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Introduction

The theory of geometric objects arose not long ago. The first correct
definition of a geometric object was given by A. Wundheiler [1] at the
1st International Conference on Tensor Differential Geometry in Moscow
in the year 1934. In the year 1953, J. Haantjes and G. Laman [1], [2]
gave another definition of a geometric object, based on the notion of
a fibre space introduced by N. Steenrod [1] in the year 1951. This defi-
nition is rather difficult for readers who are not familiar with the notion
of a fibre space and with its properties.

The purpose of this paper is to present J. Haantjes and G. Laman’s
definition of a geometric object in a way which does not require a use of
the notion of a fibre space. Thus this definition will become easily intelli-
gible to readers knowing only the elements of topology and group theory.
On the other hand, the following considerations point to the connection
existing between. the definitions given by A. Wundheiler and by J. Haant-
jes and G. Laman, which is hardly noticeable to those not concerned with
the theory of geometric objects, even after they have read the popular and
clearly written article on fibre spaces and geometric objects by A. Goetz [1].

We shall proceed as follows. We shall start from Wundheiler’s de-
finition of a geometric object, which will be called a particular geome-
tric object. Next we shall introduce the notion of an abstract geometric
object, which is already closely connected with the geometric object
as defined by J. Haantjes and G. Laman. Further we shall discuss the
concept of the equivalence of geometric objects and the notion of a con-
comitant (and in particular, the notion of a relative concomitant, intro-
duced by the first of the authors of the present paper, M. Kucharzewski
[6]). We shall also touch the problem of an algebra of geometric objects
and some questions connected with differential concomitants of geometric
objects (the covariant derivative, the Lie derivative, etc.).

Thus the reader, even not familiar with the problems of differential
geometry, will be able to learn from the present paper the basic
concepts and problems of the theory of geometric objects. In compar-
ison with article [21] of S. Golgb, who set himself a similar task, the
present paper touches a greater variety of problems, treats them in more
detail and, above all, takes account of the latest results of this fast de-
veloping theory (*).

(1) S. Golgb’s article was written in 1955, and so it was not very up to date
even when it appeared in 1959.
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§ 1. Historical development of the concept of a geometric objeet

Before we pass to the proper subject of our considerations;, we shall
give here an outline of the historical development of the coneept of a geo-
metric object and of its theory, Such an outline not ouly gives a certain
amount of knowledge of the theory discussed, but also helps one to
understand its problems better. Therefore we regarvd this ontline as a use-
ful introduetion to our further considerations.

The coneept of & geomebtric object s wlready inherent in the
definition of the geometry of na group of transformations given by
. Klein in his famous Erlangen program (Klein [1}]). According o that
definition the geometry of a group of transformations can be described
as follows: Suppose we are given a manifold with a certain group of trans-
formations. The set of all invariants of thik group in called the geometry
of the group of transformations. (‘“‘Es ist ecine Mannigfaltigkeit und in der-
selben eine Transformationsgruppe gegeben, man entwickle die auf Grappe
beziigliche Invariantentheorie”). Now, every such invariant is a geometrie
object. But the question arises how to understand the word invariant
and how to express it analytically.

In order to avoid ambiguities and to refer to the further considera-
tions, we shall slightly modify the above definition of n geometry. Namely,
instead of speaking about a group of transformations of a manifold, we
shall consider a group of transformations of coordinate systems. Then
the invariants, or in the modern terminology the geometrie objects of
a given geometry, are the expressions which do not change with a trans-
formation of the coordinate system, or, in other words, do not depend
on the choice of the coordinate system and thus rvepresent i certain geo-
metric content which is independent of {he analytical representation
introduced.

How should one understand an invariant of a given group of trans-
formations of the coordinate systemi? The simplest definition one can
think of is that an invariant is defined by a set of numbers which do not
change with a transformation of the coordinate system. DBt then the
notion of a geometric object would be vestricted to that of a sealar, With
sach a definition a vector for instance would not he o geometrie object
of the affine geometry, because under the affine group of transtormations
of the coordinate system the components of w vector vary. Bub il is essen-
tial that they vary in a certain quite definite manuer!

‘ Many authors have made attempts (o define a geometric object
I a more or less exact manner. And so in the year 1926 (), Veblen and
J ..M'. Thomas [1] wrote: “An invariant is an entity with definite deter-
mining components in any coordinate system such that the transforma-
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tions of the components fromn one coordinate system to another form
a group isomorphic with the group of analytic transformations of the
coordinates”. In the year 1927, . Veblen writes: “An object of any sort
which is not changed by transformations of coordinates is called an in-
variant”.

In the year 1930 J. A. Schouten and K. R. van Kampen [17 used
the term “geometric object” and gave the following definition: “Die
Punkte einer Manuigfaltigkeit sind festgelegt durch Koordinaten, die
‘Urvariablen’, die den Transformationen einer gewissen Gruppe, der
Basisgruppe, unterworfen sind. Fin geometrisches Objekt ist ein System
von in irgendeinem Berciche definierten Funktionen (‘Bestimmungs-
zahlen’ genannt) der Urvariablen, das sich bei Transformationen der
Basisgruppe ‘in sich’ mittransformiert, d.h. sich so transfomiert, dafB
die nenen Bestimmungszahlen lediglich von den alten Bestimmungs-
zahlen und den Transtormationsfunktionen abhingen”. Lastly in the
year 1932 O. Veblen and J. I. (. Whitehead [1] gave a curious defini-
tion of a geometric object, which evoked numerous protests: ‘“Anything
which is unaltered by transformations of coordinates is called an invariant.
Thus a point is an invariant and so isx a curve or a system of curves. Also,
strictly speaking, anything, such as a plant or an animal, which is unre-
lated to the space which we are talking about, is an invariant. For an
invariant which is related to the space, i. e. a property of the space ...
we shall also use the term geometric object”(2).

The fact that in a relatively short period (1926 -1932) so many authors
endeavoured to define a geometric object shows on one hand that in that
time there arose an urgent need of a definition of this notion, and on the
other hand that none of the former attempts was regarded as satisfactory,
even by the authors themselves. It was not until 1934 that A. Wundheiler
gave a correct definition of a geometric object in a lecture held at the
1st International Conference on Tensor Differential Geometry in Moscow.
This definition is contained in his paper [1], which appeared as late as
1937. The theory of geometric objects was further developed by J. A,
Schouten aud J. Ilaantjes [17], [2] and by 8. Golab [1], [2], [3], [4]. It
was then dealt. with by more and more anthors, among which one should
mention first of all 8. Golyb [6], [71, [8], [9], [10], [11], [12], W. W.
Wagner [1), [2], [3], [11], [5], [61, [8], [9], J. Pienzow [1], [2], [3], [4]
and others (Bompiani |17, Kuiper=Yauo |1], Rashevski [1], [2], Vran-
ceanu [17). In those papers the authors were mainly concerned with
establishing the Dasic nofions of the {heory of geometric objects and
with determining geometrie objecls of some types, i.e. with the classi-

() The above gnofations hnve been taken from paper [1] of J. AL Schoulen
and D. van Dantzig.
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fication of geometric objects. 8. Golgb obtained his results investigating
directly the solution of some functional equations. On the other hand,
W. W. Wagner connected the theory of geometric objects with the theory
of Lie groups (Wagner [1]). He and J. Pienzow obtained their results
by making use of the corresponding theorems of the latter theory. How-
ever, this method requires very strong asswnptions.

In the year 1930 8. Golab introduced the notion of the equivalence
of'geometrie objects (Golab [13], [14], [15]).

In the year 1952 a monograph by A. Nijenhuis [2] appeared, dealing
with the theory of geometric objects. The author developed this theory
basing himself on the notion of a groupoid, introduced by M. Brandt [1].
The notion of a groupoid replaced the previonsly used notion of a group
or a pseudogrounp of transformations of coordinates (Veblen—Whitehead
[1], p. 38, Golab [5], Wagner [7]).

Lastly, in the year 1953, J. Haantjes and G. Laman [1], [2] gave
a new definition of a geometric object and of the equivalence of geome-
tric objects, based on the notion of a fibre space introduced by N. Steen-
rod [1], and they determined all one-dimensional objects of the first
class in an n-dimensional space. With the use of this definition J. Pienzow
has determined one-dimensional objects of higher classes (cf. Pienzow
[6]) and two-dimensional objects (¢f. Pienzow [6]) in a one-dimensional
space.

Independently, the theory of geometric objects based on Wund-
heiler’s definition continued to develop fast. Many results on these lines
were obtained under very weak regularity suppositions (mainly by the
use of functional equations) by S. Golgb and his disciples: A. Jakubowicz,
M. Kucharzewski, M. Kuczma, H. Pidek-Lopuszanska, E. Siwek and
A. Zajtz, as well as by representatives of the Hungarian school: J. Aczél,
A. Balogh, M. Hossz, I. Makai, A. Moér, and of the Rumanian school:
0. E. Gheorghin and B. Crstici (cf. Aczél [1]-[10], Balogh [1], Gheor-
ghin [1]-[23], Gheorghiu-Crstici [1], Golab [22]-[25], Golagb-Jakubo-
wicz-Kucharzewski-Kuczma [1], Golab-Makai [1], Golgb-Pidek [1],
Golgb-Siwek [1], Hosszt [1]-[4], Jakubowiecz [1], Kucharzewski [1]-[5],
Kucharzewski-Kuczma [1]-[5], [8], Kuczma [1], Makai [1]-[3], Moor
[1]-[7], Pidek [1]-[3], Siwek [1], Zajtz [17). The majority of those results
have been presented in a monograph by J. Aczél and 8. Golgb [1], where
one can also find a fairly complete bibliography concerning this subject
up to the year 1960.

In the year 1962 the authors of the present work wrote two joint
Dapers (Kucharzewski-Kuczma [6], [7]), in which they attempted to
compare Wundheiler’s definition with the ITaantjes-Laman definition
of a geomeiric object. Here we should like to present the main ideas of
those papers in a more detailed manner.
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§2. Manifold, coordinate system, transformations of the coordinate system

Defore we pass to the definition of a geometric object, we shall in-
troduce some auxiliary notions: the notion of a manifold, of a coordinate
system and of transformations of coordinates.

DeriNTrIoN 1. The set of all sequences of » real numbers (&', £, ..., £
will be called the n-dimensional arithmetical space.

The n-dimensional arithmetical space will be denoted in the sequel
by ., and its points will be denoted by small letters of the Greek alpha-
bet, e. g. & will denote the point (&', ..., £*). In the space 4, a topology
can be introduced in the usual way, and so in the sequel we shall regard
<, as a topological space.

DEFINITION 2. An n-dimensional manifold X, is a connected and
separable topological space whose every point has a neighbourhood ho-
meomorphic to an open domain of the n-dimensional arithmetical space
A, (cf. Haantjes- Laman [1], p. 210, Aczél-Golab [1], p. 7, and Lichne-
rowicz [17).

Thus a circle is a one-dimensional manifold (although the whole
circle is not homeomorphic to an open interval, every partial arc of
a circle is). On the other hand, the figure drawn in fig.1 (with the
topology induced by that of the plane) is not a one-dimensional mani-
fold, for no neighbourhood of the point x, is homeomorphic to an open
interval.

Xo

Pig. 1

The elements of the space X, will be called points and will be denoted
by small letters of the Latin alphabet: », ¥y, z, ete.

DErinrfton 3. We say that in a neighbourhood of a point zelX,
a local coordinate system U has been defined provided we are given
a homeomorphism of this neighbourhood onto a certain domain of the
space 4,, i. e. if to each point 2 of this neighbourhood there corresponds
exactly one point £ed, and this correspondence is one-to-one and con-
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tinnous and the inverse correspondence is also continuous (cf. fig. 2).
The numbers (&,..., &) are called the eoordinates of the point # in the

coordinate system U.

1
I

Fig. 2

Of course, in various neighbourhoods of the same point x, of a mani-
fold X, many coordinate systems can be defined. Let a coordinate system
U; be defined in a neighbourhood V; and a coordinate system U, be de-
fined in a neighbourhood V; of the same point xz,e X, (fig. 3). Since the

_4—1-\.50

_ T
R

""" —~ =\,

An
IMig. 3

common part of V; and V. is non-empty, it is also a certain neighbour-
hood of the point z,. Consequently the systems U, and U; determine
a one-to-one transformation of a certain domain of the space A, into
a certain domain of this space. This transformation will be denoted shortly
by Tyt

r =1
“’1".”. == (’ll" T].,j .
If we denote by & and & the coordinates of the same point weV; AV,

in the coordinate systems U7; and /., vespectively, then the transforma-
tionn 7'; can be written in the form

(2.1) Lo & =" (&', .., &Y, " =1,2,..,n.

A neighbourhood 71’; together with a coordinate system U; defined
in it is called a local map (Lichnerowicz [1]), and a set of local maps
whose neighbourhoods cover the whole manifold .V, is called an ailas
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of this manifold. An atlas is said to be of class C", == 1, if all the functions
(2.1), corresponding to points belonging to two different neighbourhoods,
are of class C" and their Jacobian J is different from zero:

il

(2.2) J = det (%i—;) # 0,

The union of two atlases of a manifold X, is again an atlas of this mani-
fold. Two atlases of class C" will be called r-equivalent if their union
is again an atlas of class C". The r-equivalence of atlases is a logical equiv-
alence (i.e. this relation is reflexive, symmetric and transitive), and
thus we can divide the set of all the C" atlages of a given manifold into
classes of r-equivalent atlases.

DEFINITION . A manifold X, with a chosen class of r-equivalent
atlases is called a differentiable manifold of class C" and will be denoted
by X, (Haantjes—Laman [1], Lichnerowicz [1]).

In practice, in order to determine a manifold X, it is enough to in
dicate a manifold X, and to define on it a single atlas of class ¢". This
atlas will determine the class of r-equivalent atlases, and thus also the
manifold X7,.

Since in the sequel we shall deal only with geometric objects fastened
at a fixed point z, of a manifold X,, we may confine ourselves only to
coordinate systems defined in a certain neighbourhood of the point wx,
and determined by a class of r-equivalent atlases. Every two such atlases
in a neighbourhood of the point x, determine a transformation (2.1) which
is defined and one-to-one in a certain neighbourhood of the point &, and
fulfils condition (2.2). Conversely, applying to a given coordinate system
all possible transformations of class ¢" with condition (2.2) which are
defined and one-to-one in a certain domain we shall obtain alt r-equiva-
lent atlases restricted to a certain neighbourhood of the point x,.

Consequently, if we deal only with objects fastened at a fixed point
Zy, We may confine ourselves to a set Z” of coordinate systems which arve
defined in an certain neighbourhood of the point i, and may be obtained
from such a system by applying all the possible € transformations, ful-
filling condition (2.2) and defined and one-to-one in a certain domain.
The sel of such transformations of coordinates forms a pseundogroup
according to the definition given by 8. Golab [h].

