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ALGORITHM 1

E. NEUMAN (Wroclaw)

ELLIPTIC INTEGRALS OF THE SECOND AND THIRD KINDS

1. Procedure declaration.

real procedure ¢iPi(fi, k2,rp, ¢iE);
value fi, k2,rp;
real fi, k2, rp, eil;
comment The function eiP: is a elliptic integral of the third kind

d dt
2 = .
(1) (g, k%, k) f AT

Data:
fi, k2 — the arguments ¢, k% of the integral,
rp — the relative machine precision.
Additional result:
etF) — the value of elliptic integral of the second kind

[
(2) E(p, k) = [ (1—k*sin?)'ds.
0

Non-local procedure identifier:
arc sin — the principal value of the inverse sine;

begin
real A, B, O, fil,g, k1, m;
if 22=0
then ¢iPi := ¢iE := fi
else begin

rp :=3Xrp[(1—rp);

rp i= 1—(1+2.62Xrp)Xrp;
fil := sin(fi);

kl:=1—k2,

g := k2 xfil;

m := g Xcos(fi)[sqrt(1—gxfil);
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A = 1;
B:=0( := 0,
for k2 := sqrt(k2), 2 X sqri(k2)/g while k2 < rp do
begin
g:=1+k2;

fil := k2 xsin(fi);
B:=AX(1—k2)+2xBJyg;
C :=C+AXfil;

A= AXg;
ft := .5 X(fi+ arcsin(fil))
end %2;

fil := sin(fi);
etE := A Xfil+B XxIn((1+fil)/cos(fi))—C;
eiPy := (et —m)[k1
end %2 >0
end eiPi

2. Method used. The method used in the algorithm is presented
in the author’s paper [2]. At present we shall describe the criterion for
ending the iteration according to equations (4)-(6), (13), (14) from [2].
The criterion is connected with the rounding errors occurred in the
calculation of %,,,. Let us assume that the relative error of rounding

a number is r and the relative error of calculation I/E is 2r. Then the
absolute error of %k, , is

—  ovk,
24Vk, A(L+Fn —
5 _ V +1+kn (14 )_2l/kn 3r__ 3
- 1+ kn— A1+ k) T 14k, 1—r S 1—7'

where Az denotes the absolute error of . The value of the absolute error
J may effect the convergence of sequence {k,}. It may slow down the
convergence, it may shift the limit to a number different from 1 or even
make the sequence to be divergent. It is easy to see that every machine
sequence {k,} (i.e. created with possible rounding errors) can be estimated
from below by a sequence {l,} where

2v1, |
o=k, U= L (n =0,1,...).
If § <1/2, then the equation
2
_2
1+1

with unknown I has two real roots: I, ~ }6% and ly,; >1—6—2,626*
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for 6 > 0. If k¥ > Iy, then the sequence {I,} has the limit lp,,. Hence
it follows that the sequence {k,} must have elements not smaller than
1-6—2,6262 where 6 = 3r/(1—r). Therefore in the procedure eiPi
the iteration is stopped as soon as such an element %,., is obtained.

3. Certification. The procedure eiPi has been verified on the Elliott
803 (rp = 27%°) and the Odra 1204 (rp = 27%) computers. Results of
computations were compared with the values from [1] (see tables 1 and 2).
The calculation time on Elliott 803 for one integral is 5,2 seconds.

TABLE 1. II(p, k2, k)

o | ® | [1] Elliott 803 |  Odra 1204
76 | .5 .5611886 561188618 .5611885948
6 5697025 .569702423 .5697024643
K .5786068 578606891 .5786068494
8 .5879323 .587932283 .5879323079
9 5977128 .597712653 .5977128402
n/3 | .5 1.382180 1.38218031 1.382180358
.6 1.401384 1.40138434 1.491384429
i 1.627646 1.62764640 1.627646434
8 1.803739 1.80373918 1.803739432
.9 2.042593 2.04259194 2.042592776

TABLE 2. E(p, k)

@ k2 [1] Elliott 803 Odra 1204
/6 5 .5120493 .512049335 5120493224
.6 .5096819 .509681898 .5096819167

7 .5072940 .507293972 .5072939611

.8 .5048848 .504884789 .5048847962

.9 .5024537 .502453702 .5024537232

/3 .5 .9649515 .964951428 .9649514578
.6 .9468783 .946878257 .9468782967

i .9280905 .928090515 .9280905341

.8 .9084704 .908470380 .9084704440

.9 .8878584 .887858244 .8878583504
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ALGORYTM 1
E. NEUMAN (Wroclaw)

CALKI ELIPTYCZNE DRUGIEGO I TRZECIEGO RODZAJU

STRESZCZENIE

Funkecja eiPi jest catksy eliptyczna trzeciego rodzaju (1).

Dane:

fi, k2 — argumenty ¢, k? calki,

rp — dokladno$é wzgledna dzialan na liczbach rzeczywistych.

Dodatkowy wynik:

etE — warto$é calki eliptycznej drugiego rodzaju (2).

Nielokalna nazwa funkcji niestandardowej:

arc stn — arcus sinus.

W algorytmie zastosowano metode opisana w pracy autora [2]. Procedure
eiPi sprawdzono na maszynach cyfrowych Elliott 803 (rp = 2729 i Odra 1204
(rp = 2737). Wyniki obliczer poréwnuje si¢ w tablicach 1 i 2 z wartosciami stabli-
cowanymi w [1]. Czas obliczenia jednej calki na maszynie Elliott 803 wynosi 5,2 sek.

AJITOPUTM 1
9. HEXMMAH (Bpounas)

DJIIIAINTUYECKME UHTET'PAJIbI BTOPOI'O U TPETHEI'O POAA
PE3IOME

Oyuxiasa eiPi aBnseTcs JIUTMIITHYECKHM HHTErpajioM Tperbero poma (1).

Bxonmrle nagHHbIC:

fi, k2 — aprymenTts! ¢, k2 mHTerpana,

TP — OTHOCHTEJBLHAA MAITMHHAA TOYHOCTB.

JobaBouHbIt pe3yybTaT:

etl) — 3HaueHHe JJUTANITMYECKOTO HHTerpaja BTOporo poaa (2).

Henoxanpreni naeHTuPHKATOp HECTAHAAPTHON (DYHKITHM:

arc 8in — IIaBHOEe 3HAYEHWE apKCHUHYCA.

B anropurMe npuMeHseTCs METOL ONMCAaHHBIM B pabore aBTopa [2]. ITpouenypa eiPt 6bLia
OpOBEpeHa Ha BBLMHCIMTENBHBIX MaummHax OmoTT 803 (rp = 27 2% u Ompa 1204 (rp = 279%7),
Tabmaer 1 ® 2 conepxar pe3yabTaThl BEMUCICHAN M TabauuHsie 3HaveHus u3 [1). Bpems Bbramc-
JICHAS OJHOrO mHTerpasia Ha OBM Jwmortt 803 paBHO 5,2 cek.



