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In this note we solve the following problem of Mazur from the “Scottish
Book” (Problem 91):

A convex body W with a center is given in the n-dimensional Eucli-
dean space. It is affine to its conjugate body. Is W then an ellipsoid ¥

The answer is negative in the case where n is an even number, and
for odd » the problem is not solved. It is equivalent to the following:

If an n-dimensional Banach space is isometric to its conjugate space,
i it then isometric to the Euclidean space? .

The answer is given by the following

THEOREM 1. For each n > 2 there exists an n-dimensional self-conjugate
Banach space which is not isometric to the Euclidean space E™.

First we prove the following

Lemma. If X = (R, |‘ll;) and Y = (R™, ||'|ly) are Banach spaoces,
then Z = (R" xE™, ||-|) is a Banach space (lz| = (|=I}+ llyl3)"* for = € R",
yeR™,z = (¢, y) € B" x E™). Moreover, Z* and (R x B™, [(I-I7)*+ (Il 13)*T"*)
are tsomelric.

Proof. It is obvious that ||-]| is a norm. To prove the second part,
we evaluate the norm in Z°*.

Let £eZ®. Then &(2) = &(x,y) = &(w, 0)+£(0,9) = & () + &u(),
where &, € X*, £ e Y*. We have

|&(2)] [&1 (@) + &2(9)]
* —8up ——— =  su

B = T = L e+l

240 llzlly + lyllg> 0

NENT Iy + €5l 19l
< su
vrmy  (E B
llzlly+ vy >0

< LOIENT)2 + (1117 )2,
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We can easily see that there are z, € X and y, e Y such that
§1(®o) = "51":"‘”0”1’ lolly = N&4llT s
£2(¥o) = I6alZIWollas  Igolls = Héallz -

If & #0, then |[lz,ll, + lyolls > 0, so we have

. |6(2) + Ea(9)] _ 1E2(@0) 1 E2(80)]
zexyer  (1ZIE+1WIE) = (llmollt + llyoll?)

flzlly +livlig>0

_ &l limolls + N éally 19lls
(lholl} + lyoll3)*™

This implies (with the preceding inequality) that
IEI™ = [(I&NT)+ (&)1,

which completes the proof.

Proof of Theorem 1 (by induction). 1. If n = 2, then the space
(R?, |t*]l), where |lz|| = max(|z,|, |[@;]) for 2 = (2,, ;) € R?, has the desired
Pproperties.

2. Suppose that X is an mn-dimensional Banach space satisfying
the assertion of the theorem. Then Y = (X xE',||), where |yl
= (Jlz|* + )" for y = (x,t) e X x E', is an (n-+1)-dimensional Banach
space. To prove that Y is self-conjugate, observe that if U is an isometry
of X onto X* and V(y) = (U(x), 1) for y = (z,t) € Y, then V is, by the
Lemma, an isometry of ¥ onto Y*. Moreover, Y is not isometric to the
Euclidean space, since

Y, ={yeY:y =(,0), e X}

= [(1& )" + (&slig ) 1.

is isometric to X.
Theorem 1 can considerably be strengthened in view of the following
THEOREM 2. For each n > 2 there is a class %, (A, = c) of n-dimensional

self-conjugate Banach spaces such that any space in U, 8 isometric neither
1o the Euclidean space mor to any other space in U, .

Proof. Let p > 1, f(p) = p/(p —1), ® = (2, s, ..., 2,) € R* and put
n
[(lwllp + 12,/?)* + 2 m?]m for zyx3> 0,
i=3

n
[(}wl!ﬂp)+ |, |7 @)@ 2 a,g]”" for o2, < 0.

1=3

lell, =

Then |||, is & norm in R" and, consequently, X, , = (R", ||-],,) is an
n-dimensional B anach space.
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First we prove that |||, is a norm in R®. Let 8, = {z € R*: ||, < 1},
z,y€8,, ¥ = (2, Ty), ¥ = (Y1, ¥2)- It suffices to show that (a:+y)/2 € 8,,.
Assummg that «,, ; > 0, we have two non-trivial cases.

1. ¥, <0 and 9, <0.

Then
o +y 1 @y +Y 1
12 1 g? and 22 2 \?’
whence
r r
wl;yl + wz—;—ya! <1 forallr>1.

2. ¥y<0 and y;> 0.

Then the segment joining # and y has a common point 2 = (0, z,)
with the axis #;, = 0 and 0 < 2z, < 1. The middle point (z+y)/2 of this
segment lies between # and 2z or between 2z and y, so (r+y)/2 € 8, since
S,{veR:2,,2,>0} and 8,n{weR* &, <O0,s,>0} are convex,
Hence 8, is convex. Now it is easily seen that ||-||, is a norm in R?, and the
Lemma implies that ||-||, i8 a norm in R".

If we prove that (X, )’ i8 isometric to X, (p)y then, by the Lemma,
(X, )" is isometric to X, /..