§ 3. Group, pseudogroup, groupoid

In the above considerations as the set Z of allowable coordinate
systems we have taken the set Z" obtained from a certain system
by applying all the possible transformations (2.1) of class C", with
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the Jacobian different from zero, defined and one-tu-one in a certain
domain.

One may consider, however, geometric objects also with respect to
another set Z of the allowable coordinate systems. The set Z determines
a set of the transformations of these coordinate systems, which will be
denoted by T. Conversely, if we know a set T' of the transformations
of coordinates and a coordinate system U eZ, then the set Z of the allow-
able coordinate systems can be obtained as follows. Applying to the
system U, all the possible transformations from the set T' (those which
can be applied) we obtain a set of coordinate systems. Applying again
the transformations from the set T to the systems obtained, we get a new,
wider set of coordinate systems, ete. In the set Z we include all the coor-
dinate systems obtained by applying to the system U, an arbitrary but
finite number of transformations from the set T. This can be represented
on a diagram, where the points denote coordinate systems from the set
Z and the arrows denote transformations of coordinates belonging to the
set T (fig. 4).

Tig. 4

Now let us try to decide what properties should characterize a set 7'
of the transformations of an arbitrary set Z of allowable coordinate 8ys-
tems. For the sake of simplification let us assume at first that the mani-
fold X, and the set Z have the tollowing properties:

(1) Bwery coordinate system of the set Z is defined on the whole ma-
nifold.

(2) The ranges of all the coordinale systems are the same region D of the
space A, (i.e., every coordinate system establishes a homeomorphism
between the points of the manifold X, and the same region ) of the arith-
metical space A,).

If these conditions are fulfilled, we say that the manifold X, is endowed
with a Klein coordinate struecture (ct. Veblen-Whitehead [1], Wagner
[5], 1. 137, Spivak [1]). The set T is then a set of one-to-one transforma-
tions of the vegion 1 onto itself. The set T has the following properties:
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(@) If 1'\eT and LyeT, then TyT | exists and also belongs to T.

(B) To every transformation T'eT there exists an inverse transformation
T~ belonging to T

In fact, condition («) can be obtained in the following manner. Let
T,eT and TyeT. This means that there exist coordinate systems U,,
U,, U, belonging to Z such that U, is obtained Dy applying the transfor-
mation 7', to the system U, and U’y is obtained by applying the transfor-
mation 7', to the system U,. Let 7y denote the transformation which
leads from the system U, to {/;. By definition the transformation 7',
belongs to 7' and, on the other hand, evidently 7'y is the superposition
of 7', and 1',. Thus property («) has been proved.

Similarly we shall prove property (8). Let 7 T. By definition there
exist coordinate systems {7, and {7, belonging to Z such that U7, is obtained
by applying the transformation 7' to {/;. But the set 7' must also include
the transformation which leads from the system {7, to the system U,.
This transformation is, as can casily be verified, inverse to the transfor-
mation 7. Thus property (f) has also been proved.

Conditions («) and (B) express the fact that the set of transforma-
tions T must form a group.

Now we may proceed conversely. If we are given an initial coordi-
nate system U, and a group T of transformations of the range of the
system U, onte itself, we can obtain the set Z of allowable coordinate
systems by applying to U7, all the transformations of the group 7. The
set Z does not depend on the choice of the initial coordinate system,
even if we continued arbitrarily long the process, described above, of
forming allowable coordinate systems. This follows from the fact that
every system from the set Z can be obtained by applying only one trans-
formation from the group T.

In this manner the choice of a transformation group T and of an
initial coordinate system U/, determines a set Z of allowable coordinate
systems with regard to which one can determine geometric objects. Thus
the transformation group 7' may be taken as the basis of a classification
of geometries (Klein [1]).

The matter gels complicatod when the ranges of the allowable coor-
dinate systems do not coincide, In such a case we say that the manifold
Yo is endowed with o Veblen - Whitehead coordinate structure (cf. Veb-
len-Whitchead [ |, Wagner [5], Spivak [1]). Then, of course, the set T'
of the transformations of the allowable coordinate systems does not
form a group. O. Veblen and J. W. (&, Whitehead [1] were the first to call
attention to this fact. They introduced the notion of a pseudogroup of
transformations as a set 7' of transformations with the following prop-
erties:
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(@) If TyeT and TyeT and 1,71, exists, then TyT e T.

(8,) To every transformation I'e T there exists an inverse transforma-
tion T belonging to T.

Here the existence of the composition of transformations 7', and 7',
is understood so that the range of the first transformation coincides
with the domain of definition of the second transformation.

J. A. Schouten and J. Haantjes generalized a little the notion of
a pseudogroup, assuming the existence of the composition of transforma-
tions 7', and 7', also in the cage where the range of the first transformation
and the domain of definition of the second transformation have a common
region.

Finally 8. Golab extended the notion of a psendogroup of transfor-
mations, making it more precise. According to S. Golgh a pseudogroup
of transformations is a set T of transformations with the following prop-
erties:

(a) Every transformation is defined in an open set.

(b) A restriction of any transformation belonging to T 1o an open set
also belongs to T.

(¢) The composition of two transformations 1) and T, belonging to T,
if it exists, also belongs to T. The existence is here understood so that the
range of the first transformation and the domain of definition of the second
have a common point.

(d) If Ty e T and &, belongs to the domain of definition of 1'y, then there
exists a transformation T, locally inverse to T, at the point &, and also
belongs to T. (T, is locally inverse to T, atl the point &, if the transforma-
tion 1,7, is the identity transformation in a certain neighbourhood of
the point &).

An example of a pseudogroup in the above seuse is provided for
instance by the set of all the transformations of class € in a certain
domain which have the Jacobian different from zero. This pseudogroup
will be denoted, after S. Golab [18], by @,.

S. Golah’s definition of a pseudogroup has a local character, which
I8 expressed by the postulate of local invertibility, which has replaced
the former postulate of global invertibility, and by a weaker condition
of the existence of the composition of transformations.

If follows from the conditions defining a psendogroup that if we
are given a pseudogroup 7' of transtormations and an initial coordinate
system g, then the set Z of allowable coordinate systems formed in the
manner deseribed at the beginning of the present section has the following
property: from an arbitrary system of Z one can pass to any other system
of Z with the aid of a certain transformation from the pseudogroup T.
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(Hence it follows in particular that the set Z of allowable coordinate
systems does not depend on the choice of the initial system.) In the case
of a pseudogroup as defined by S. Golab or by J. A. Schouten and
J. Haantjes, one must make an identification of some systems, regarding
as identical every two systems which coincide in a certain common re-
gion.

If we are talking only about coordinate systems defined in a neigh-
bourhood of a fixed point 2, of the manifold X,, then it is advisable to
define the compogition of transformations in a somewhat different manner.
Namely, we shall say that the composition of two transformations 7',
and 7', exists with regpect to the point & if the image of &, by the trans-
formation 7', belongs to the domain of definition of the transformation
T, (or, in other words, the common part of the range of the transforma-
tion 7', and of the domain of definition of the transformation 7', containg
T,(&)). The idea is that the systems defined in a neighbourhood of the
point x, should pass by transformations from the set 7' again into systems
defined in a neighbourhood of .

DErRINITION H. A pseudogroup of transformations of a set of coordi-
nate systems as defined by S. Golab, where the existence of the compo-
sition. of transformations 7', and 7', is understood as the existence of
the composition with respect to the coordinates of the point x,, will be
called a pseudogroup of transformations 1with respect to the point x,.

A. Nijenhuis in his monograph (Nijenhuis {2]) introduced, instead
of transformations, the notion of a transformation element, defined
as a pair consisting of a point &, and of a transformation 1': &' = @(£)
defined in a neighbourhood of this point. Such a transformation element
is denoted by

(3.1) (&, T).

In the set of transformation elements (3.1) one can define a composition
of elements ag follows: the composition of two elements (&, 7)) and
(%0, T'y), where

Ty: & =g (&) and Ty & = p(§),

exists if ¢ (&) 5, and the resulling clement equals (&, 7, 7,). The trans-
formation clement (&, &) plays the part of the identity of this operation.

The sel. of transformation clements (3.1), where 7' is an analytic
transformation (*) in a neighbourhood of the point & with o non-vanishing
Jacobian, in which the operation of composing has been defined in the
above manner, forms & groupoid in the sense of I1. Brandt (Brandt [1]).

(" Henco it follows that lwo (ransformations equal in a neighbourhood of
the point & must be identical.
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Namely, a groupoid is defined as a set & of elements (with an operation
defined for some couples of elements) with the following properties:

(1) If for three elements, a, b, ¢ of the se & the relation
ab =¢

halds, then each of them is uniquely determined by the remaining two.

(2) If ab and be exist, then there exist also (ab)c and a(be); if ab and
(ab) ¢ exist, then there exist also be and a(be); if ac and a(be) exist, then there
exist also ab and (ab)e. In all the threc cases the equalily

(ab)¢ = a(be)

holds.

(3) To every element ae® there exists o uniquely determined element
e.(a), the right-sided unity, a uniquely determined element e (a), the lefi-
sided unity, and a wniquely determined inverse element a”' such thal

ae.(a) = a, efa)a = a,

a'a =e(a), aa'=e¢la).

(4) For any two unities e(a) and e(D) there exists at least one element
ce® such that ce(a) and ce(d) exist.

An example of a groupoid is provided by the set & of the pairs of
numbers (a, b) with the composition law (a, b)(b, ¢) = (a, ¢). Another
example can be obtained as follows. Let ¢ be an arbitrary group and &
the groupoid of the preceding example. The set of triplets (a, b; g), where
(a,b)e® and ge¢¥ with the operation

(a, b5 9:)(b, ¢; 92) = (@, ¢; 9:192)

(where g,g, is the product of the elements g, and g, in the sense of the
operation of the group %) is again a Brandt groupoid.

Suppose that we are given an arbitrary groupoid of transformation
elements and a local coordinate system U, defined in a neighbourhood
of a point 2, of a manifold X, . Let &, be the coordinates of the point , in
the coordinate system U,. With the aid of elements of the groupoid of
the form (&, T) we can obtain other local coordinate systems defined
in a neighbourhood of the point x,. Applying to the coordinate systems
thus obtained further transformation elements of the groupoid (those
which can be applied), we shall obtain further systems. In this manner
the groupoid of transformation elements and the initial coordinate
system determine a set Z of allowable coordinate systems defined
in a neighbourhood of the point x,. According to the properties of the
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groupoid one can pass from an arbitrary system of the set Z to any other
system of this sel with the aid of a certain transformation clement of
the groupoid. Hence it follows further that the set Z does not depend
on the choice of the initial system.

In order to speak about geometric objects at a point z, of a manifold
X, (for the present we do not assume that X, is a differentiable manifold)
we must have a fixed set Z of coordinate systems defined in a neighbour-
hood of the point x,. Two systems will be regarded as equal if they are
identical in a neighbourhood of z,. The set Z will be called a set of allow-
able coordinate systems al the point x,. The set T of all the transfor-
mations leading from systems of the set Z to all the other systems of
the set Z forms a pscudogroup of transformations with respect to the
point z,. And the corresponding set of the transformation elements forms
a Brandt groupoid.

In practice, in order to define a set of allowable coordinate systems
at a point x, one gives au initial system 7/, and a certain set of transfor-
mations T which must form a pseudogroup with respect to the point .
Instead of giving a pseudogroup of transformations with respect to
the point z, one can also give a groupoid of transformation elements.

Apparently we have established a very general notion of a coordinate
system. Nevertheless even this wide concept of a system of coordinates
is not sufficient in all the problems of geometry. E. g. in projective geo-
metry we deal with coordinate systems which consist in assigning to
the elements of the manifold some subsets of the space 4,. More detailed
investigations of such coordinate systems may be found in a paper by
A. Pforr [1].

§ 4. Wundbeiler’s definition of a geometric object

Now we pass to defining a geometric object. Suppose that we are
given a set Z of allowable coordinate systems defined in a neighbourhood
of a point x, of a manifold X,,.

DrrinrrioN 6 (Wundheiler [1]). At the point x, there is defined
an objest m with m components

(4.1) wlmty .., o),

if to every allowable coordinate system a sequenee of m numbers o', ..., o™

(called components of the object) has been assigned, i. e. if there is defined
a function

(4.2) o= o), UeZ.
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The object is called geometric if its components «!,..., ™ in an
arbitrary new coordinate system U’«Z can be expressed by its compo-
nents (4. 1) in the old system U and by transformation (2.1), The depend-
ence of o on o' and 7'; has thus the form

(4.3) o' = F(o, T'y)

and is called the transformation formula (or transformation law) of the
object .

A geometric object is determined if we know its components w,
in a certain coordinate system UyeZ and its transformation formula (4.3).
Function (4.2) may then be expressed as

(4.4) B(U) = F(wg, L(V),

where 7'(U) is the transformation leading from the system U, to the
system U.

In order that transformation formula (4.3) should define the compo-
nents of an object uniquely in every coordinate system, the function F
cannot be quite arbitrary, but must fulfil the conditions

(4.D) F(F (o, T), T.,-ui,) = Mo, Tw),
(4.6) M'w,l) = o,

where 7'y;, L'y and T';; denote the transformations which lead from the
system U to U’ from U’ to U" and from U to U, respectively, and I
denotes the identity transformation.

Whether a given object is geometric or not depends in an essential
way on the set Z of allowable coordinate systems. We shall illustrate
this fact by an example.

Let X, be a straight line on which a point z, has been fixed. Let U,
be an arbitrary Cartesian coordinate system on the whole X, (i.e. an
isometric homeomorphism of X, onto the whole space of real numbers
A,); as the set Z of the allowable coordinate systems we take the set
of the systems obtained from U, by applying the group of the transfor-
mations

Ty: & = E‘l/"
where k& runs over the set of all the integers, I we denote by U the system
obtained from U, by applying the transformation 7., then from a system

Uy, to a system Uy, leads the transformation 7' ke NOw we define
an object o (with one component) by the l"mmnld,

0 for L -#0,

..—_QD —
ba) for ko= 0.
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This object is not geometric. For an indirect proof, let us suppose that
o is a geometric object. Then there exigsts a function F(w, T) such that

(4.7) o ( U,u.z) = ]!’(m( U, T"'r"ﬁ)’

where o (Uy) = ®(U};) denotes the value of the component of the object
w in the system U,.

