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Small sets in C"
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Franciszek Leja in memoriam

Abstract. The purpose of this note is to give a short survey of what is known about small
sets in C™.

In order to see an analogy with classical potential theory, let first 2 be
an open subset of R" (n > 2), K a closed subset of Q. Consider the following
properties that K may or may not have.

(1) For every zoe K there is a subharmonic function ¢ on Q such that

lim @ (2) < p(z9), where zeK, z # z,.

2—’20
(i) There is a subharmonic function ¢ on Q, ¢ # — oo, such that
K c{zeQ; ¢(z) = —0}.

(i1) There is a locally upper bounded family (¢;),; of subharmonic
functions on Q such that K c {zeQ; ¢(z) < ¢*(z)}, where ¢(z) =sup¢;(2)

- iel
and ¢*(z) = lim ¢(2').

z' —z

(iv) If ¢ is subharmonic outside K and if

fiago(z’) < +o0, where Z'¢K, VzeQ,
='¢z

then ¢ extends to a uniquely determined subharmonic function on Q.

In classical potential theory, it is a theorem that these properties are
equivalent and the compact sets that have the properties are exactly those
with vanishing Newton capacity.

To study the corresponding properties in C", R" has to be replaced by
C" and the subharmonic functions by the plurisubharmonic functions.
Conditions (i)—(iv) are then transformed into conditions (i)—(iv’) and they are
no longer equivalent but:

() 2 (i) < (iii') 22 (i) 2 (V).
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Removable singularity sets

Closed sets K having property (iv') are called removable singularity sets
for bounded plurisubharmonic functions and it was shown by Lelong [14] that
every set with the equivalent properties (i)—(iv) (considered as a subset of R*")
also has property (iv'). A phenomenon that occurs in C" (n > 2) is that a
compact set can be removable in the sense that every plurisubharmonic
function extends across it. These sets are called removable singularity sets for
plurisubharmonic functions and it was shown in Cegrell [3] that there exist
such sets with positive Newton capacity.

In particular, there is no converse of Lelong’s result.

Here are some examples of conditions that guarantee K to be a
removable singularity set for plurisubharmonic functions (note that only the
first one is a local condition):

The 2n—2 dimensional Hausdorff measure of K vanishes (Shiffman
[21]).

The set K is a proper subset of an irreducible analytic subset (Siu [22],
see also [4], [9] and [15));

The set K is compact and has property (ii') (Cegrell [4]).

On the other hand, it was shown in Cegrell [5] that if K° # @, where K
is compact in Q then the restriction map

PSH(2) - PSH(2\K)
cannot be surjective.

Negligible and pluripolar sets

Sets (not necessarily closed) having property (iii’) and (ii’) are called
negligible and pluripolar respectively.

That condition (iii’) is a local condition and that (ii") = (iii") was proved
by Lelong [16]. That (ii’) is a local condition was proved by Josefson [11]
and the picture was completed by Bedford and Taylor [1] when they proved
that (iii') = (ii’). Thus, negligible and pluripolar sets are the same.

Thin sets

The (not necessarily closed) sets with property (i) are called thin.
Thinness is the most sensitive notion, every thin set is pluripolar according
to Bedford and Taylor [1]. The converse is not true since the intersection
with every complex line has to be thin considered as a subset of C.

It follows from Leja’s polynomial lemma [13] that if [0, 1]3t+—z(f)e C
is a continuous curve, then it is not thin at any of its points. However, this is
not true in higher dimension as shown by Sadullaev [19], [20] and Cegrell
[6].
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On the other hand, it was proved in Cegrell [6] that every polynomially
convex and L-regular compact set is not thin at any of its points.
If there is a positive measure with support in K such that

K c{log*u= —oo},

then it follows as in the classical case that K is thin.

Small sets in the boundary

DEerFINITION. Let © be a bounded, open and connected subset of C* and
let zoe Q. We then define K to be

K ={u>0; suppu < &, f(zo) = [ f(2)du(z), Vfe A(Q)},

where A () is the set of analytic functions that extend continuously to 0€.

We also define
Q(E) =supu(E), EcaQ.

pek

Note that, since K is weak*-compact, Q is a capacity.