Let &€ (X, p) y (@) = &2, + &3y for @ = (@, ) € X, ,. Then

“E"p = sup |62, + &%, = max{ Sup |€121 + &aa|,  SUD | &1, + £a%} .
Izl <1 Z)%9 >0 1ZT9<0
Izl llzlp<1
Let |-|, be the I,-norm in R If £,&,> 0, then the last expression
is equal to

sup |2, + &xx,) = sup |&x,+ Ea,| = (Ieﬂﬂp)-l—lfglﬂp))l/f(p).
B! oy

Analogously, for &£, <0 we have ||§||; = (|&|P+|&,1°)/?. Hence

1E* — {(ls,lf“”+lezlf‘“)"f‘p’ for &8> 0
P (&P + | EI7)P for £,£,< 0,

which completes the proof, since the’ 'identity is an isometry of (X, ,)
onto Xz,f(p)‘
Now, for # = (z,, 2,,...,2,) € R we define F: R* —~ R" by

F(x) = (@), —B3y B3y ..., 3,).

F is an isometry of X, ., onto X, ,. Hence (X np) and X, are
isometric, which means that X, , is self-conjugate. Obviously, X, , is
not isometric to the Euclidean space.

8 — Colloquium Mathematicum XLIV.1
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It remains to prove that X, , and X, , are isometric only if p =7
or p = f(r)(*).

Suppose that T': X, , — X,, . is an isometry and let [a,],; ;<. D€ the
matrix of T. We can assume that p < 2. For z € X, , such that x,z, > 0,
we have

n

1) (e + PP+ Y a2,

m=3

n n n n
a(z) a(x)\2/a(x)
= (| Y @[ +] Y aa[ P+ Y {3 amaf,
Jm=1 Jm1 m=3 jml
where a(x) =r or a(2) = f(r).
Put ¢ =(4,1,0,...,0) in (1). Then we obtain
(2) (A +1)*P = (F,(A)+F,(A)*?+ A +Bi+ O,

where F;(1) = |a;A+a,,|?fort =1,2, 4, B, C are constants, and ¢ = a(2).
It is easily seen that there is a é > 0 such that, for 0 << 4 < 4, ¢ is a constant.

If a;, # 0 or a,, # 0, then, by the Taylor theorem, for these F; for
which a;,, # 0 we obtain

Fi(A)+Fy(h) = a+bi+el*+o0(A*)+di%, a #0,
and, by the binomial theorem, we get
(3) (Fy(A) + Fy(A)" = @’ +b'A+e'2*+d'4%+0(A?).
If a,, = a,, = 0, then, simply,
(B () + Fy ()2 = (|83 [0+ |ag[9)20A%,

Moreover,
(4) (AP 41)P = 1+%}.’+o(1”).
If we put (3) and (4) in (2), we obtain
(5) 1+ % P+40o(A?) = A'+BA+C2+d12+0(23).

We have 1< p< 2. If we take 4 — 0, we can see that 4’ =1.
So, dividing both sides of (5) by 4 and taking A — 0%, we deduce that
B’ =0 and we obtain

2
(6) P to(#) = C'M+ @A 40 (7).

(1) This part of the proof is due to A. Rek. The first version given by the authors
was more complicated. ‘



SELF-CONJUGATE BANACH SPACES 115

Now we divide both sides by A”. It is easily seen that

lim @'A%"? = E
ot p
So p =gq, i.e. p =7 or p = f(r).
Let %, be the class of n-dimensional Banach spaces X, ,forl< p < 2.

Then 3[,, = ¢ and, as we have shown, X, , are self-conjugate, not isometric
to the Euclidean space and not isometric one to the other. The proof is
completed.

In case where n = 3 the unit ball in a Banach space satisfying the
asgertion of Theorem 1 can be even a polyhedron.

Example. Let X = (R?, ||-||) and
el = max (jz,| + |2, |21] +3125]) for @ = (@,, 23, 73) € E°.
The unit ball B is an intersection of the cubpid '
C={meR: x| <1, |o,|+ |z, <1}
and the octahedron
W = {z € B*: max(z,|, |7,l) +} oyl < 1}.

The set ExtB of the extremal points of B consists 'of 8 points: (s,, s,, 0),
(3¢, 0, &;), where ¢; = +1 for ¢ =1,2. If £e X",

E(®) = &@,+ Egwo+ Sy for @ = (2,, 75, %) € R,
then

I€I* = max |12, + E5%3 + &34

zeExtB
= max (|& + &, 1€ — &l 13E+ &,y 1361 — &)
= max (|& ]+ |&al, 18]+ | &l).

Let F:X — X* be defined by F((x,,2,, @,)) = (%3, @5, @;). Then
F is an isometry.

Remark. Analogous examples of n-dimensional Banach spaces for
n > 3 are not known to the authors. (P 1196)

Regu par la Rédaction le 21. 2. 1978