Now let us consider three coordinate systems: Uy, U, and U,. The
transformation 7'_, leads from the system U, to U, and also from the
gystem 7, to U,. In the coordinate systems U, and U, the component
of the object  equals zoero, in the system U/, it equals 1. Thus we have
by (4.7), assuming first k£, = 2, £, =1, and then %, =1, k, = 0,

0 = f0,7_,) and 1 = 10,17 ,),
whence by comparing
0=1.
The contradiction obtained proves that o is not a geometric object.
Now we shall introduce in X, another set Z* of allowable coordi-

nate systems. Let Uj be the system obtained from the system U, by
applying the transformation

e ] PRALCR R £
& = arctané.
01

Thus the range of the system (7} is the interval (0, 1). As the set Z* we
take the set of the systems Uj obtained from Uj by applying the trans-
formations

(4.8) Tiy: & = E+Fk,  £€(0,1),

where & runs over the sot of all the integers. The pseudogroup 7™ of the
transformations of the coordinate systems of the set Z* will contain,
besides transformations (4.8), also all the transformations

Thys & = E|-lk—1, &Ee(l,141), k, ! integers.
The transformation 7% leads from the system UF to the system Uf.
This time tha object

0 for k£ 0

w*  D(UF) S

I for k=20

is geometric, The function #(w*,1™) has the form
[() for & #0,

(o™, Th) =
(o Th) for E=0.

!

Rozprawy Maiemalyczne XLIII
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We cannot repeat here the argument from the preceding case, because
now a given transformation Tj; may be applied only to one coordinate
system, namely to Uj. It is so, because the ranges of any two allowable
coordinate systems are disjoint.

Further examples of objects, geometric as well as non-geometric,
will be shown in the next section.

§ 5. Special geometric objects

Now we agsume that X, = X, is a differentiable manifold of class
C" and as the set Z of allowable coordinate systems at a point z,eX],
we take the set Z" of the systems obtained from a certain system U, by
applying the pseudogroup (with respect to the point z,) G, of transforma-
tions (2.1), defined and of class C" in a neighbourhood of the point =,
and with a Jacobian J # 0. To every such transformation (2.1) there
corresponds in a one-to-one manner a system of numbers

a1t ’
=1, ...,n,
Z,’I,]_,...,Zg=1,...,’i'b, )
s<Lr

B .‘is

(5'1) Al:la A::;ig,-n’ A?;

where we have applied the shortened notation

., ak gi’
t [ ——" )
Ail‘ik - 05,‘1‘: . d5L1(§0) M
Moreover, according to (2.2),
(5.2) J = det(4l) #0

and Ail ..ip are symmetric with respect to the lower indices (indepen-
dence of the order of taking derivatives).

To every system of parameters (5.1) we can assign in a one-to-one
manner a sequence of n polynomials on # variables (%)

1y7g

5 i n Ppiy L ogv g 1 ¢ i
(5.3) w" (£, ..., &") = AV E - = AF; Evg b =AY gL g,
2! gt A ®

=1, ...,0.

In the set W;, of all the sequences of » polynomials (5.3) we define an
lnner operation consisting in inserting the polynomials of the first se-

(') Here and in the sequel we uge Einstein’s summation convention: one should
sum (from 1 to ») with respect to all the indices which appear on two different levels
n
(i e. as lower and upper indices). Thus e. g, .1¥ € denotes Y AVE, ote.
i=1
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quence in. place of the variables of the polynomials of the second sequence
and then deleting the terms of the orders higher than s. With respect to
this operation, the set W; forms a ILie group (5).

The operation in the group W, induces an operation in the set of
all the systems of numbers (5.1), which consequently also forms a group.
This group will be denoted after Haantjes and Laman by £ and its
elements (systems of parameters (5.1)) will be denoted shortly by a single
letter L. If I, is the system of parameters (5.1) and L, the system of the
parameters o

BS ' B:‘liza very BE. B
then the parameters €, Cig, ..., Cf ., representing the product (in
the sense of the group operation) L, I, are given by the following formulae:

e By A%,

h.4 i i ky gk ok
(h.4) Ciiy == By, A7} A+ By, Ay

:
« ¢ e L T

Formulae (5.4) are identical with those expressing derivatives of a cowm-
posite function.

On account of the symmetry of the parameters A?
to the lower indices, system (5.1) contains only

n-|-8
N = -n( : )——n
&

independent parameters. Thus the set of systems (5.1) can be imbedded
in the N-dimensional arithmetical space 4 . The topology of 4 induces
a topology in %5 . &, endowed with this topology is a topological group.

The set of triplets (&5, £, L), where £ denotes the coordinates of
the point x, in the coordinate system U, £5" denotes the coordinates of z,
in the coordinate system U’, and Le%,, with the operation

(&b, & L&, EV L) = (&, &, Ly Ly),

forms a Brandt groupoid (ef. the example from § 3, p. 14). This groupoid
will be denoted hy G),.

DErINIrioN 7. Goeometric objeet (4.1) is called a special geometric
object if in its transformation formula (1.3) the dependence on the trans-
formation 7 is expressed only by the coordinates of the point #, in the
old coordinate system and in the new one and by a finite number of pa-
rameters (5.1). The transformation formula of the object then has the
form

53 T i
(l)-L)) ' l"‘l(('), 'E(H n,cu 3 a"' i "1 fjf.-,.) L | “ll‘]..."‘H)’

’

L.ip With respect

(%) Regarding the definition of a Lie group, ef. Pontriagin [1], p. 263,
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Object w is said to be of class s if the function I in (5.5) actually
depends at least on one of the parameters A4, ()

A special geometric object is called a purelu differential qwﬂwtrw
object if its transformation formula does not contain £ and £

il
(5.(‘) - 1’1(0.) AL ] 11{2’ ERY) A'i],“is)'
Transformation formula (5.6) can be written, shortly in the form
(5.7) o = Fw, L), Le&%y.

‘When one deals with not purely differential geometric objects it in more
convenient to base the considerations on the groupoid @) instead of the
group Z5. But not purely differential geometric objects can be reduced
to non-differential objects (i.e. objects whose transformation formula
does not contain at all parameters (5.1)) and to purely differential objects
(Wagner [2], Nijenhuis [2], Aczél [2]). In the sequel we shall be con-
cerned only with the latter.

Now we shall give some examples of more important objects:

1. A geometric object with one component w which does not change
by the passage from one coordinate system to another,

(5.8) ' = wm,

is called a scalar. A scalar is a geometric object of class 0, at the same time
purely differential and non-differential. (5.8) is its transformation for-
mula.

2. A geometric object with one component o with the transforma-
tion formula

(5.9) w' = (sgnd)w,

where J = det(4}), is called a biscalar (7). A biscalar is a purely differen-
tial geometric object of the first class.

3. The coordinates &, ..., & of the point x, form. an object with «
components (so here m = n) with transformation formula (2.1). It is
a non-differential geometric object of class zero.

4. An object with one component with the transformation tormula

(5.10) m' = Jw

— P

%) 'J‘lu, notion of the elass of an objeet has heen introdueed by J. A Scehouton
and J. Iaan(jes [2].

(") More exactly, o hisealar is an arbilrary ohjeel with one component which
can asswme only lwo different values. 'The ferm is due Lo 8. Golgh,
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ig called an ordinary density. Generally, an object with the transforma-
tion formula

(5.11) o' = |J|“(sgnd)w

ig called an ordinary density of weight — a.
5. An object with one component with the transformation formula

(6.12) w' = |J|w

ig called & Weyl density. Gonerally, an object with the transformation
formula

(6.13) ' == |J|%m

is called a Weyl density of weight — a. Densities (ordinary as well as Weyl
densities) are purely differcntial geometric objeets of the first class (with
one component).

6. An object with »n components o', ..., v" with the transformation
formula

(5.14) v = ALyt

is called a contravariant vector. A contravariant vector is a purely differen-
tial geometric object of the first class (with » components).

7. An objeet with » components w,, ..., w, with the transformation
formula

(6.15) wy = A w;,

where the matrix [[A}|| is inverse to the matrix ||AY]|, is called a covariant
vector. A covariant vector iz a purely differential geometric object of the
first class (with » components). An example of a covariant vector is pro-
vided by the gradient of a scalar field; if (&) is a field of scalars, defined
and of class ¢ in a neighbourhood of a point £,, then the numbers
K _Oo
(5.16) Wy == el (&)
change according to formula (5.15) when we pass to a new coordinate
system U’.

8. An objoect with »”'? components a"'l""‘ﬂh_“jq (TyyvevylpyJayeresdy =
=1,2,...,n) with the transformation formula

(5.17) v,

b i ig i1
o= AN A AP A A
Jl"'lfl "1 "42 i

P jl fq 71...7‘a
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is called a p-times contravariant and q-times covariani affinor, or shortly
an affinor of walence (p,q). Affinors are purely differential geometric
objects of the first class. Affinors are also called tensors (%),

9. An object with »”"* components gty ; with the transformation
formula
fll'--ij) pa g1 ‘l[;l ljl 'U" ety
d , , = f] -L"l.' P /_.‘...4 ,g . R
(5 8) 8 ’1...1,7 ] l LN ip 1 jq Tpedy
is called an affinor W-density (Weyl density) of valence (p, q) and of 1weight
— a. Analogically, an objeet with the trausformation formula

(5.19) g™, = |Ji“(sgnJ)A2-..A'? A A

/
o it
J‘l..-?q ,“ jl " 1 }’l'

is called an affinor G-density (ordinary density) of valence (p, q) and of
weight — a. Affinor densities are purely differential geometric objects
of the first class. Affinor densities are also called (lensor densities, and in
the case where p =1 and ¢ =0, or p =0 and ¢ =1, they are called
vector densities (contravariant or covariant, respectively).

10. An object with one component w, defined al a point x, of a two-
dimensional manifold X} (r >» 1), with the transformation formula

0t

AT AF o

rl T ! —_— e STy
(5.20) “ AV +AY o

is called an object of Pienzow. 1t is a purely differcntial geometric object
of the first elass (with one component). An example of an object of Picnzow
i§ provided by the ratio of the components o*/v' of a two-dimeusional
contravariant vector. So an object of Pienzow can be regarded as
representing the geometric concept of direction on the plane.

11. An object with n® components I3 (i,7,% =1, ..., n) with the
transformation formula

(5.21) Iy = AV AL AR P AT A%,

is called an object of a linear connection. 1t is w purely differential geometric
object of the second class. An example of an object, of o linear connection
is provided by so-called Christoffel symbols of the second kind.

12. Given a field of scalars o(&) ol clags (* in o neighbourhood of
& point &,, we can form an object with 2% componenis

O\ o

(5.22) = e

(&)

Uij

(*) Originally, in the terminology of J. A. Sehouten, an allinor was culled Lensor
whenever it was symmelrie with respeet to all the indices, Bul now most anthors
use the terms affinor and tensor interchangenhly,
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Object (5.22) is not a geometric object. When we pass to a new coordi-
nate system U’, the components u; of object (5.22) change according
to the formula

gk g1
(5.23) Uiy = A i'i’7"'l.-+4‘11'2'f-|;‘7/‘i7‘,

where ), i8 the covariant vector (5.16) (the gradient of the field o(¢)).
So we see that the components uy of object (5.22) in the coordinate
system U’ depend not only on the components %;; of object (0.22) in the
coordinate systeni U and on the transformation T;; (represented in
(5.23) by the paramotoers Ay and Af;), but also on a certain additional
object (5.16), which means that object (5.22) is not geometrie.

Let us note, however, that object (5.22) will become a geometric
object if we restrict the set of allowable coordinate systems to the set
Z, of the systems obtained from ua certain coordinate system with the
aid of the gronp A of affine transformations

T 8 = AYE+ B, det(4Y) % 0.

02 EI.'

In fa.ct, then Ei = 11‘:;' fi’—-A}:'.Bt' and .1‘1{';'," = "aE‘TaE{.—

(&) = 0. Formula

(5.23) gets simpler
Upy = AZ',A} Uify

i. e. object (5.22) becomes a twice covariant tensor. In other words, in
the affine gcometry (5.22) is a geometric object, althongh it is not in the
geometry based on the general pseudogroup of transformations G,.

If we restrict the set of allowable coordinate systems to the set of
the rectangular Cartesian systems, i. e. systems obtained with the aid
of the group O of the orthogonal transformations

Tri: £ = A&+ B,

where A = ||AY] is an orthogonal matrix, then the difference between
contravariant and covariant vectors disappears. In fact, nsing the matrix
notation one can write transformation formula (5.1:4) of & contravariant
vector shortly in the form

(5:24) o = A,

and the transformation formula of o covariant vector can be written
in the form

(5.25) 2w = (4 H w0

(Il4]] is the inverse matrix to | A} and, moreover, in (5.15) the summation
is with respect to the upper index in the matrix |4, whjch corresponds
exactly to muitiplying the vector w by the matrix 1A5*). But since
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for the orthogonal matrices we have (A4~")" = 4, formulae (5.24) and
(5.25) are identical in this case.

Thus, in order to note a difference between contravariant and co-
variant vectors, one must pass to a more complicated geomeotry than
the most familiar metric geometry, based on the group O.

§ 6. Abstract geomelric object.
The Haantjes-Laman definition of a geometric object

The function F(w, L), occurring in (5.7), can define a transformation
formula for more than one geometric object. In order to obtain from (5.7)
a geometric object we must know its components o, in a certain coordinate
gystem U, (cf. (4.4)).

Let M < A,, be the set of the components in the coordinate system
U, of all the geometric objects o which have transformation law (5.7).
Since we may apply to the system U, all the transformations belonging
to the pseudogroup &,, the function I'(w, L) must be defined in I x.%, .
On the other hand, if the section of the set {(w, L): w = wy, Le#,} with
the domain of definition of the function I' is not empty, i. ¢. if w, is the
got of components of an object with transformation formula (5.7) in an
allowable coordinate system, then there exists an objocii whose compo-
pents in the system U, are w,. Hence it follows that the domain of defi-
nition of the function F(w, L) is the set M X %Z;.

The function F(w,L) must satisfy the equation (c¢f. (4.5))

(6.1) F(F(w, L,), L) = F(w, L,L,) for weM, L, LSy
and (cf. (4.6)) the condition
(6.2) Flo,I)=w for wel,

where I is the unity of the group .%;. Hence the following implication
results:

(6.3) if weM, then F(w,L)eM for every Le%,.

DEFINITION 8. The family of all the geometric objeets o with trans-
formation formula (5.7) will bo called an abstract geometric object with
transformation formula (5.7). '

Every geometric object (according to definition 6) will be called
a particular geometric object.

The set M will be called (after 1laantjes and Laman [1]) the fibre
of the (abstract) geometric object w.

An abstract geometric object is defined whenoever ils transformation
law is given, i. e. whenever there is given a function #(w, 1) defined in
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the set M x % (where M = A,,) and fulfilling equation (6.1) and condi-
tion (6.2). In order to define a particular geometric object one must also
gpecify its components in a certain fixed coordinate system U,.

Tet us note that a function is always understood as a domain of
definition and a functional rule. A functional rule alone is not sufficient
to determine a function and so it does not define an abstract geometric
object. Thus, e. g., rulo (6.12) may define as many as seven different
abstract geometric objoects (according to the form of the domain of de-
finition of the function F(m, L), in order to define this domain it ig enough
to give only the sot M):

1) o == o, we(-—ro, |-e0),
2) o =|Jlow, o0, fl—oo),
3) o =|Jlo, we{0, Foo),
4) @' = |J|wm, me(~--m 0),

5 o =|J|lo, we(—oc0,0),
6) w =|Jlm, we(—00,0)u (0, ]-~0),
T o =|J|w, =0,

L

In view of condition (6.3) other scts M are impossible,

Tach of the seven above-mentioned abstract geometric objects is
called an absiract Weyl density. Wo shall obtain a particular Weyl density
if we prescribe its value o, in a certain coordinate system Uy, e. g. assuming
w, = 2.

