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Let us consider a one-dimensional complex point mapping
(1) x*=ax+¢(x), xeC

near the fixed point x = 0, i.e. let ¢(0) = ¢’(0) = 0. We shall assume that ¢ is
an analytic function at zero, i.e. it can be expanded into a power series which
converges in a domain |x] <&

Let us consider the case where

a#1, n=1,23,...

for all natural numbers n. Then there exists a formal invertible change of the
coordinate

2 x=y+&{(x), £(0)=¢(0)=0,
which reduces the mapping (1) to a normal form
(3) y* = ay.

Here £(y) is a formal power series which can converge in some neihbour-
hood |y| <&, of zero or can diverge in every such neighbourhood. We will
discuss conditions for convergence.

It ja) # 1 then the series ¢ allways converges. Thus we need only
consider the case of

la] = 1.

Cremer [1] proved that if the number a satisfies

@ lim {/la"~1] = 0

then there exists an analytic function ¢(x) in (1), for which the series ¢ in (2)
diverges. Siegel [2] proved the convergence of ¢ under the following condi-
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tion: there exist positive constants ¢, v such that for all integral p and natural
q
(5) lp—Aql >eq™"

where a = exp(2nil). Write ,, = min|p—Aq| for all integral p and natural g
< 2™ In papers [3; 4, § 5; 5] the convergence of the series { was estabhshed
under the assumption that

 InB,
(6) mg,l ~om
In terms of the numbers B,, Siegel's condition (5) takes the form
B.>e2"™ for m=1,2,3,... Hence
d ]nB ® vymln2—Ine
“ —————— <vln2 ——1 < o0
Z mgl 2 Z ne

So the restriction (6) is weaker than (5). Now let us consider condition (4) in
terms of B,. For small a"—1, we have

a"—1 = 2zi(nA—p)

for some integer p, and
Ma"—-1 =2 2/2n /B, for n<2™.

But !/2n —1 if n = 00. Hence, condition (4) means that

1
™ lim 227 = oo,

i.e. the members of the series (6) are not bounded from above.
So we have the following results.

1. If the series (6) converges then the series ¢ converges and the point
mapping (1) is analytically equivalent to the linear mapping (3).

2. If the members of the series (6) are not bounded then the series ¢ can
diverge and the mapping (1) has a more complicated structure than a linear
map.

Note that there is a gap between conditions (6) and (7), when all
members of the series (6) are bounded and the series (6) diverges. Up to-day
(1986) we do not know whether the series ¢ converge or can diverge if the
number a belongs to the gap.

Now I want to explain the meaning of the term “small divisors” and the
sense of conditions (6) and (7) (or (4)). The series £ must satisfy the Schroder
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equation

®) E(ay) = al () +o(y+£().
Denote

a0 * o]

p=xY fux", E=y Y hy"

n=1 n=1

We shall solve equation (8) by comparison of coefficients. Then y**! occurs
with the coefficient

1
©® (@ =1 by = = Lfa+ Pa(fjs )]

Here P, is a polynomial in f;, hy, ..., fo—y, hy—1.-
Let us omit the summand P, in (9), we get
1

(10) "= a(a"—1)

I

The Cauchy condition for convergence of the series ¢ is

(11) lim 1/%/h,| > 0

Since ¢ is an analytic function
(12) lim 1/%/17J > 0

If the coefficients h, and f, are connected by (10) and condition (4) is fulfilled,

then there exists a series ¢ with the property (12) such that property (11) is

not fulfilled. For example, this is the case when all f, = 1. Here the coefficient

h, is obtained from f, on dividing it by one “small divisor” a"—1. Such a

relation (10) is typical for linear problems and leads to conditions (4), (7).
Now let us take in account the summand P, in (9). Then

1 Sy Ji, S, ]

P = (@"—1a [f"+zck‘k2"'k' 1) @?-1) (@"-1)

(a

where k;+k,+ ... +k;, =n. Here “small divisors” ai—1 appear in some
products, this is typical of nonlinear problems. We can estimate such
products and establish the convergence of the series ¢ if we use condition (6).

Conditions (6) and (7) can be expressed in terms of the continued
fraction of the number A. Let p,/q, be the kth convergent of the continued
fraction of A. Then the conditions (6) and (7) are equivalent respectively to

(6/) Z ]nqk+1 <

k=1 4«
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and

]
(7) lim e+ 1
9k

If condition (7) is fulfilled and the series ¢ diverges then the mappings (1)
and (3) are not analytically equivalent but they can be related a smooth or
topological equivalence. However for a special number A, which is too well
approximated by rationals, the mapping (1) can have very complicated
structure and can be nonequivalent to the linear mapping (3) in any sense.
Some examples of similar situations are given in [6-9]. Here we do not have
so clear conditions as for the case of analytical equivalence.

Above we have considered one of the simplest problem with “small
divisors”. General problems and corresponding conditions on small divisors
are discussed in my article [10]. Some proofs and a comparision of different
conditions on small divisors can be found in [4, § 5].

Concerning the mapping (1) I want to add that the number a always is
its topological invariant. If condition (6) is satisfied this follows from the
analytical reducibility to the normal form (3). For other cases it was proved
in [11]. If a? =1 and a" # 1 for n < g, then the normal form of the mapping
(1) is

< 00. s

y* = ayexp[by™ (1 +cy™)],

where b is a complex number, m is a natural number and ¢ =0 or 1. Hence
the mapping (1) has three additional formal invariants b, m and c. But it has
infinitely many analytical invariants (see [12-14]).
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