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Local analytic solutions of the functional equation
®(2) = Hlz; O[£i(2)];.--, DL fm(2)])

by WILHELMINA SMAJDOR (Katowice)

The object of this paper is the functional equation of the form

1) @(z) = H(z; PL1(2)], ..., P[fu(d)]),
where @(z) is the unknown function and f,(2), ..., f,(2) and H(z; wy, ...

...y W,) are given complex-valued functions of complex variables. This
equation is a generalization of the equation

2) P(2) = H{z, 2[f(2)]),

which has been investigated (under suitable assumptions) in the paper [2]
‘We shall make use of Banach’s fix-point theorem in order to prove the
existence of local analytic solutions of equation (1). The proof is similar
to that of the theorem on the existence of analytic solutions of equation
{2) as given in [1]; and the latter is a shortened version of the proof of the
some theorem in [2]. (The case where the funections f; are the iterates

of the same function f: f;(2) = f*(2), has already been treated in [3].)
We assume that

(I) fi(2); k =1, ..., m, are analytic functions at z =0 and f,(2)

o0
= g2+ D biz" for |2 < 75
i=2

(II) Isel < 1,k =1,...,m;
(III) H(z; wy, ..., w,) is an analytic function of m-+1 variables
(2; wyy ..y wy) at (25 Wy, ..., w,) =(0;0,...,0) and

=] o0

. _ i .
H(z; wyy.onywy) = E, 2, Risjy..ip® wil cee w;;'»n

1=0 71,5 Tpp=0
for |2/ <7, and |w| < Ry, k =1,..., m; where a,,_ , = 0.
Evidently, the necessary condition of the existence of an analytic

solution of equation (1) such that @(0) = 0 is the existence of a formal
solution of the form

{(3) d(2) = Ecnz".

n=1
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The coefficients of formal series (3) are given by the formulae

F
(4) ¢, = z n=1,2,...,

- n n ?
l—ay, o87—--.— 8y 15m

where F, are functions of ¢,,...,c,_, and the coefficients of the given
functions. In virtue of assumption (II) the denominator of the fraction
occurring in (4) is different from zero for almost all n. If a,, ,s7+...+
+@y..18m #1 for n =1,2,3,..., then there exists exactly one formal
solution. It can happen, however, that for some »n the numerator and
denominator of (4) are equal zero. This may concern only finitely many
such »’s. In this case the formal solutions form a finite-parameter family.
No formal solution exists if, for some n, the denominator is equal zero
and the numerator is different from zero.
We prove the following

THEOREM. Under hypotheses (I)-(III) every formal solution (3) of
equation (1) is actual, i.e., series (3) has a positive radius of convergence.

Proof. Suppose that (3) is a formal solution of equation (1). It follows
from (II) that there exists a positive integer p such that

(5) |@o;1...0l 18217+« @y 1| 18, P< 1.
We may write
(6) D(2) = P(2)+2"p(2),
p—-1 <]
where P(z) = ) ¢,2" and ¢(2) = ¢+ Y ¢,2"7%.
n=1 n=p+1

In virtue of (II) there exists an r,, 0 < 7, < 7y, such that for |2| < r,
we have

(7 fe@) <l2l, k=1,...,m.

Since P(0) = 0, there exists an 7r,,0 < r,<r;, such that for
2] <7, we get {P(2)| < M < R,.
We define the function

(8) k(2501 ... Vm)

_ H(z PRI+ (L@, -, PUfa @)1+ [fn () ) — P(2)
% — .

Let rg3, 0 << 73 < r,, be such that

Ro—M
1

— leyl > 0.
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The series (3) satisfies formally equation (1), so

aq
E‘TH(Z; Plfi(@1+ [f1(2) P01, ooy P fm (D)1 + [ (2)P0,) = dleg,

0
q=1,...,p—1. Thus the function » given by formula (8) is an analytic
function of the variables (2; vy, ..., v,) for |2| < 74, [U,—¢,| < E,, wWhere

.Ro—'

4

0<R1< —‘lcpl-

¢(2) formally satisfies the equation

(9) p(2) = b{z; 9 [f1(2)], ..., @[ fn(2)])5

and consequently
(10) ¢ =h(05¢p,...,0).