The same particular gceometric object may be obtained from
various abstract geometric objects. Assuming, for instance, in a coord-
inate system U, (°) the values of the components of a contravariant
vector (h.14)

o ot e o,
we obtain an object whose components in all the coordinate systems
are all zero. Similarly, assuming in U" the values of the components
of a contravariant vector W-density v == /] A¥v’

k0 W w
IR A

we obtain the same particular geowmoetric object.

Usually authors make no distinetion between an abstract geometrie
object and a particular geometric object. Speaking about a particular
geometric objeet they give only its transtormation formula, and thus,

(® In order to oxpress the fnel (hat o cerlain equality holds in one coordinate
gystem and need no6 have an invarinnt eharacter wnder the transformations of the

sk
pseudogronp consideved, wo uso (following Schounten) the symbol —.
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in fact, they deal with an abstract geometric object. Sometimes it can

be a source of misunderstanding and often causes ambiguities and iffi-

culties for readers not quite familiar with the theory of geometric objects.
Let w, denote the components of a particular geometric object with

transformation formula (5.7) in a certain fixed coordinate system U,.
DEFINITION 9. The set of all the elements of the fibre M of the

form

(6.4) w = I(wy, L),

where I ranges over the whole group %y, will be callad tho transitive
fibre determined by w, and will be denoted by I7,, .

According to the above definition M, is the set of the components
of the object w, in all the allowable coordinate systems. But M, can also
be interpreted in a different manner. Namely M, can be regarded as the
set of those particular geometric objects which in the coordinate system
U, have components « defined by formula (6.4).

In order to investigate the structure of the fibre M of an abstract
geometric object, we introdunce in M the following relation of equiva-
lence (19): two elements w,; and w, of the fibre M are said to be equivalent
if there exists an Le%, such that w, = F(w,, L). This relation is logical
equivalence, i. e. it is reflexive, symmetric and transitive. Thus the fibre
M can be divided into classes of equivalent elements. The set of all the
elements equivalent to w, is just the transitive fibre M oy Thus it is obvious
that every fibre of an abstract geometric object can be divided into tran-
sitive fibres. Every two transitive fibres are either identical or disjoint,
and the set A is the union of all the transitive fibres:

M=UM,.
weM
DerinitioN 10. If the fibre 3/ of an abstract geometric object w
consists of only one transitive fibre, then the object w is called transitive.

Thus, for instance, among the seven abstract Weyl densities
mentioned on p. 25, objects 2), 4) and 7) are transitive.

To every particular geometric object w, there may be assigned o uni-
que transitive abstract geometric object, namely the object (with the same
transformation formula as w,) whose fibre is M wee 10 I8 the abstract geo-
metric object containing the particular geometric object w, and charactor-
ized by the smallest fibre.

Suppose that we are given an abstract geometric object o with trans-
formation formula (5.7) and a fibre M. Formula (3.7 ) defines o family
of transformations of the set M onto itself which depend on the parame-

(1% Not to be confused with the equivalence of geomelrie objecls (ef. §8)!
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ters Ley,. This family of transformations form a Lie group. In partic-
nlar, according to relation (6.1), the composition of two transformations

o =I(w, L) and o =F(w,L), wel,

which correspond to the parameters L, and L., respectively, is again
a transformation belonging to this family,

o' = I"(w, L, L),

and corresponding to the parvameters L, L,. Since the set &5 of the para-
meters L also forms a grou), relation (5.7) may be regarded as a homo-
morphism & which assigng to the group % a group ¢ of transformations
of the set A onto itself. The determination of transformation formulae
of geometric objects is, in fact, the determination of homomorphisms
of the group %}, into a group of transformations of the set M onto itself.

Now suppose that we are given a Hausdorff space M and an effec-
tive (11) topologiecal group ¢ of transformations of the set M onto itself,
For every subset % of the group ¢ and every w,eM we denote by % (w,)
the set of the elements of M which are of the form gw,, where ge%. Fur-
ther we suppose that the set % (w,) is open in the set ¥(w,) for every sub-
set # open in ¥ and every cwyeM.

The Haantjes-Laman definition of a geometric object (cf. Haantjes-
Laman [1]) at a fixed point z, of a manifold X, can now be formulated
as follows:

DeriNiTioN 11, A geometric object is defined al a point z, of a
manifold X, if there is given a homomorphism h of the group %, into
a group ¥ of transformations of the fibre M onto itself.

According to our preceding remarks, giving a homomorphism 5
corresponds to giving a transformation formula of the object w. This
transformation formula can be written in the form

w = hLw, weM, LeZy,

where k(L) is the element of the group % which corresponds by the homo-
morphism % to the element I of the group #5. Thus a geometric object,
as defined by J. ITaantjes and G. Laman, corresponds to an abstract
geometric object, with the difference that in the HMaantjes-Laman defi-

the coundilion
(%) gw == o  Jor all  wedl

it follows thal ¢ is the wnity of the group #. An example of a non-effective group is
provided by the group of rotations of a circle, where relation () holds‘ for all the
rotations by a multiple (;f 2r (ct. Tontriagin [1], p. 135, Ilaantjes - Laman [1],
D- 209).
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nition it was necessary to make some suppositions of a topological nature,
which did not occur in definition 8. Thus J. Haantjes and G. Laman
eliminate all the geometric objects with discontinuous transformation

formulae.
In fact J. Haantjes and G. Laman do not define a geometric object

at a single point but on the whole manifold X}, and they call the get
of geometric objects so defined a bundle of geomelric objects. The homo-
morphism % depends then on a point z of the manifold X}, and it is as-
sumed that this dependence should be continumous. Im the terminology
of J. Haantjes and G. Laman a bundle of geometric vbjocts is a fibre
space with the base X;, group %, fibre M and homomorphism h(xz). As
we see, a bundle of geometric objects is in fact a sct of abstract geometric
objects defined at all the points of the manifold considered.

We shall illustrate this by an example. Let .X be a surface which at
every point has a tangent plane. For a given point x,e X the tangent
plane at the point , represents a fibre M of contravariant vectors (fibre
over x,, according to the terminology of J. Haantjes and G. Laman).
The set of all the vectors of all the fibres, when x, ranges over the whole
surface X, is a bundle of contravariant vectors. In the terminlogy of
J. Haantjes and G. Laman this is a fibre space with the base X, fibre
A, and group ¥, where ¢ is the group of the linecar homogeneous non-
singular transformations of the set 4, onto itself. &; is here the group of
non-singular matrices |4;| of the second order (with the multiplication
of matrices as the group operation; cf. (5.4)), and the homomorphism 4
assigns to a matrix ||Af||¢ % the linear homogeneous transformation
of the set 4, onto itself

w = A; 0.

A bundle of geometric objects is not to be confused with a field of
particular geometric objects. In the above example we shall obtain a field
of contravariant vectors by choosing from ecach fibre a single contra-
variant vector in such a manner that it should depend continuously
on the point z of the surface X.

§ 7. Classification of geometric objects

S. Golgb has based the classification of special geometric objects
on the following three characteristic parameters: the number m of compo-
nents of the object, the dimension n of the manifold X;, and the class s
of the object. J. Aczél and 8. Golab [1] unify those three parameters
into one symbol [m, n, 8], which they call the {ype of the geometric object.
Let us note that the notion of the type of a geometric object makes sense
when applied to a particular as well as {o an abstract geometric object.
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The classification based on the above three parameters has been
generally accepted in mathematical literature. J. Haantjes and G. Laman
were the first to introduce the notion of the dimension of a geometrie
object, defined as the dimension of the fibre 37, which replaces the number
of components of the object. We shall slightly modify their original defi-
nition.

DrrINreioN 12. The dimension p of « particular geometric object w
is the (topological) dimension of its transitive fibre M,. The dimension
p of an abslract geometric object is the greatest of the dimensions of its tran-
gitive fibres.

The dimension of a geometric object seems to be a useful additional
parameter, but it cannot replace any of the parameters forming the type
of the object. One of its shortcomings is the fact that the dimension of
an object is defined only if the transitive fibres have a sufficiently regunlar
topological structure to cnable us to speak about their dimension.

A Dbiscalar (5.9) is a geometric object with one component in an
n-dimensional space, of class one and dimension zero. For a pair of den-
sities

ol =Jo', o =Jo?

in a two-dimeunsional space X, (r >»1) the corresponding parameters
are m =2, n =2, § =1, p =1, whereas for a contravariant vector
(5.14) in tho space X, the corresponding parameters are m = 2, n = 2,
s =1, p = 2. Let us note that the dimension p of an object is not deter-
mined by the remaining three parameters; in particular it need not coin-
cide with the number of components of the object.

One of the main problems of the theory of geometric objects, the so-
called classification problem, consists in determining all the geometric
objects of particular types. This problem can be solved by solving function-
al equation (6.1) (or rather, in most cases, a system of functional equa-
tions if the number of components of the object is greater than one).
But there are also other possible approaches to this problem, e. g. with
a use of Lie groups (Wagner, Pienzow), or of topological groups (Haantjes
and Laman, Pienzow). The former approach (used mainly by the Polish,
Hungarian and Rumanian schools), however, has the advantage of
allowing us to determine geometric objects under the weakest supposi-
tions and so it leads to the strongest results.

The classification problem i very difficult and so far has been solved
only for a few types of geometric objects, often under additional supposi-
tions about the form of the function I (e. g. that I depends on o linearly;
we then speak aboul linear geometric objects). Geometric objects with
one component were first determined by S. Golgb [2] under the suppo-
sition that the function I is of class C!. Then geometric objects with
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one component were determined by J. 8. Dubnow (%) (in a one-dimension-
al space) and J. Pienzow [1], under the supposition that the funection
¥ is analytical. Lastly, geometric objects with one component have been
determined under very weak regularity suppositions by J. Aeczél [1],
[4]. Linear geometric objects with one component have been completely
determined (without any regularity suppositions whatever) in the follow-
ing papers: Golgb-Kucharzewski [2], Kuezma [1 T, Kucharzewski-Kuez-
ma {1], [2].

Objects with a number of components greater than one have been
determined, under various suppositions regarding the numnber of compo-
nents, dimension of the space, class of the object, us well as the regularity
or the form of the functions occurring in the transformation formula, by
J. Aczél, A. Balogh, J. S. Dubnow, O. I&. Gheorghin, B. Crstici, 5. Golab,
M. Hosszi, A. E. Liber, M. Kucharzewski, M. Kuczma, M. M. Mihai-
leanu, J. Pienzow, . K. Rashevski and W. W. Wagner. The reader in-
terested in details is referred to the papers quoted in the references at the
end of the present paper as well as to the monograph of J. Aczél and
S. Golab [1].

The classification problem has not been completely solved oven
for linear geometric objects. The transformation formula of a linear geo-
metric object w(w?,..., »") has the form

w' = f{L)w--g(L),

where f = ||ff|| is a square matrix of order m and g = ||§"|| is a matrix
with m rows and one column. From (6.1) we obtain the system of functional
equations

f(I'le) = f(Lz)f(Ll)’
9(LyLy) = f(Ly) g(In)+ g (Ly).

As we have said, system (7.1) has not been solved yet in the general case
(for arbitrary m, n, s). But for linear geometric objects with one component
the classification problem has been solved completely. The only linear
geometric objects with one component, of class &~ 1, are the objects
with the transformation formula,

(7.1)

(7.2) ' = g@J)oA-clg@]) 1]
or
(7.3) o' = w--logly (J)|,

where @(u) may be an arbitrary solution of the funetional equation

p(uv) = ¢ (1) (v),

(*?) The results of Dubnow have notl hoen published; ef. Wagner [5].
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and ¢ i8 an arbitrary constant. Under the supposition of the measurability
of the function ¢ objects (7.2) and (7.3) are equivalent (cf. § 8) to an or-
dinary density (5.10), or to a Weyl density (5.12), or to a biscalar (5.9),
or to a scalar (5.8) (Kuczma [1]).

Linear geometric objects with one component, of class s = 2 and
s = 3, exist only in a one-dimensional space. Their transformation for-
mulae have the form (we introduce here the short notation: @, = 4!,

i1 1
ay = A1y a3 = Ajy)

, 1 , s 1
(7.4) W =] k= e[S —1),
, ay ly
) 1 3 “‘i (, 1
(7.5) (1) == -a,f ) —- '2/6 ;“: '}" I "(;:i' -l'-c (-(;,:{ —_ 1)7

where & and ¢ may be arbitrary constants (Kucharzewski-Kuczma [1],
[2]). (7.4) and (7.5) arve objects of a linear and a projective connection,
respectively.

Objects with one component, of class s > 4, do not exist (Golgb-
Kucharzewski [2], Kucharzewski-Kuczma [1]). This theorem ig true
also for non-linear geometric objects (Dubnow [1], Pienzow [1], [3],
Golgb [8], [11], [26], Aczél [1], [6]).

Linear geometric objects with several components have been deter-
mined (for some values of the parameters m, n, s) by O. E. Gheorghiu
[4], [8], [9], [18], [20], O. K. Gheorghiu and B. Crstici [1], A. Balogh [1],
M. Kucharzewski and M. Kuezma [3],[4],[5], (8], and P. K. Rashevski [2].

J. Haantjes and G. Laman [2] bhave determined all the transitive
geometric objects (according to their definition, this means, of course,
abstract geometric objects (12)) of the first class and dimension 1. Their
results differ slightly from those of 8. Golgb [2], [12] and J. Pienzow [1]
(concerning objects with one component), which is assigned by the authors
to the difference in the definition of a geometric objects on which they
have based their investigations. But the main reason lies here in the fact
that S. Golab and J. Pienzow on one hand, and J. Haantjes and G. Laman
on the other hand, have based their classification on different parameters:

(%) J. Naantjes and G. Laman determine hundles of geometric objects, and
thus “fields” of absiract geometrie ohjecls. Bub they assume that the homomorphism
h does not depend on . Thus wo may confine ourselves to considering these ohjects
at one fixed poinft ¢, of the manifold A7.

J. lnantjes and G+, Luman oblained their result regarding the determination of the
geomeiric ohjects of the first class and dimension 1 from a certain theorem concerning
closed gubgroups of the multiplicative group of real numbers, They dit not give,
however, a proof of that theorem, or a reference to a paper where this proof could
be found. Consequently their results cannot he regarded as proved in a satisfactory
manner.
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the former on the number of components of the object, and the latter
on the dimension of the object. Now we shall survey the objects found
by J. Haantjes and G. Laman [2] and we shall compare them with some
objects found by other authors on the ground of Wundheiler’s definition
of a geometric object. We shall see that in some cases these will be objects
with one component, but in other cases—objects with two or even three
components.

