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Some relations between Toeplitz and singular
integral operators on odd spheres
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Abstract. The work contains a characterization of various C* algebras (modulo compact
operators) generated by singular integral operators (with a continuous symbol) on odd spheres.
These characterizations depend on the analogous results for Toeplitz operators on odd spheres.

Let S ={zeC"|z] = 1}. Denote by L*(S) the Hilbert space of all square
summable functions with respect to the Lebesgue measure on S. Let us
denote by H?(S) the Hardy subspace of I?(S) of all functions which are
radial boundary values of holomorphic functions in B = {zeC"|z] < 1}. See
for example [2]. It has been proved by Koranyi and Vagi in [4] that the
orthogonal projection operator P of I?(S) onto H?(S) is given by a singular
integral operator. More precisely, we have for zeS and feI?(S)

(1) Pf(2) =f(z)/2+P.V.j’(l—w~z)';'f(w)dw, where Wz = i W,z

i=1

and dw is the normalized Lebesgue measure on S. Here the symbol P.V.
means a principal value integral. See [4] for the definition. We are going to
give some applications of Toeplitz operators to some singular integral
operators, depending on relation (1). Namely, we will describe some C*
algebras generated by singular integral operators (with kernels given by the
Szego kernel (1—w-z)~"). It seems that our results can be also obtained by a
direct computation, but we have wanted to emphasize the relation of
Toeplitz operators to singular integral operators (which is well known for
n=1).

In what follows for a given operator T we denote by T* the adjoint
operator and by [4, B] = AB—BA the commutator of operators A and B.

Let S,/(z) = P.V.[(1-W-2)""f(w)dw, feI?(S). Then we can rewrite (1)
in the form

P=13I+S5,.

ProposiTION 1. For any ¢eC(S) (the algebra of continuous functions on
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S) the commutator [S,, L,] is compact in L*(S), where L, denotes the operator
of multiplication by ¢ in L*(S).

Proof. Let z;: §3z =(z,,...,2,) — 2, be the coordinate function. Using
the approximation by polynomials in z and Z (the Stone—Weierstrass
theorem) and the symmetry of zs it is sufficient to prove that [S,, L.] is
compact. Since S,|,2 = 4I, we have for each fe[*(S)

(S, Ly, L, S)f =S4 (2 Pf +U = Pz, f) = 2, (Pf+(I = P)f)
=3z, Pf+S,z,(I-P) f=4z; Pf—2,S,(I-P) f
= (P—4) 7~ Pf—4z(P—1)f = Pz~ P).

Writing Pz,(I— P) = (I — P) z; P)* we conclude that the operator Pz (I—P)is
compact by Lemma of [3]. The proof is complete.

From the above result we easily get

ProposiTioN 2. Let @ eC(S). We define the operator

5,6 =PV.[(1=-Ew)"pW)f(w)dw, (€S, fel?(S).

If yeC(S), then the commutator [S,, L,] is compact.

Proof. Applying Proposition 1 the result follows immediately by the
equality [S,, Ly] =[S,, L,y}+L,[L,, S,]. The proof is finished.

Note that S, =S, L,.

PropostTioN 3. For any ¢, Y€ C(S) the commutator [S,, S,] is compact.

Proof. We can write [S,, S,]=S, L,[S,, L,]1+S, L,[L,, S;] and the
above claim follows by Proposition 1.

The above proposition proves that the operator S, is essentially normal.
In order to describe the C* algebra generated by the family (S,),cs) we will
also need the following proposition.

ProprosiTiON 4. Let of be the C* algebra generated by the family
(Sy)pecis The algebra &/ is irreducible.

Proof. Let X be a projection and XS, = S,X for every ¢ € C(S). Since
XP =PX we can write the following decomposition of X with respect
H*S)@H*(S)*: X=X, ®X,. Butif o =z (i=1,...,n), then Soimz = 1T,
where 7, denotes the Toeplitz operator.

We know by [1] that the C* algebra generated by Toeplitz operators is
irreducible. Thus X, =0 or X, =1.

Let us assume first that X =1 @ X,. Since XS, =S,X we have

(I-P)L,Pf=X,(I—P)L,Pf, feI*S).
For ¢peC(S) and ¢ L H*(S) the last equality is reduced (on f=1) to X, L,
=L, and this proves that X, =1.
If X=0@® X,, then by a similar reasoning we get X,(I—P)L,Pf =0,

for every ¢ eC(S), ¢ L H*(S), fe I*(S). Thus as above we get X, = 0 and the
argument is complete.
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Applying the above propositions we are ready to prove the following
theorems.

TueoReM 1. The C* algebra .5/ generated by the family (S,),ecis) contains
the ideal .#" of compact operators in I12(S) and the sequence

(0) = H = .o/ S C(S)—(0) is exact,

where 1(S,) = 0.