Equations (1) and (9) are equivalent.
Differentiating (8) with respect to v, we get

(1) Aoy (301, ey )

3

= H""k (zi Plfi(@) ]+ [fi(a)TPvy, ...y P[fu(2)]+ [fm(z)]p,vm) [fk(z)] i

Hence we obtain
h,',k(O; Cpy eevy Cp) = H,',k(O; 0,...,0)s%.

Hence it follows by (5) that there exist 0 <3< 1,0 < r, <1y
0 < R < R, such that

(12) oy (25 1y - ooy Ol oo [y (2501, ey 0) ] < O
for every element of the set

A = {(Z; 01y eeey V) 2] <7y [0p—Cl <R,k =1,...,m}.

On account of the mean-value theorem, for any v,, v;, k =1, ..., m,
such that [9,—c,| < B, |[v,—¢,| < R, we have

(13) |k (25 '017"-’ém)_h(z5617-°-75m)|
< sup hy, (25 D15 <<y Ups)] |51—51I+---+s;1p Iy, (25 V1 <oy V)| O —pil,

for |z] < r,.
Let us fix

(14) 0 < K <R.
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It follows from the continuity of h(z;e¢,,...,c,) that there exists
a number r > 0, r < r,, such that for |z| < r we have

(15) |25 Cpy ovvy C5)—h(0;5 65, ... 6)| < (L—F)K.

We denote by # the set of all analytic functions ¢(z) which fulfil
the conditions

(16) lp(2)—c,l <K for 2/<r and ¢(0) =c,.
The set # with the metric
0(@1y @2) = Igfl(p lpa(2) — @, (2)]

is a complete metric space.
Now we consider the transformation y = T'(p) defined in & by the
formula

Qa7) v(2) = k(2 9 [f1(2)], .-.s ¢ [fm(2)]).
We shall prove that T(#) c #. If ¢ « #, then we have by (17) and (10)
l9(2)— el = [b(e; 9LA2(@)], .oy @LFm(@— D05 ..., 65)]
< [b(z3 9 L@ s 9L m (D) —R(25 €, -, )|+

F1h(2; Cpy vy €p)—h(0; ¢,y ..., ).

Hence in virtue of (7), (16), (13), (12) and (15) we get
lp(@)—e,| < Ed+(1—~9)K = K.

From (11) we have y(0) = ¢,, thus ype F.

Let ¢y, 9o¢ F, v1 = T[g.], vs = T[p,]. From the definition of the

metric we infer by (17), (7), (16), (13) and (12),
o(¥1, ya)

= &glh(z; 22 [f1(D)], ooy @2 [f (D)) — (25 @1 [[1(2)], -y @1 [f (A)])
< 8up |y, (25 01, -+ -5 V)| SUP 1@ (2) — @1 (&) + - . +
A zZ|<r

+8up [k, (25 01y +vey 0,) [ SUD |@g(2) — @1 (2)]
A |#[<r

< #sup |@s(2) — @, ()| = Po(pyy @a)-

tel<r

Consequently, T is a contraction map. Hence, on account of Banach’s
theorem it folows that ¢(2) is the solution of equation (9). @(z) given
by (6) is the solution of equation (1). The proof of the Theorem is complete.

From the above considerations we have
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COROLLARY. There are as many actual solutions of equation (1) as formal
solutions, thus either exactly one or a finite-parameter family, or none
Hquation (1) has no solution when it has no formal solution.

It may actually happen that

Bg;1..087 oo F Ao 18 =1

for several values of », and consequently equation (1) may have a solution
containing several parameters. The equation

(18) ?(2) = 2¢(32)—29(12)

provides an example of an equation of form (1) having a two-parameter
family of analytic solutions.

In fact, let ¢(2z) = D' ¢,2" be an analytic solution of equation (18).

n=1
Then
[+ ] oo oo [ee] n_
2 AE 220,,(%)%”—2 Z e (1) = 22 3 — 1 2",
no=]1 n=1 n=1 n=1 4
Thus
2(3"—1

{19) c,,=¥c", n=1,2,..

4%
Hence ¢, and ¢, may be arbitrary. Since 2-3" << 4™ for n > 3, we

have
2(3"—1) < 2-3"< 4* for n>=>3,

whence it follows according to (19) that ¢, = 0 for » > 3. We thus obtain
the two-parameter family of solutions

(20) ¢(?) = €12+ 2%,
It is readily verified that functions (20) actually satisfy equation (18).
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