Object I.1 in paper [2] of J. Haantjes and (r. Laman has as its fibre
the set M = (—oo, 0) v (0, 4-00). The group ¥ is the group of the trans-
formations (1) o' = gw, where g # 0. The homomorphism % assigns to
an element L = ||AY| e.#) the transformation o’ = Jm, where J = deti (4%).
Thus this object is the abstract ordinary density (c¢f. (5.10)) with the
transitive fibre M = (—o0,0) v (0, 4 o00).

Object I.2 has the fibre M = (0, {-oo). ¥ is the group of the trans-
formations o' = gw, where g > 0. The homomorphism & assigns to an
clement L = [|4]]|e#. the transformation o’ = |J|w. Thus it is the
abstract Weyl density (cf. (5.12)) with the transitive fibre M = (0, +oo).

Object I.4 (15) has as its fibre M the unit circle

(7.6) (') + (0®)? = 1.

% is here the group of rotations (%) of circle (7.6). The homomorphism %
assigns to an element L = [A||«.#5 the rotation of the fibre M through
the angle

2nlog|J]|

(mod 2r)
loge

where ¢ >1 is a constant. The homomorphism 2 can be written in the
form (*7)

W = o 08— — wigin ~ —aml
(7.7) 0g loge
. ne 2 10 J P’ 21 L.
w* = mlsill f__g_‘_l_l - m? cO8 110_g”|. .
loge loge

(") In §6 in the formula o’ = go, go denoted the result ol the action of the
element g of o group # on the point weM. Now g denotos the produwet of the numbers
9 and o. It is not & contradietion, hecause in this cnso the numboer ¢ dotermines uni-
(uely a transformation from the group % consisting in mul Liplying all the meM hy g.

(1%) Objeet I.3, ns more complicated, will he discussed alter objects T.4
and I.5,

(1%) The group of rotations must he tnken modulo 2w, Tor oltherwise it wonld
not he effective.

(1) On account of the periodicity of the functions cosino and sine we may omif
mod2x in the argumenis of these funclions in (7.7), (7.8) and (7.10).
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This object hag been determined and classified in papers [3], [4] of Ku-
charzewski and Kuczma. (For the first time this object was found by
A. Wozniacki in the year 1952; his result, however, has not been pub-
lished.) Object 1.4 ix abstract object (7.7) with transitive fibre (7.6).

Object 1.6 has, ax its fibre M again circle (7.6). The group ¢, however,
is this time the group of the rotations of the circle M and symmetry
of M with respect to its centre. The homomorphism H assigns to an element
L = || AY||Z), the rotation of M through the angle (wlogJ)/loge (mod2r)
if J > 0, and the rotation of M through the angle (nlog( —dJ )) [loge (mod2r)
and symmetry with respect to the centre if J << 0 (where ¢ >1 is a con-
gtant). The homomorphism 4 can be written in the form

Q)

o' = (sgnd) (m’ CON
loge loge

(7.8) I
o

nlogld| in nlog|J|)
’

-+ " Cos
loge log¢

log|. S o
= (8gnJ) (ful sin = gl | 2 nlog_lu_{tl'_).

This object has also been determined and classified in papers [3], [4] of
Kucharzewski and Kuczma (and previously in an unpublished work of
A. Wozniacki). Object L.h is abstract object (7.8) with transitive fibre
(7.6).

Object 1.3 has as its fibre M two unit circles. We must put them in
the three-dimensional space A,. Their equations will have the form

(m])?' -|-((.02)2 =1, o =1,

7.9 . ,
(7.9) (m])'-l— ((1)2)" =1, W= -1,
The group ¥ is the group of the rotations of circles (7.9) and symmetry
with respeet to the plane ' = 0. The homomorphism A assigns to an
element L = |A¥||e.#! the rotation of circles (7.9) through the angle
o9rlog.J . .
-—Tlc- e (mod2n) if J >0, and the rotation through the angle

oge
2nlog(—/ )
_nlgi(_ ) (mod2x) and symmetry with respect to the plane 0 =0
oge
it J < 0 (where ¢ =1 is & constant), The homomorphism 7 can be written
in the form

, Ortog|d g . Orlog !Il
(u)l == (v)l(".US "'Tc ‘{:I I - ,Jq - gl

log ¢ loge
(7.10)

~

L. 2nlog [/ y 2nlog /|
M- = m 81N —- == -- o CO8 ———-
loge loge«

W = (sgnd)o’.

Rozprawy Malematyczne XLIIT ?
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This object has been determined and claggified in paper [8] of Kucha-
rzewski and Kuczma. Object 1.3 is abstract object (7.10) with transitive
fibre (7.9).

Remark. Objects 1.3, 1.4 and L5 are, in fact, families of (abstract)
geometric objects. For different values of the parameter ¢ >1 we obtain
different objects. Objects corresponding to different values of the para-
meter ¢ >1 are not equivalent! (cf. Kucharzewski-Kuczma [4], [87;
regarding the notion of the equivalence of geometric objects cf. §8).

Objects IL.1-IL.5 exist only in a two-dimensional space. The group
#: = #; is here a group of non-singular matrices of the second order
with the multiplication of matrices as the group operation.

Object IL.2 (%) has as its fibre M unit circle (7.6). To every poins
of the circle M there corresponds exactly one semi-line drawn from the
origin (on the plane of the variables w', »®) and passing through this
point. Every centro-affine transformation on the plane of the variables
o', o® determines a transformation of the set of those semi-lines onto
itself. This transformation, in turn induces a transformation of the circle
M onto itself. The group ¢ is in this case the group of the transformations
of the circle M onto itself induced by the group of the centro-affine trans-
formations of the plane of the variables ', w’. The homomorphism h
agsigns to an element L = ||4}] %] the transformation of the circle M
induced by the centro-affine transformation of the plane of the variables
o', v’

1 17 1 12
(7.11) lw Al o+ A5 o,

¥ = A¥ o'+ AY o*.
This homomorphism can be written in the form

o’ = p(w, L)[A] o'+ 4} ],

7-12 ’ ’ ’
( : w® e(w, L) [-Ai w' 4] (’)2]:

l

where

(113)  olw, L) = GRSl

Object I1.2 is the (non-linear) abstract object (7.12) with transitive
fibre (7.6).

Ag is geen from the above description, object 1I.2 represonts on the
plane a direction with orientation. It can be put into yet another form ().

(1) Object II.1, as more complicated, will bo discussed after objecis II.2
and II.3.

(*°) The following considerations comsist cssentinlly in roplacing object (7.12)
by equivalent objeet (7.17).
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We replace fibre (7.6) by two straight lines
(7.14) w' =1 and o = —1.

Now we map the fibre M onto the new fibre (7.14), assigning to each
point w, of circle (7.6) that point of the set (7.14) at which the semi-line
drawn from the origin and passing through the point w, cuts the straight
lines (7.14). In thiy manner the points o' =0, w®=1 and o' =0,
w? = —1 have no correspondents on the straight-lines (7.14). We shall
include them into the new fibre as improper points (points at infinity).
Thus the new fibre N will consist of two straight lines (the parameters
on the fibre N will be denoted by ¢, o* to distinguish them from the points
of the fibre M)

(7.15) Io‘l =1, o’ e(—o0, +00),

o = —1, de¢(—o0, +00),.
and of two improper points
lal =0, o =1,

=0 o =-1,

(7.16)

o' and ¢® are connected with o' and »® by the relations

o =sgno’, o =o'lo’ # o'#0,

o' = o', o* = ot if «o'=0.

A centro-affine transformation of the plane of the variables o', o® induces
a transformation of the fibre & onto itself, which on the lines (7.15) can
be written as

(7.17) A} +AY P

A+AL S

Object (7.17) has occurred in the paper of Golgb-Jakubowicz—Kucha-
rzewski-Kuezma [1] as an object determining (on the plane) a direction
with orientation. Let us note, however, that formula (7.17) is not quite
exact; it does not make allowance for the improper points (7.16) of the
fibre N. This object may be included in the family of objects relative
to tho objeet of Pienzow (5.20). All the objects of this family are usually
written in mathematical literature in this not quite exact manner.
Object IT.3 has as its fibro the unit circle (7.6). The group ¥ is the
group of the transformations of the fibre M induced by the group of the
centro-affine transformations of the plane of the variables o', «® and
symmetry with respect to the centre of the circle. The homomorphism %
assigns to an clement L = ||A";:'|[e.$f§ the transformation of the fibre M

9’

o' = o' sgn(4Y 44} %),
l o
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induced by the centro-affine transformation (7.11) of the plane of the
variables ', o® if 7 >0, and the transformation induced by (7.11) and
symmetry with respect to the centre if J < 0. Thisx homomorphisin can

be written in the form
o' = (sgnd)p(m, L)[A Vol -4y w],

( ‘ .18) (;)2' = (Sg’lh]) 0 ( (1, IJ) |-A :|!’ m] -| A él {”2] )

where o(w, I) is given by formula (7.13). Object I1.3 is the (non-linear)
abstract object (7.18) with transitive fibre (7.0).

Introducing again the fibre N (given by formulac (7.15) and (7.16))
we can put object TI.3 (apart from the improper points) into the form

o = o' (sgnd) [sgn (4] + Ay o) ],
AV 445 o
A +4y

0

)

It is again an object related to objects of Pienzow. As far as we know,
it has not occurred so far in other papers.

Object II.1 has as its fibre M two unit circles (7.9). The group ¥
is the group of the transformations of circles (7.9) into themselves induced
by the group of the centro-affine transformations of the planes o' =1

morphism # assigns to an element L = [|4}|[e.%) the transtormation
of the fibre I induced by the centro-affine transformation of the planes
W' =1 and o = —1:

, . .
I o' = A} o'+ A o,

W' = o*

(7.19) lmz' =AY '+ AY o,

if J > 0, and the transformation of the fibre M induced by transforma-
tion. (7.19) and symmetry with respect to the plane o' = 0 if J < 0.
This homomorphism can be written in the form

‘ " = o(w, L)[A) o A W],
(7.20) o' = o(w, L)[AY o'+ 4¥ 0*],

lm” = (sgnd)o’,
where g(w, L) is given by formula (7.13). Object I11.1 is the (non-linear)
abstract object (7.20) with transitive fibre (7.9).

_ Introducing again the fibres ¥, and N, on the planes ¢* = 1 and
o’ = —1, respectively, we can put object I1.1 (apart from the improper
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points) into the form
o' = o' sgn(AY + 416,
2, a2 2
4“.] ‘[-A2 a
e L2
A +4Y 6

o = (sgnJ)o*.

Tt is again an object related to objects of Pienzow. As far as we know?
this object has not occurred so far in other papers.

Object II.5 has as its fibre M & unit circle on which points symmetric
with respect to the centre have been identified:

(7.21) (P (@) =1, (0f, 0 (—ao', —aob).

To every such point there corresponds in a one-to-one manner a whole
straight line drawn through the centre of the circle. The group of the
centro-affine transformations of the plane of the variables «', »* induces
a group ¥ of transformations of fibre (7.21) onto itself. The homomorphism
% assigns to an element I = ||A%||e} the transformation of the fibre M
induced by the centro-affine transformation (7.11) of the plane of the
variables ', w®. Because of the identification of the points on the circle,
it would be difficult to write this homomorphism with the aid of effective
formulac.

Ifibre (7.21) can be replaced by a new fibre N, a projective line.
Introducing on N homogeneous coordinates o', o®, we can write the
homomorphism % in the form
o' = A o'+ 45 ¢,
Iaﬂ' =AY AT o
But formulae (7.22) do not define a geometric objeet in the sense of
Wundheiler’s definition, since to a given coordinate system there cor-
responds not a single sequence of numbers (components of the object)
but a whole family of pairs (¢*, ¢*) (pairs (o', o*) and (o', o°) are compo-

e

|
, . a . . .
nents of the same objeet whenever |] N 0). Disregarding the improper

point (0, «*) of N, we can introduce on N a single parameter 7 = o* /o’
The homomorphism 4 can then be written in the form

Ll 7 ‘.li’ —!' ‘4 Z" T
( ‘._ni) T R e T
11] "1‘.44.2 T
This is an object of Pienzow (5.20). But formula (7.23) is not quite exact
(¢f. the remark regarding object IL.2 above).

Here we see an advantage of the approach of J. Haantjes and G.
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Laman over the classical approach of A. Wuundheiler. Making use of the
latter it is difficult to write down an object of Pienzow in an exact and
simple manner. A way out of this difficulty seems to be the following.
One should generalize Wundheiler’s definition of a geometric object
ag A. Pforr [1] generalized the notion of coordinates, i. ¢. assign to coor-
dinate systems not uniquely determined sequences of numbers (com-
ponents of the object) but uniquely determined subsets of an arithmetical
space. An attempt at such an approach may be found in the paper of
W. W. Wagner [5], p.167 (*).

Object IL.4 has as its fibre M two circles on which points symmetric
with respect to the centre have been identified:

) () + () =1, o’=1,
(@) + (0" =1, o= -1,

(', oy ') (- m'y — o, m?).

(7.24)

The group ¢ is the group of the transformations of the fibre M induced
by the centro-affine group of transformations of the plancs w® = 1 and
w’ = —1 and the symmetry with respect to plane @’ = 0. The homo-
morphism % assigns to an clement L = ||4}| % the transformation
of the fibre M induced by the centro-affine transformation (7.19) if J >0,
and the transformation induced by (7.19) and symmetry with respect
to the plane w® = 0 if J < 0.

Replacing the fibre M by two projective lines N, and N, correspond-
ing to the parameters ¢° =1 and ¢ = —1, respectively, and introduc-
ing on N, and N, homogencous coordinates (o', ¢*), we can write the
homomorphism % in the form

o' = A) o' -4) &,
(7.25) o = AY o'+ AY &,
o' = (sgnd)d*.

As in the preceding case, formulae (7.25) do not define a geometric object
in the sense of Wundheiler’s definition. Disregarding the improper
points on the lines ¥, and N, we can introduce on the fibre N = N LY N,
two parameters: t' = ¢’/o’, v* = ¢*, The homomorphism A& can then be
written in the form

(7.26) T = (AT - AY AV AV Y, ¥ (sgnd) .

It is again an object related to objects of Pienzow. Bul also this lime
formula (7.26) is not quite exact.

(*) Added in proof This idea hua recently boon developed by I Siwek

[2], [3).
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Let us note that among the above ten objects only 1.1, 1.2 and IL.5
are objects with one component. They have been found by S. Golab
[2], [12] and partially also by J. Pienzow [1] (owing to the analyticity
gupposition regarding the transformation formula of the required objects,
Pienzow has not obtained Weyl density I.2). On the other hand, objects
with one component (5.8) and (5.9) (i. e. a scalar and a biscalar) do not
appear in the work of J. Haantjes and G. Laman. In fact, the dimension
of these objects is not one but zero.