Proof. By Proposition 4 we know that the algebra ./ is irreducible.
Thus «/ =% since [S,, S,Jef, for any ¢,y eC(S). Therefore by a
standard reasoning (see for example [1]) it is sufficient to prove: S, compact
implies ¢ = 0. Assume that S, is compact. Denote by o(S,) (d.(S,) respect-
ively) the spectrum of S, (the essential spectrum of S, respectively). For
a given set Z = C we denote by Z2 = [a% aeZ). Then we can write

o(S,)? =0(S, L,)?* 20,5, L,)* = 0.((Sy L,)?) = 0.(StL,2+K)
=0, (}L,2) = 10 (SP,

where K e.#". It follows that ¢ =0 and the proof is complete.

THEOREM 2. The C* algebra # generated by the family {S,, Lyl, yec(s)) i
comnuitative modulo the ideal X', ie. the sequence

0) > H —»B5CS)=(0) s exact,

where ¢(S,) = 1o, o(Ly) = .

Proof. The proof of this theorem is similar to that of Theorem 1, by
using Propositions 2, 3 and 4. '

In the following notation the bar denotes the complex conjugation. Now
we will give a characterization of the C* algebra (modulo the ideal of

compact operators) generated by the compressions to H?*(S)@® H3(S) of
operators L, (peC(S)) and the projection P=I1@®0. Here H3(S)
= fe H*(S), f(0) = 0]. It seems that this characterization is new for n > 1.

Let Q: I*(S)— H3(S) be the orthogonal projection. By a direct compu-
tation or applying Theorem VIII of [2] we know that for any polynomial
p(zy,-..,2,) the operator PL,Q is compact. If

N
\0, QLQ
is the compression of L, to H?*(S)@ H§(S), then the commutator

0, PL,Q
0, 0

[P,L,]= ( ) is compact.
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Now we prove that the commutators [L. L. ] and [L* L. .] are compact for
i.j=1.....n. We have

“L — ( 7:'!’ RI), where Ri = PinQ7 Sl' = QL'-'fQ'

Thus we get

Zir T2 - 0, S|SJ ) 0’ SJSI )s
e T ('r* T, TR (T T*+R.RF, R;S;
o Ri ‘T;,a R:k RI+SI* Sx) Sl R?!, Si Sr)

Since [T¥, T.] and R; are compact, it is enough to prove the compactness of’
[S, S;] and [S¥, S;]. In order to do that it is sufficient to show the
compactness of (I —Q) L,Q. where p is an arbitrary polynomial. Note that for

any feH3(S) we have

Qpf = To =P (1) (0).
Thus denoting P(E/)(0) by f(0) we have

1= Q)ps W1? = Niof — Tf + ()
= I/ — T I + 2Re (A7 — Tf, F(0) + 1| /(O = |t — PYf 11> + | (O

Therefore for ﬁ‘eHo(S Ji = 0 (weakly) we can write

= Q) Al = I~ P) BRI +11 e (ONI? =, O,

by the above mentioned Lemma of [3] and since ﬂ(O -, 0. Hence the
compactness of (I —Q)L,Q is proved.

Before we formulate the promised description of C* algebra generated
by P and L, we also need ‘the following

ProrosiTioN 5. The C* algebra generated by P, Z,, (p — runs over the
set of all polynomials) is irreducible.

Proof. Let A be an orthogonal projection in H?(S) @ H2(S) = H, such
that

(2) AL,=L,A for every polynomial p.

Since also AP = PA we can write 4 = X ® W with respect to the decompo-
sition H = PH@®(I—P)H. By (2) we know that XT,=TX,i=1,.,n 1t
follows that X = T, with some ¢ in the Banach algebra H” of all bounded
and holomorphic functlons in the unit. ball B. Since X is a projection, ¢ =0

or ¢ = 1. Similarily W[ = lﬁ/,feH (S), ¢‘§H7.‘ Let us consider first the case
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¢ = 1. Then, by (2)
PL,Qf = PL,Qyf for any polynomial b in (z,,...,2,)

and fe L*(S). Thus taking the inner product of the above equality (for f = 1)
with an arbitrary polynomial g we get

{bgdw = [bgfrdw.
Hence = 1. If ¢ = 0 the repetition of the above reasoning proves that ¥
= 0. These two cases complete the proof.

Now we are able to prove the last theorem.

THEOREM 3. Let & be the C* algebra generated by P and 1',,‘, i=1,...,n.
The following sequence

)= A 2> CS)DC(S)~(0)

is exact, where Q(f,z') =z®z and ¢(P)=1@0.
Proof. Let m be the canonical projection of L(HZC-B_F—IE) onto

L(H*@® H2)/x¢. By the above reasoning we know that the elements n(P)
and n(I:z,) (i=1,...,n) are normal and commute. Since & is irreducible and
Zn A # {0} it follows that & > . The standard reasoning [1] proves that
for the commutator ideal .# of £ we have ker ¢ = .# = . The proof is
complete. .
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