimate for such a solution; namely, setting
0 = |f(0,...,0)} and hy = sup{f;,,_;—?:% >k} we have

L
(5) ( 2 T h“-t) POI<EC  for 134,
For the second order differential equation
(6) v =flo, )

in virtue of Opial’s inequalities [2], [4], (B) can be replaced by a more
precise

0 (1—ﬂ o h) ol <22 0.

It is easy to see that estimate (5) and (7) are non-trivial only for
b, sufficiently small and the larger the L, are, the smaller A, should be.
Therefore, the interesting problem is the behavior of quickly oscillating
golutions for non-Lipschitz functions f.

For equation (6) we can prove the following

THEOREM. If the function f: R — R is continuous, them for every
quiokly oscillating solution of (6) we have either

(8) limsup |#(t)] = oo,
{—oo0

or

(9 H?iup @ (t)] =

Proof. Suppose that (8) does not hold. Let

K =sup{je(t)]: >0}, M =sup{|f(a,y)l: 2| < K, |yl <1}.
For every ¢ there is a point v;e(?;, ?,,,) such that
lo(v;)| = max{|z(s)]: telt, 44,1}, @ (v) = 0.

Setting u; = sup{t < v;: |4 (f)] > 1} and w, = max{¢;, 1i$}, we have
for welu,, v;]

|2 (w)] = o’ (w) — &' (v;)] < (v;— %) max {|&' (¢)]: te[u«;, v;1}
< (tipy —t) max{|f(z(t), @ (1))|: telu,, v,]}
< (¢

i+1 1,) M'
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If the integer ¢ is sufficiently large (i > 4,) we have ({,,,—1%,) M < 1.
Consequently u; =1, and |2’ (f)| <1 for te[i;, v;]. From this it follows
immediately that

[2 (0] = |2(v;) —2 ()| < (0,— %) < (L —1%)  for i>4,

which completes the proof.
We now show that for the differential equation (1) with n > 3 the
theorem is not true.

2. Woe agk if there exists an f: R* — R such that for n = 3, equation
(1) has a quickly oscillating solution z(t) which satisfies neither (8) or (9).
Choose such a specific quickly oscillating, namely o(?) L' sing2 for
t> 0. To define f, we first show f can be defined on a closed set which
includes the trajectory S — R*, where § oot {{=(8), @ (2), 2 (2)): ¢ = 0}, i.e.,
Olaim 1. § i8 closed. Let

1) = (w(t), @ (2), 2" (8)) = (sin?, 20c08#2, 2COSTE— 435in ).

It suffices to show that |z(f)]] - o0 a8 t - oo. If for some =
t*e[nn +n/4, nc+3w/4], then |sine?| > V2/2 and

lo ()] = 208 V2 —2.

If Pe[nn—=/4, nn+w /4] for some n, 2|cost?| > V2 and |#* (2)] > 1.

Hence |[z(2)|f* > 2’ (1)* + 2" (£)> > oo a8 t - oo, S0 § is cloged.

Olaim 2. The function z: [0, ) - & is & homeomorphism. Since
l2(t)|] — oo a8 t — oo, it is sufficient to show that 2 is one-to-one. Ohoose 1,
and #,>0, ¢, #1,. Suppose z({,) = 2(l,); hence sini#} = smt, PR i
o = sint? = 0, then |2’ (2,)] = |2t # |2t = |2’ (%,)|. If ¢ #0,

o (1) —a" (t;) = [48;—4tj]c # 0,

contradicting the assumption z(f,) = 2(f,), proving claim 2. Write the
inverse of z ag T': 8 — [0, oco).
Define f: § - R as 2®oT. Then for ¢> 0

f(m ), o t)a m”(t)) = w(s)(T(w(t r (t)y ' (1) )) = w(a)(t)7

80 x i8 & solution of (1). To define f: R* — R apply the following vergion
of the Tietze Extension Theorem [6]: Let S be a closed subset of a metrio
space B and let f: § — R be continuous. Then f may be defined on BN\S so,
that f: B — R is continuous.

Extend the definition of f to all of R® by the above theorem. The
construction is now complete.
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