§ 8. Equivalence of geometric objects

As we have scen, two objects with quite different transformation
formulae can ropresent the same geometrical ineaning (e. g., objects
(7.12) and (7.17), which Dboth represent a direction with orientation
in a two-dimensional space). This fact has induced S. Goigb to introduce
in the year 1950 the notion of equivalence (or similarity) of geometric
objects (Golab [13], [14], [15]).

DEFINITION 13. Particular geometric objects w and o are called
equivalent if there exists an invertible function H such that the relation

(8.1) v = H(w)

holds in every allowable coordinate system (i.e. it is invariant under
transformations of the coordinates).

Since the above definition concerns particular geometric objects,
the function H occurring in it need be defined and invertible only on the
transitive fibre M, of the object . Hence it follows that, say, the par-

ticular pair of Weyl densities
(8.2) oV = |J|e', o =|J|e?,
' w21, o*£1 in a coordinate system U,,

(regarded as one object with two components) is equivalent to the single
particular Weyl density

(8.3) o = |Jle, o=1 in the system U,.
In fact, the funetion
H(o', 0*) = o

is defined and uniquely invertible on the transitive fibre A, of object
(8.2) (on M, wo have o' = »®) and the relation

o = H(o', o)

holds in every allowable coordinate system.



40 Conceepts of the theory of geometrie ohjeetn

The notion of the equivalence can be extended in a natural way
onto the abstract geometric objects. Let o and o be abstract geometrie
objects with the transformation formulae

(8.4) w = F(n,L), omeM, Le¥,,
and
(8.5) ¢ = 0o, L), ceN, Let;,

and with the fibres M and N respectively.

DerINITION 1d. Abstract geometric objects o and o with transtor-
mation formulae (8.4) and (8.5) respectively are called equivalent if there
exists a one-to-one mapping H of the fibre M onto the fibre N such thaf
for meM and oeN relation (8.1) implies the relation

(8.6) o = H(w').
Althongh the particular pair of Weyl densities (8.2) is equivalent
to the particular Weyl density (8.3), the abstract pair of Weyl densities

w'e(—o0, 0) v (0, 4-00),

8.7 o' = |J| o' w? = |J|w
(8.2) e, e we(—o0, 0) v (0, 4 oo)

18 not equivalent to the single abstract Weyl density
(8.8) o =\|Jlo, cge(—oc0,0)u (0, | 00)

(cf. § 9).
If we replace o’ and ¢’ in (8.6) by the corresponding expressions
(8.4) and (8.5), then we obtain

(o, L) = H(F(o, L)),
whence by (8.1)

(8.9) F(w,L) = H} (G(H(w), L)), well, L.

Relation (8.9) says that the groups of transformations of the fibres M
and N given by transformation formulae (8.4) and (8.5) are isomorphic
and the isomorphism is determined by the function I7(m).

According to the definition given by J. Haantjes and (. Laman
[1], two geometric objects (in the sense of the ITaanijes—Laman defi-
nition) w and o at the point .xy are equivalent it there exisis a homeonior-
phism H (w) of the fibre M onto the fibve N fulfilling relation (R.9). In the
case of bundles of objects the homeomorphismi J/ ix assumed fo exist
for every point x of the manifold X’ and to depend on e in a continnous
manner.

So the difference between the equivalence of abstract geometric
objects (definition 14) and the equivalence of geometric objects defined
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by J. Haantjes and (. Laman is that in definition 14 the function H is
not required to be a homeomorphism. Now we shall introduce a notion
which will correspond to the Haantjes-Laman concept of the equivalence
of geometric objects.

DrrINITION 15. If the fibres M and N of abstract geometric objects
(8.1) and (8.5) are topological spaces and if there exists a homeomorphism
H of the fibre M onto the fibre N such that for weM and oceN relation
(8.1) implies relation (8.6), then objects (8.4) and (8.5) are called sirictly
equivalent.

Of course, if two abstract geometric objects are strictly equivalent,
they are also cquivalent. But two equivalent abstract geometric objects
need not be strictly equivalent. We shall show this by an example.

Let ¢ = K(w) be a one-to-one map of the unit circle (7.6) onto the
gurface of the unit sphere
(8.10) (') + (*)* 4 (¢') = 1.

(Such a map exists since sets (7.6) and (8.10) have the same cardinality.)
The function

o = |w| I (i), | = [((01)2%_((,,3)211/2’
]

establishes equivalence between the abstract pair of Weyl densities (8.7)
and the abstract triple of Weyl densities

(8.11) a' =, o =", o =|J|d,
o'e(—00,0) v (0,00), i=1,2,3.

But the fibre of object (8.7) (the two-dimensional space 4, with the point
(0,0) removed) and the fibre of object (8.11) (the three-dimensional
space A, with the point (0, 0, 0) removed) are not. homeomorphic. Con-
sequently objects (8.7) and (8.11) are not strictly equivalent.

It abstract geometric objects (8.4) and (8.5) are equivalent, then
every particular geometric objeet with transformation formula (8.4)
is equivalent (o a particular geometric object with transformation form-
la (8.5). The converse theorem is not true, as it is obvious from the example
of objects (8.7) and (8.8). Although every particular pair of Weyl deusi-
ties is equivalenl to a single particular Weyl density, nevertheless the
abstract Weyl density (8.8) and the abstract pair of Weyl densities (8.7)
are not. equivalent.

But if the abstract geometric objects (8.4) and (8.5) are transitive,
then. from ihe equivalence of particular geometric objects with transfor-
mation formulace (8.4) and (8.5) follows the equivalence of the abstract
geometrie objects (8.1) and (8.5).
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Finally let us note that two particular geometric objects with the
same transformation formula by no means nced to bo equivalent. E. g,,
the particular Weyl density (8.3) and the particular Weyl density

w = |J]lo, o %0 in the system U,

are not equivalent.

§ 9. Fibres of equivalent geometric objects

The study of the equivalence of geonetric objects iy an important
problem of the theory of geometric objects (it forms & part of the general
clagsification problem). Hstablishing the equivalence or non-equivalence
of geometric objects w and ¢ with transformation formulae (8.4) and (8.5)
respectively consists usually in solving functional equation (8.9) or in
proving that this equation has no invertible solution. Often it is a rather
difficult task. Some help can be obtained from theorems concerning
relations between the transitive fibres of equivalent objects(2).

TrEoREM 1 (Kucharzewski-Kuczma [7]). If the abstract geometric
objects (8.4) and (8.5) are equivalent, then the function H which establishes
their equivalence maps the transitive fibres of object (8.4) onto the transitive
fibres of object (8.5). Thus the function H eslablishes a one-to-one correspond-
ence between the transitive fibres of object (8.4) and the transitive fibres
of object (8.5).

It follows from the above theorem that the sets of the transitive
fibres of equivalent geometri.c objects must be of the same cardinality.
Thus, for instance, the single abstract Weyl density which has three
transitive fibres: the interval (—oo, 0), the point 0, and the interval
{0, 4-o00), cannot be equivalent to the abstract pair of Weyl densities
whose set of the transitive fibres is infinite (consists of the set of the
semilines beginning at the origin and of one single point: the origin itself).

Since the function I is invertible, the corresponding transitive
fibres of equivalent objects must also be of the samoe cardinality. IIence
it follows for instance that a scalar (whose transitive fibre counsists of
a single point) and a biscalar (whose transitive fibre consists of two points)
cannot be equivalent. But the above propoertios do not allow us to decide
about the equivalence of the transitive ordinary density (with the fibre
(—00,0) (0, 4-00)) and the transitive Weyl dewsity (with the fibre (0, --00)).

One can prove, however, a stronger theorem concerning the relation

between the fibres of geometric objects whose transformation formulae
are sufficiently regular.

(21_) Thus the determinalion of the transitive fibres ol geomelric ohjects (cf.
Golab-Siwek [1], Siwek [1]) is of great importance.
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DEFINITION 168. We shall say that transformation formula (8.4)
of an object o i8 regular if for every sequence L, e%;, L,->I (I is the
unity of the group &) and for every m,eM we have

hm .lﬂ((U() [} LT,) == wo
V—>00

and conversely, for every sequence ru,,eM‘,,,o, w, — w,y, there exists a se-
quence L,e%y, L, -»1 such that w, = I'(w,, L,).

The condition of the regularity (in the above sense) of the transfor-
mation formula of an object is somewhat stronger than the condition
of the continuity of the function F. It certainly will not be fulfilled for
objects with a discontinuous transformation formula. But we shall show
here an example of an object with a continuous transformation formula
which is not regular in the sense of the above definition.

For this purpose we assuine § = 1 and we restrict the set Z of the
allowable coordinate systems to the set of the coordinate systems obtained
from a certain system U, by applying the transformations of class O
in a neighbourhood of the point x, and with the Jacobian

{9.1) J = ¢, & an integer.
Thus the group .2, will be restricted to the subgroup 2 consisting of the
matrices ||A}| with the determinant J = det[|A!|| fulfilling (9.1). .

Then the transformation formula of object (7.7), though continuous,
is not regular. In fact, let us choose arbitrarily an w, = (wg, wj), (w)’+
+ ()" = 1. The transitive fibre M, of the object w, with transformation
formula (7.7) forms a dense set on circle (7.6). Thus we can choose a se-
quence w,eM, such that o, — w,, ®, # w,. Suppose that there exists
a sequence L,e¥ such that L, ~I, w, = F(w,, L,). To each L, there
corresponds a matrix [, AZ]], to I there corresponds the unit matrix B = |6} ||
(where 8! is the Kronecker symbol). Let oJ, = det],4f|, J, = detH.
From the convergence L, — I it follows that J, — J,. But, according
to (9.1), J, = €*, J, = 1, and so we would have %, — 0, which is impossible,
since k&, are integers different from zero (otherwise we would have w, = ).

For objects with regnlar transformation formulae we have the fol-
lowing

Turonsm 2 (Kucharzewski-Kuezma [7]). If geometric objects w
and o with regular transformation formulae arve equivalent, then their transi-
tive fibres are homeomorphic.

The above theorem is valid for particular as well as abstract geometric
objects. From theorem 2 it follows in particular that the transitive ordinary
density and the transitive Weyl density are not equivalent, since the sets
(—o0,0)u (0, 400) and (0, 4 oo0) are not homeomorphic.
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Theorem 2 is valid only for transitive fibres. Intransitive fibres of
equivalent geometric objects with a regular transformation formulae
need not Le homeomorphic (i. e., equivalent abstract geometric objects
with a regular transformation formulae need not be strietly equivalent)
ag is seen from the example of objects (8.7) and (8.11).

Theorems 1 and 2 often allow us to decide about the now-equiva-
lence of geometric objects without solving functional equation (8.9).
They can also help to establish the equivalence of equivalent geometrie
objects. Namely they can sometimes suggest a construetion of a function
H which establishes the equivalence of the objects considered. (Let us
note that when we investigate the equivalence of geometric objects it
is enongh to find one invertible function satisfying (8.9); it is not. necessary
to solve the funetional equation (8.9) eompletely).

We shall illustrate this by an example (¢f. Kucharzewski-Xuez-
ma [7]). Namely we shall prove that the objects (ef. Kucharzewski-Kuez-
ma [4])

¥y

(;_)]I = |r]l“l (l)l+lt]|“(02 l()gl*l|”
9.2 t 20,0 /0
(9:2) l 0¥ = |J|* 0, ’ P ’
and
o = |J]"",
(9.3) . @
o~ == |J|"0"

are equivalent.

The transitive fibres of object (9.3) are the open semilines beginning
at the origin and the origin itself. We must determine the transitive
fibres of object (9.2). We obtain their parametrie equations writing |J| =1
in formulae (9.2):

(9.4)

< 1 = oo,

l !’ = tu(wl'l' (Ugﬁ logt),

921 9
0 = t"w?,

Voo 2, ) _ . o ‘ |
of the family, We distingnish threc casos:

I. o' =0, & = 0. Then (9.1) represents one point: the origin (on
the plane of the variables o', w*).

II. o' - 0, @® = 0. Then (9.1) vepresents two semi-lines: the pos-
itive and the negative part ol the s, aecording as o' i positive
or negative,.

L \ | L

ITL. @' 0, o /0. Then each of the curves (9.1) meots o -axis
exactly at one point corvesponding to the value of the parameter {:

m]
l = exp( — )
o™ fi
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Accordingly we may take as o', m®in (9.1) the coordinates of the point
of the intersection of the corresponding curve with the o*-axis, i. e.
we may put o' = 0. Then equations (9.4) obtain a simpler form
o = 1w logt,
a2 0 2t < oo,
o =10,
The required function I must map curves (9.5) onto semi-lines beginning
at the origin. In particular, one of the curves (9.5) must be mapped onto
the positive half of the o2-axis. This may be, for example, the curve pas-
sing through the point (0,1). It has the equations
ol = 1 log,
) <1< oo

(9.6)

2/ gt
) m= ,, ’

After eliminating ¢, the eqnation of curve (9.6) can be written in the
form

(9.7) ' = o A log o®

« i
(we write o', w® ingtead of »", »*). In order to map curve (9.7) onto the
positive half-axis ¢ we put

1 9 . b
g = m —m — logmn g
(9-8) (1 p‘ ! (@] > (} .

o = mﬂ,
Analogically, the curve of family (9.5), passing through the point (0, —1)
has the equation

(9.9) o' = wgﬁ log(— o).

[/

The transformation

= ]-_. L 3 ——12 0
(9.10) o = —o--log(—e), e g

9 9

g == (I)-,

maps curve (9.9) onto the negative half-axis o, (9.8) and (9.10) can be
unified in the form

g = o' — ﬁ log|m®*|,
"

(9.11) 0 £ 0.

2
o= m,

Moreover, we puf
0.

I

p 2
(9]2) ot = (:)l, ot =0 for m”
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Formulae (9.11) and (9.12) define the desired function ¢ = H(w), which
can easily be verified. The function H found above can also serve to show
the equivalence of the object with the transformation formula (cf. Ku-

charzewski-Kuczma [4])

v = J ! 2 log |J
w’ (sgnd)|J|*(w'+ w” 8 log |]]), WA 0, B0,
w¥ = (sgnd)|J|"0?,
and the object consisting of a pair of ordinary densitics of weight —gq
o' = (sgnd)|J|"d",
o = (sgnd)|J|"o*.