DEFINITION. A complex measure g on 0Q is called an A-measure (cf.
Henkin [10]) if lim (f,du=0 for every sequence fie A(2), seN with

s—=+ o«
Ifd<1and Lm f(z)=0, VzeQ.

s—=+
The following lemma is a variant of Forelli [8]. See also Ko&nig [12].

LEMMA 1. Assume that E is an F ,-set of vanishing Q-capacity. Then there
is a sequence f,e A(Q), |fJ <2, seN such that
1° lim f(z2)=0, VzeQ;

s+

2 lim f,(z)=1, VzeE;

s—+ x

3° lim f,(z) =0 outside a set of vanishing Q-capacity.

s—++
THEOREM 1. If u is an A-measure, then u = fdv+n, where ve K, fe L} (v)
and n is orthogonal to A(%). '
Proof. Since K is convex and weak*-compact we can, by a theorem of
Glicksberg, Konig and Seever (cf. Rudin [18]) write

p=fdv+n, where veK, fel'(v)
and n is carried by.an F,-set of vanishing Q-capacity. Choose a sequence
(f)s<, as in Lemma 1. If fis any function in 4(Q) we get 0 = lim [ ff,du by

assumption. Moreover, 2° and 3° show that st
lim { ff;dp = f fin

and the theorem is proved.
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Remark. It was shown by Henkin (see Henkin [10], Valskii 23] and
Cole and Range [7]) that if Q is strictly pseudoconvex, then the second term
in the decomposition in Theorem 1 always vanishes for A-measures. In
particular, every measure orthogonal to A(£2) is absolutely continuous with
respect to a measure in K. This means that Theorem 1 can be considered as
a generalization of a theorem of F. and M. Riesz [17].

But in contradistinction to the case n = 1, measures orthogonal to A4 ()
may be singular with respect to the Lebesgue measure on the boundary.
The measure u defined on the boundary of the unit ball in C? by

2n 2n
1 ) 1 { .
= 0 i0 - i0 0 9
J("dﬂ ZnJ ¢ (0, €°)do an @(e’ 0)d
0 0

shows this.

Consider the following properties of a compact subset L in the
boundary of Q.

(I (interpolation). Every continuous function on L is the restriction of a
function in A(Q).
(N) If a measure u is orthogonal to A(Q), then |y (L) =0.

(PI)  (peak-interpolation). To every continuous function g on L there is an
fin A(R2) which extends g and such that

If @)l < sgp!gl, zeQ\ L.

(P (peak). There is an f'e A(Q) such that f =1 on L and |f(z)] <1 on
O\ L.
Q) aw)=0.

For the rest of this section, we assume that every point on 0JQ2 has
property (P). We then have:

THeOREM 2. (I) < (N)<=(PI) = (P)=(Q).

Proof. That (I)=(N) follows from Varopoulos [24]. The implication
(N)=(PI) is a theorem of Bishop [2]. That (PI)=(P), (PI)=(I) and that
(P)=(Q) is trivial.

It is a well-known fact that if Q is strictly pseudoconvex, then all the
concepts are equivalent (cf. Rudin [18], p. 204). This is also a consequence of
the above mentioned result by Henkin and the following proposition.

PROPOSITION. A necessary and sufficient condition that (Q)=(I) is that
every A-measure is absolutely continuous with respect to a measure in K.

Proof. Assume that (Q)=(I) and let u be a given A-measure. By
Theorem 1,

u=fav+n, veK, nlA@Q),
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where 7 is carried by an F,-set E of vanishing Q-capacity. If n # 0 there is a
compact subset E; of E with n(E,) # 0. By assumption and Theorem 2, there
is an feAQ): flg;,=1 Ifl<l on Q\E,. Hence 0= lim [f™dy

m—+ x

=n(E,) # 0 which is a contradiction and it follows that n = 0.

Now, assume that every A-measure is absolutely continuous with respect
to a measure in K. Let L be a given compact subset of Q2 with Q (L) = 0. To
complete the proof, it is by Theorem 2 enough to prove that L has property
(N). If u i1s orthogonal to A(£2), then

u=fdv, vekK

by assumption and since Q(L) =0 we have
(L) = [ |fldv=0
L

and the proof is complete.

Remark. If the assumption that every point in dQ has property (P) is
removed, then (I) need not imply any of the other properties.
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