In papers [3], [4], [6] of Kucharzewski and Kuczma transitive linear
geometric objects of type [2, 2,1] have been determined and classified.
Every such object is equivalent to one of the following objects restricted
to a single transitive fibre:

1. A contravariant vector: o' = A} o' (3 =1',2').

2. A contravariant G-vector: o' = (sgnJ)A: o,

3. A contravariant vector W-density of a weight — a: o* = [J|*4¥ o,

4. A contravariant vector G-density of a woight —a: o' =
(sgnd)|J|* 4f w*.

B. A pair of Weyl densities with one component: o = |J| .

6. A pair of ordinary densities with one component: ' = Ja'.

7. A pair of biscalars: o' = (sgnJ)o’.

8. An object with the transformation formula (cf. (7.7)):

o' = w'cos(a log|J|) — w? sin(a log|J|),
2/

w® = o'sin(a log|J|)+ w® cos(alog|J]),

o

. An object with the transformation formula (cf. (7.8)):

a >0,

{w" = (sgnJ)[w' cos(a log|J|)— o sin{a log|7|)],
0¥ = (sgnd)[w" sin(a log|J|)-- ® cos(a log|J|)],

Objects 3, 4, 8, 9 corresponding to different values of the paramcter e
are not equivalent. Thus they are rather whole families of non-equiv-
alent geometric objects. The dimension of objects 1, 2, 8, 4 is 2, the di-
mension of objects 5, 6, 8, 9 is 1, the dimension of object 7 is zoro.

Let us also note that in a two-dimensional space covariant vectors
are equivalent (o contravariant vector (-densities of weight 1. In a space
of a greater dimension covariant vectors cannot be roduced o contra-
variant vector densities.
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Under the assumption of clags €' of the transformation formula
objects with one component have been determined and classified (Golgb
(71, (121, (8], [6], [11], Dubnow [1], Pienzow [1], [3], Aczél [1], [4],
[6]). Every transitive object with one component, of class s < 1, i3 equiv-
alent to a scalar, or to a biscalar, or to an ordinary density, or to a Weyl
density, or to an object of Pienzow. Objects of higher classes exist only
in a one-dimensional space. They are equivalent to an object of a linear
connection (7.4), or to an object of a projective connection (7.5), or to
an object with the transformation formula

' = lm]l/al (OXP ‘g?;) [ﬂgn(wa’l)]!
1

or to an object with the transformation formula

(cf. also Aczél-Golab [1], pp. 39, 43, 56).

§ 10. Concomitants

Suppose that we are given an abstract geometric object
(10.1) w(w, ..., o™,
with a fibre M and with the transformation formula

(10.2) o = flo, Tr).
Let
(10.3) Q =P(0) = B0} .y ™), 0y ¥3(@) ..y ™)

be a function of object (10.1), defined in a set N < M, which does not
depend on the choice of the coordinate system. Then the function ¥ de-
fines an object 2 with ¢ components

(10.4) 08, ..., 29.

DrrINTTION 17. Object £ is called a relative concomitant of the object
w in the set N. If 2 is a geometric object, then £2 is called a geometric con-
comitant.

Since in the sequel we shall be concerned only with geometric conco-

mitants, we shall usually omit the adjective “geometric”.
The mnotion of a concomitant was introduced by J. A. Schouten

[1], [2]. It was then developed by S. Golgb [4] (cf. also Aczél-Golab [1],
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p. 16). A velative concomitant has been defined in the above manner iy

paper [5] of Kucharzewski.
Let 2 be a geometric concomitant of an object. o and let

(10.5) QO = (R, Ty

be its transformation formula. From the fact that the form of the fune-
tion ¥ in (10.3) cannot depend on the choice of the coordinate system
we obtain the relation

{(10.6) 0 =Y ().

Tnserting (10.6) and (10.3) to (10.5) we obtain.
V(') = I(¥(o), Ti),

whence we have, after taking into account (10.2),

(10.7) P(f(w, Ty)) = F(P(m), Ti).

Every concomitant 2 of the objeet « having transformation formula
(10.5) must satisfy equation (10.7) for every meN and every T'y; be-
longing to the pseudogroup of transformations of the allowable coordi-
nate systems.

If we are given transformation formula (10.2) of the object o and
transformation formula (10.5) of the concomitant £2, then (10.7) is a fune-
tional equation with the unknown function ¥. Solving this equation we
can determine all the concomitants of a given type of the object .

Let us also note that the set N cannot be quite arbitrary; it must
fulfil the condition

(10.8) if weN, then also o’ = f(w, Tp;)e

for every 1'-; belonging to the above mentioned pseudogroup of transfor-
mations of the allowable coordinate systems.

DrriNirIoN 18. If the set N coincides with the whole fibre M,
then the concomitant is called absolute.

Concomitants defined in definitions 17 and 18 are also called alge-
brai¢ concomitants to distinguish them from so-called differential conco-
mitants (ef. § 12).

One of the main problems of the theory of geomebrie objects is the
determination of all the concomitants of objects of a given type. For
the present this problem cannot be solved completely, since geometrie
objects of particular types have not yob all been detormined. So far only
concomitants of some geometric objects have boen found. 8. Golgb [4],
[22], J. Aczél [8], M. Ikeda [1], M. Ikeda-S. Abe |[1], M. Kucharzewski
[1]-[5], I. Leroy [1], A. E. Liber [2], I. Makai [1], A. Mod6r [2] and A.
Zajtz [1] have dealt with these problems.



10. Concomitants 49 -

As follows from a principle given by J. Aczél [8] (cf. also Aczél-
Golgb [1], p. 19), the knowledge of all the concomitants of a geometric
object w allows us to determine all the concomitants of objects equivalent
to w. Therefore, of the whole family of equivalent objects, it is enough
to determine the concomitants for a single object. Usually we choose an
object with a possibly simple transformation formula, e.g. a linear one.

Now we shall present some results from the theory of algebraic con-
comitants of purely differential spocial geometric objects, Tiquation (10.7)
then becoines

(10.9) Y[f(w, L)] = F[V(w), L] for meNc M and Le%,.
Every function of a scalar (5.8)
o = p(w)

is again a scalar and this is the most general algebraic concomitant of
that object.

S. Golab [4] (cf. also Aczél-Golab [1], p.132) has determined all
the absolute concomitants of an ordinary density (5.10)

Q =EP(CD),

where the function ¥ is continuous cxeept for zero. The only continuous
concomitants of an ordinary density are scalars, biscalars, objects equiv-
alent to an ordinary density and objeets equivalent to a Weyl density.
In view of the above-mentioned principle, this allows one to determine
also all the continuous concomitants of an ordinary density of an arbi-
frary weight —a (5.11).

For vectors the situation -is more complicated. There may exist
scalar, vector as well as tensor concomitants of vectors and even objects
of Pienzow (5.20) may be concomitants of vectors. We shall not give
here the detailed results, since they may be found in the literature quoted
above. We shall only illustrate by one simple example the method of
determining relative concomitants of vectors. Namely we shall determine
all the relative scalar concomitants of a pair of contravariant vectors.
TFor simplification we shall confine ourselves to the case of a two-dimen-
sional space. The group .#5 == .2, will then be a group of non-singular
square matrices ||A{]] of the socond order.

Suppose that at a point e X, there are given two contravariant
vectors, which may be unified into one object o with four components

(10.10) w[v(v', "), v(e', )]
11 1 e 2

2
We want to determine all the scalar concomitants of object (10.10), i. e.

Rozorawy Matemalyczne XLITI 1
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to find all the functions

v
1 2
P(w) =V(v,v) =¥
(w) (l’ 2) ’02 1"2
1 2
which satisfy equation (10.9). In our case this equation hag the form
(10.11) Y(Av, Av) = ‘F(IJ, ),
1 2 2

where A = ||4}]| is an arbitrary non-singular 2 X2 matrix.
The fibre of the object » is the whole four-dimensional space 4,.
A function ¥ which satisfies equation (10.11) for all the non-singular
2 % 2 matrices A and for all (v, v)eAd, is an absolute concomitant of the
1 2

pair of contravariant vectors. But we shall try to determine first the
relative concomitants of the object w. Accordingly we shall determine
the sets N which fulfil condition (10.8). These sets must be a union of
transitive fibres of the object w. Thus we see that we are again led to
the problem of determining the transitive fibres of an object, this time
for object (10.10).

The origin, i. e. the point (0, 0, 0, 0), is a transitive fibre of w and
we shall denote it by N¥,. The next transitive fibre is the set of those

which fulfil for a certain A the condition v = Av, » = (0, 0). Wo shall
7 2 11

denote this set by N,;. The vectors in this set are linearly dependent
with the same coefficient of proportionality. The next tramnsitive fibre

is the set N, of all the pairs (v,v) in which » is the null vector.
1 2 1

Lastly, we denote by N, the set of those quadruples of real numbers

v o'

2

v

1 2
in which the vectors v and v are linearly independent.

1 2
The sets N, are planes in the space A,, given as the intersoction

of two three-dimensional hyperplanes with the equations

o' — ' =0,
(10.12) S
v — M =0,
Rl l

with the origin removed. Similarly the set N,, is such a plane.
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It can easily be verified that two planes defined by system (10.12)
for different values of the parameter A have no points in common besides
the origin, and so we have (in accordance with the general theory)

Ny~ Ny, =0 for 1.
Similarly we have
Nu"Nm = @ for —oo << A < oo,

The sets Ny, Ny for -—oo << A < -|-oo and &, do not exhaust the whole
space A,. The rest of 4, forms the seli N, consisting of the points to which
there correspond linearly independent vectors.
In order to obtain the relative concomitants of object (10.10) we
solve functional equation (10.11) in particular sets Ny, Ny, Ny, N,.
In the set N, equation (10.11) becomes
)

o -2

0 0]
which means that al this point ¥ may be an arbitrary constant:
00

lll(o O)=_'coa

In the set N,; we chooge a matrix A ag follows. Since the vector
v(v', »*) is not the null vector, one of its components must be different

11

from zero. Without loss of generality we may assume that it is v':
1

' £ 0.
1
Then we take as the matrix A
10t 0
(10.13) A=
—0° v
1 1

After inserting (10.13) into equation (10.11) we obtain
1 2 o' ot

o 102

00 ) Al v

1 3

|
7(2) =¥ (” 0 0 ")

W(w) = @(d) for welNy.

Writing

we get hence
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Similarly it can be shown that in the set Ny, the function ¥ must be con.

stant: Y(w) = ¢, for weNy,.

In the set N, the vectors » and v are linearly independent and thus

the matrix ! 2
,vl 'Ul
1 2

(10.14) oot
1 2 h

is non-singular. Assuming as the matrix A in equation (10.11) the inverse
of matrix (10.14) we obtain

1 1
10 wo
lp - E[I o -u ?
§ 2
01 71 'Z

which means that the value of the function ¥ in the sel N, must bo con-

gtant:
Y(w) =c¢, for meN,.
Thus the function

¢ for welN,,
A for weN
(10.15) ¥(w) = 74 "
01 :[IOP ) EN(H )
Cy for weN,

is the most general absolute concomitant of a pair of contravariant vectors.
This function restricted to an arbitrary set N, which is a union of a num-
ber of transitive fibres of object (10.10), is the most general relative con-
comitant of that object in the set N.

Function (10.15) is in general discontinuous. I[ we require only

that the function ¥ be continunous at the point (i , then it follows

0
0 (
that it must be constant in the whole space A,. This results from the
fact that in each of the sets N,,, Ny, and N, thove oxist pairs of veectors
o' o' 00
’tlJ, 127 such that the point ;)2 o || 18 situated arbitrarily near the point ’ 00
1

It is enougl o assume

1 I ) ,
v=|[=,0], o A L0 i Ny,
" K n

1
» = (0, 0), o= ( . ()) in .V,

1 (1 . .
?=\—0}, r ((), - m v,.
1 n 2 1)

2
v
2

—
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Then

In geometry an important part is played by the relative concomitant
of a pair of vectors (v, v) in the set
1 2
N = U W 14
—00<A<o0
In the affine space X, it is closely connected with the ratio of segment

gection (4B, ). As we know, the ratio of a section of segment AB by
a point ¢ is the number A such that

AC = ADC.

It can be shown that in the affine space F, the ratio of a segment section
for three collinear points is a relative concomitant of a triple of points
in the set N of collinear triples and there are no other essentially different
concomitants of this kind. The problem of finding concomitants of a triple
of points can be reduced to that of finding concomitants of a pair of con-
travariant vectors (Kucharzewski [1]).

Similarly one can consider concomitants of tensors of higher valences.
The most fully developed is the theory of concomitants of affinors of
valence two, i. e. mixed affinors a;, covariant tensors ay and contrava-
riant tensors a”. S. Golgb [22], S. Golab-E. Siwek [1], B. Siwek [1],
I. Leroy [1], M., Ikeda [1], M. Ikeda—S. Abe [1] and A. Zajtz [1] have
dealt with these problems. A recent paper of Zajtz [1] has virtually closed
the question of determining concomitants of affinors of valence two.

We shall give here some results concerning scalar concomitants of
affinors of valence two. For the mixed affinor

(10.16) o'y = A Ald

the fibre M is the whole n2-dimensional arithmetical space. The tran-
sitive fibres are the sets of similar matrices

(10.17) o = |la’)]-

Since similar matrices have the same Jordan form and & scalar concomi-
tant must be constant on the transitive fibres, the most general scalar
concomitant of affinor (10.16) is an arbitrary function of the Jordan
form of matrix (10.17). If, moreover, we require that the concomitant
be a continuous function, then it must be a function only of the
characteristic roots of the matrix U:

T(Q[) = @Ay -ery dn).
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Here ¢ must be & symmetric function of its wrguments. The function ¢
can also be expressed in terms of the coefficients of the characteristic
equation of the matrix 2 (cf. Aczél-Golgb [1], p. 140). Thus in particular,
in the case of a two-dimensional space, the general continuous scalar
concomitant of affinor (10.16) is an arbitrary function of the determinant
and the trace of the matrix 20 (Golgb [22]).

Tor a covariant (22) and symmetric tonsor

(10-18) (bjryr = A:;u‘l}.r Lif,
(10.19) = a1,

the scalar concomitant is an arbitrary function of the signs of the charac-
teristic roots of the matrix

A == gyl

or, in other words, a function of the signature of the quadratic form with
the matrix U (cf. Schouten—Struik [1]):

() = p(sgniy, ..., sgndy,)

(sgnl = 0 for 2 = 0). Here ¢ must again be a symmelbric function of its
arguments. If we agsume that ¥ is continuous for the null affinor, then it

must be constant.
TFor a skew symmetric covariant tonsor

gy == — (ly;

the scalar concomitant is a function of the rank ol the matrix 2. Also
in this casge, assuming the continuity of ¥ for the null affinor, we obtain
only constant functions.

In the general case, where tensor (10.18) is neither symmetric
nor skew symmetric, the problein is more involved and even the
results are go complicated that it would Dbe difficult to present them
here in a concise manner. The intorested reader is referredd to the
paper of A. Zajtz [1].

§ 11. Algebra of geomelric objects

Another important problem in the theory of geomelrie objoets is
the so called problem of an algebra of geomelric objocts, This problem
may be formulated as follows.

We are given two geometric objects: an object o with the transfor-
1

4] E . .
(**) For a confravariant tensor the resnltx nre quite annlogous.
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«1
&

mation. formula

(11.1) m' == fi(ew, L), LeZy,
1

1

and an object o with the transformation formula

(11.2) w' = fy(w, L), Le%y.
o 9

We seek a function of these objects

(11.3) 02 = D(w, o)
1 2
whieh i independent of the choice of the coordinate system and is again
a geometric object (cf. Aczél-Golab [1], p. 92).
DuriNITioN 1. If there exists a funetion @(w, m) of geometric
1 3

~

objects (11.1) and (11.2) such that (11.3) is again a geometric object,

then we say that the objects w and w admit an algebra and the operation ®
1 2

can be effected on them.

From the fact that the function @ should be independent of the choice
of the coordinate system follows the relation

(11.4) Q' =P, w).
1 a2
Let
(11.5) Q= F(Q,L), L7,

be the transformation formula of the object 2. Inserting (11.1), (11.2)
and (11.5) into (11.4) and taking into account (11.3), we obtain the funec-
tional equation

(11.6) F(.(D(m, (), L) = Q[fy(w, L), folo, )],
2 1 2

1

which must be satisfied by a function @ defining an algebra of the objects
@ and . Solving this equation allows us to decide whether a given pair
1 2
of objects m, w admits an algebra or not, and what can be the form of
1 P

the operations i this algebra.

Since a pair of geometrie objects o, o can always be regarded as

1 2
one object w(m, @), function (11.3) can be viewed as an algebraic conco-
12
mitant of the objoct w (ef. Aczél-Golab [1], p. 92). The problem of finding
all the algebras for a given pair of geometric objects w and o is thus re-
’ 1 2

duces to the problem of determining all the algebraic concomitants of
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the object w. Hence it follows in particular that for the algebras of geo-
metric objects analogous notions ag for concomitants can be introduced.
Thus, e. g., we can consider relative algebras in a set N, where N ig the
domain. of definition of function (11.3). As follows from (11.6), the set I
cannot be quite arbitrary but must fulfil the condition

if (w, w)eN, then also (fi(w, L), fo(w, L)) eN for cvery LeZ%,
1 2 1 2

Functional equation (11.6) must then be satisfied for all (w, w)eN and

1 2
all Le.‘Z’;.
The problem of algebras of geometric objects has been dealt with
by J. Aczél [8], [9], M. Hosszt [1], [2], [3], [4], S. Golab-II. Pidek [1],
H. Pidek [1], [2], [3]-
According to the general principle concerning concomitants of equiv-
alent objects (Aczél [8], Aczél-Golgb [1], p.19), il we know an algebra for

a certain pair of objects w and w, then we can determine an algebra for
1 2

all the pairs of objects equivalent to the objects w and w, respectively.
I 2

So far the problem of algebras of geometiric objects has been solved
for objects of class zero, for scalars, biscalars, ordinary densities and Weyl
dengities (Aczél-Golab [1], p. 97), and for objects with one component
(Aczél-Golab [1], p.112), under some additional hypotheses.

In paper [2] of Kucharzewski all the concomitants have been deter-
mined of a pair of contravariant vectors which are themselves contra-
variant vector. Denofing, as previously, by Ny, Ny, N, and N, the
transitive fibres of object (10.10), we may formulate the result as follows:

The most general wvector concomitant of vectors v and v has the form

1 2
0 for (?,g)eNo,
o(4)v for  (v,0v)eN,,
(11.7) b0 =1, ' for (;,:J)ENM,
0112)-|-ch for (;;,;)e.N,,,
1 2 1 2

where 0 s the null vector. If, however, we assume ihe continwily of the
Junction @, then D(v,v) must have the form
12

(11.8) B(v,0) = c,v+c0  for every (v, v)ed,,.
1 2 1 2 1 2

In fact, let us take an arbitrary pair of vectors (v, o) helonging to Ny
1 1
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and an arbitrary vector v linearly independent of ». The pairs of vectors
2 1

1
(@,MH- va) belong to N, and tend a8 # — oo to the pair (v, lv).
1 1 2 1 1
It follows by (11.7) from the continuity of the function @ that

p(A)v = D (v, Wv) = h'.mrf)(fu, Av—}—ifv)
1 11 ko

1 1 ko0

. 1
= lim [clv-[- Cy (;w—i——fu)] = ¢, v+ ¢, A0,
ke—oc0 1 1 koo 1 1

whence we obtain

(11.9) P(A) = o,-Fe,2,

gince v i8 not the null vector. Taking into account (11.9) in (11.7) we
1

gee that
D(v,v) =cvtc,v for (v, v)eNy.
1 2 1 2 1 2
Similarly it can be shown that formula (11.8) is valid also in the sets X,
and No;.

Hence it follows for the algebra of contravariant vectors that a pair of
contravariant vectors admits an algebra and that the most general continu-
ous operation whose result is again a contravariant vector is function (11.8)
(i. e. a linear combination of vectors). Furthermore, one may define oper-
ation on vectors only in the set of pairs of linearly independent vectors,
or only in the set (J Ny v N, ete. Then we obtain relative opera-

—co<A<o0

tions. They can all be obtained from formula (11.7).

§ 12. Differential concomitants

Suppose that we are given a field of geometric objects w(&) of class
C?. This means that to each point £ of a neighbourhood of a point £,
there corresponds an object (&) whose transformation formula does
not depend on & and that the components w'(¢),..., @™ (&) of the object
w (&) are functions of class C? in this neighbourhood.

DerinitioNn 20. If the relation

Q=V(w,0;0,0;w0,...,0 1,0),

ity
where 8, ; = 9"/0£"... 0&%, holds independently of the choice of the
coordinate system and 2 is a geometric object, then the object 2 is called
a geomeiric differential concomitant of order q of the object w.
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Differential concomitants play awn important part in geometry., They
are closely connected with algebraic concomitants, for there iy much
in favour of the conjecture that every differential concomitant can he
reduced in a rather simple manner to an algebraic concomitant. 8, Golgh
[9], [16], [17], [20], 8. Golab-I. Makai [1], 0. B. Gheorghiu [13], C. Jan-
kiewicz [1], [2], I. Makai [2], [8], A. Modr [1], [1], [5], [6], [7], A. Nijen-
huis [1], [3], [4], J. A. Schouten [2], [3], [4], [5], W. Slebodzitski (1],
Y. Tashiro [1], [2], W. W. Wagner [1] and K. Yano [1], [2] have dealt
with differential concomitants.

Some special differential concomitants, namely a Lie derivative
and a covariant derivative, have been dealt with particularly often,
The notion of a Lie derivative of an affinor field with respect to a given
field of contravariant vectors has been introduced by W. Slebodzinski
[1]. Recently it has become a subject of an extonsive monograph by
Yano [1].

A Lie derivative is connected with the study of motions in Riemannian
gpaces(2?) and in some even more genoral spaces. Motions are transforma-
tions of the space into itself which do not alter the distance. A necessary
and sufficient condition for an infinitesimal transformation (24)

£ = g0t (8)d

to be a motion is that the Lie derivative of the field of the mefric tensor
gy(£) with respect to the fiold of vectors v*(&) vanish (ef. Yano [1]).

The notion of a Lie derivative has been approached by 8. Golab
[20] in a different manner, strictly connected with the notion of a differ-
ential concomitant. According to S. Gotab (cf. Aczél-Golab [1], p. 14B),
the Lie derivative of a field of contravariant vectors with respect to another
field of contravariant vectors may be defined as follows.

Suppose we are given two tfields of contravariant vectors:

w(E) and o'(&).

DerFINITION 21. The Lie derivative Eu of the vector field u'(£)

#
with respect to the vector field »*(&) is a differentinl concomitant of the
tirst order of these fields, which is again a contravarinnt voctor.

Thus
(12.1) L =Y {u, du, v, ov),
[1
(*) These are spuces in which at every point n melrie tensor gij is dolined,

which allows one to define in a certain manner n melric in (hose spaces (ef. Goiab
[18], p.113).

(*%) We write lere '& instead of & in order (o express the fuel thal it is nob
a change of coordinates buk a fransformalion of the spieo inlo itsell,
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where the function ¥ should be independont of the choice of the coordi-
nate system and (12.1) should be a contravariant vector. Relation (12.1)
written in components has the form

({;u)“ = ", dyu’, v, a0ty

From the fact that the form of function (12.1) should be independent
of the choice of the coordinate system follows the functional equation
for the functions 3"

(12.2) A¥ k(b apu v, Oty = o (u" Aty o, 8, 0").

The arguments occurring on the right-hand side of relation (12.2) can
be expressed as follows:

’

W o= A, oput = A] AL ol 4 Al Al

(12.3) C e
o= Ajd,  0p0" = A A 0,0 Af AL

Inserting relations (12.3) into the right-hand side of equation (12.2)
we obtain a functional equation which must be satisfied for all u*, o',
a;u', @', for arbitrary non-singular matrices (|4} | and for arbitrary
systems of parameters A}, which are symietric with respect to the lower
indices. _

Equation (12.2) in a two-dimensional space has been solved under
the assumption of elass ' regarding the functions v* by S. Golab [26].
The general golution has the form

(12.4) Pt = O - Opu® - Cy (vt — w0y, E=1,2,

where C,, C, and C,; are arbitrary functions of the scalars

pl wl ul w?!
v 2 | u* w?
0= 8= )
n2 g2 Lol
and " is the contravariant vector
(12.5) Ww* == o gk - utv"

Thus formula (12.4) represents the most general Lie derivative of a field
of contravariant vectors «'(£) with respect to a field of contravariant
vectors v'(£), of class €', in a two-dimensional space. I. Makai [3] has
extended this theorem to the case of an n-dimensional space.

Usually in mathematical literature (Slebodzinski [1], Yano [1])
the Lie derivative of a field of contravariant vectors u'(£() with res-
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pect to a field of contravariant vectors fui(E) is assumed to be vee.
tor (12.5).

Analogically one may define Lie derivatives for fields of covariant
vectors and fields of densities (Aczél-Golgb [1], p. 150), and even fop
arbitrary fields of geometric objects (Makai [3]).

Now we pass to the introduction of a covariant derivative ag a dif-
ferential concomitant of certain fields of geomectric objects.

The notion of a covariant derivative in closely connected with that
of a parallel displacement, introduced in tho year 1917 by T. Levi-Ci.
vita [1] and independently, in the year 1918, by J. A. Schouten [1],
A definition of a covariant derivative was given for tho first time by
J. A. Schouten and D. J. Struik [1].

A covariant derivative is usually introduced in conneetion with
the following fact. If we are given, for instance, a field of contravariant

vectors
(12.6) v (£)

of class C*, we may build & new field of objects vj(&) = 3;v'(&). Now,
() is not a geometric object; its components v in & now coordinate
system are given by

vh = AV A} Af AL,

and thus they depend not only on the compononts v} in the old coordi-
nate system and on the parameters L, hut also on objeet (12.6) (25).
The covariant derivative F;o* is thus introduced as u geometric object
characterizing the rate of change of veetor ficld (12.6) and it replaces
in geometrical investigations the usual derivative d,v" of the field .

A covariant derivative may be defined in many ways. In the year
1948 8. Golab [9] (cf. also Golagb [16], [18], p. 182) defined the covariant
derivative ag a differential concomitant in the following manner.

Suppose thal we are given a field of contravariant vectors (12.6)
and a field I, (£) of objects of a linear connection (5.21).

DEFINITON 22. The covariant derivalive Vo' of vector field (12.6)
is a mixed affinor T} which is a function of tho field of tho vectors ',
of their derivatives d;v* and of tho object /7

(12.7) Vi'vi = T;I("’l’ ty o'y 1 ‘11:1-) .

(Thus 7} is a differential concomitant of tho fiold of the voctors o'(£)
and of the object I'y,(£).)

(36) But v;'(!;‘) = ijvi(E) ropresents a geomelrie object in {ho affine geomotbry;
c¢f. the closing remarks in § 5.
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Analogically one can define the covariant derivative V,w; of a field
of covariant vectors w;(§).

A. Moér [1] has proved that covariant derivative (12.7) must be a’
function of the vectors o°, of the affinors

(12.8) Vi= o LIk,
and of the affinors
(12.9) Sie = I'ljiy = %[11;1‘:—]1;::;]-

If we assume that the functions 7% are continuous and that the parame-
ters of a lincar connection are symmetric (i.e. S}k = (), then covariant
derivative (12.7) may be oxpressed only by affinor (12.8), i.e.

Vvt = T(VF).

If, on the other hand, we assume that the functions ’1’;‘ are linear and
homogeneous with respect to »* and 0;2°, then covariant derivative
(12.7) must have the form

Vo' = C, Vi+Cy8) VE4 Uiy (850",

where (; and C, are scalars, b; is an arbitrary affinor dependent on
affinor (12.9) and &} is the Kronecker symbol (Moé6r [1]).

A. Moér has also obtained results concerning the covariant deriv-
ative of fields of covariant vectors.

Usually in mathenmatical lLiterature the covariant derivative of a
field of contravariant vectors (12.6) is assumed to be affinor (12.8). From
the theorems of A. Moér quoted above it follows that if we assume that
functions (12.7) are continuous and linear (with respect to »* and 6,'0"‘)
and that the parameters of a linear connection are symmetric, then the
covariant derivative of a field of contravariant vectors (12.6) has the
form

Pyt = €, Vi+ 0.8} Vi.

However, the uestion is still open what conditions should be imposed
on functions (12.7) in ovder to obtain affinor (12.8) as the covariant
derivative V;»* of field (12.6).

In o spuee in which there is given a metric tensor g; we can define
in a natural way an object of u parallel displacement with the aid of
the tensor ¢;:

(12.10) i { 'j?lc } L (D 4 di g — 0o

where ¢ are the clements of the watrix inverse to the wmatrix |lgy]l.
((12.10) is tho so called Christoffel symbol of the second kind; cf. Golab
(18], p. 219). Tn such a space the covariant derivative of a field of contra-
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variant vectors v'(£) may be defined asx a differential concomitant of
the first order of field (12.6) and of the field of the metric tensors g, (¢)
(Moér [4]). In other words, the covariant derivative V0" is to be a mixed
affinor depending on v, 9%, gy, O;gu:

(12.11) Pyt = T30, 89", guey Do) -

A. Moér [4] has proved under the assumption of the continuity of func-
tion (12.11) that Lhe covariant derivative 17,1;' must then be a funection
only of the vector 'u tensor ¢;; and affinor (12.8), where the ob]ect I‘M
is given by formula (1‘7 10). Let us assume furthermore that i ; are linear
homogeneous functions of +* and 9;%°

th

T?' = Ajlk (9 aazﬂl;)” “+Eji (G {)71.(/11')0h?’k
and that the coefficients A;Ic are symmeotric:
"'l}:k = -i&w
Then, under a certain initial condition, the covariant derivative F;o*
of field (12.6) must be equal to affinor (12.8) (Moér [2]).
Further generalizations of the covariant derivative defined in this

way to the case of more general spaces have also been worked ont by
A. Moér [h], [6].




































