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The mean surface area of the boxes circumsecribed
about a convex body

by RoLr ScHNEIDER (Frankfurt am Main)

A convex polytope is said to be circumscribed about a convew body
if and only if each of its facets is contained in a support plane of the
body.

Radziszewski [4] has proved the following theorem:

In the plane, lot K be a convew body of area A(K), and let B(K, ¢)
denote the area of the rectangle oircumscribed about I such that one of its
sides forms an angle @ with a fived direction. Then the inequality

(1) (2w)‘1fﬂB(K, )dp > 4n~' A(K)

18 valid, where equality holds if and only if K is a oircular disc.

This inequality was recently rediscovered by Chernoff [2]; see also
Heil [3] for some generalizations and consequences.

The left-hand side of (1) may be interpreted as the mean value of
the areas of all the rectangles circumseribed about K. In the following
we shall prove an analogous inequality in three-dimensional space. The
method will be similar to that of Chernoff. It seems that Radziszewski’s
proof does not immediately extend to higher dimensions, since such. an
extension would require an, apparently unknown, improved version of
a Minkowskian inequality.

Let 82 = {we B3 (u, > = 1} be the unit sphere of three-dimensional
Euclidean space 222 (¢, > denotes the scalar product in E?%); let §O(3) denote
the rotation group acting on 82 If (u,, u,, 43) is a fixed orthonormal frame
in B% and if d ¢ SO (3) is a rotation, then there is 2 unique box ( = rectangular
parallelepiped) circumscribed about a given convex body K < E° such
that the exterior unit normal vectors of the box are + du,, 4 6u,y, 4-0u,. Let
B(K, 8) denote the surface area of this box. Then the mean value of the
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surface areas of the boxes circumscribed about K is defined in a natural
way by
B(E) = [ B, 6)du(9),
80(3)
where u denotes the normalized Haar measure on the.group SO(3).
' THEOREM. If K < I® is a ocomvem body with surface aréa A (IC), then

(2) B(K)>»6n"'A(K).

Bquality holds if and only if I is a spherical ball,

Proof. Let p(K, u).denote the support function of K, restricted
to §2, that is p (I, u) = sup{<w, ud|[we K} for ue 8% Lot Y,y ..y Yy omes
be an orthonormal basis of the real vector space (with the wusual gcalar
product) of spherical surface harmonics of degreem on 82 (m = 0,1, 2, ...).
We will firgt assume that the support function of K is differentiable suffi-
ciently often, so that it can be represented as an absolutely and uniformly
convergent geries of spherical harmonics

oa 2m-1

P(K', u) = 22 a'miYmi(u).ya

M= 1ml
where

i = [ DU, u) Vi (w) deo (1)
52

(w denotes the Lebesgue measure on. S2). It is well known (see Blaschke [1],
p. 108-110) that the surface area Qf I is now expressed by

2m+1

3) A(E) =ay—} ) (m—1) (m+2) > al.

M= te=1

The functional B(X, ) is given by

B(K, 8) = 2[b(duy)b(0us)+b(Sus)b(duy) -+ b(Sus)b(du,)],
where

b(u) = p(IK, u)+p (XK, —u).

By the invariance of the Haar measure we obtain

B(K) =6 [ b(6us)b(8us)du(s),
80(3)
which leads to

o o 2Mm+41 2k-41

BE) =24 3 3 3" N tyityy [ Yos(8) Yy (00) due(8)

Me=0 =0 iml F=1 S0(9)
2lm 2lk
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(observe that ¥,,(u) = (—1.)"‘-Ymi(—u)). Now for any continuous func-
tion f on 8% and any two vectors %, ve 82 the formula

[ £(00) Vs (80) du(8) = (47)™" [ f¥pns B0 Prn (1, )
SO(3) S2

is valid, where P, is the Legendre polynomial of degree m. This follows
from the fact that the left-hand side is, as a function of v alone, a spherical
harmonic of degree m, which, by the invariance of the Haar measure,
turns out to depend only on {u, v); hence it must be a constant multiple
of P, (<1, v)). The factor is then easily determined. (The complete argu-
ment may be found in [5], (3.3).) Since {u,, #,> = 0 and since the system
{Y,;} is orthonormal, this yields

2m+1
B(E) = 6n ‘IZPM(O)Z a2y,
m=0
(we have P,,(0) = 0 for odd m). In view of (3) we arrive at
2m4-1
(4) B(E)—6r'A(K) = 61:“12[Pm(0 )+30m—1) (m+2)] D ahi>0,
m=2 i=1

since P,(0) =1 and |P,(0)|<1. A standard approximation argument
now shows that inequality (2) holds for arbitrary convex bodies K.

Suppose that for a convex body K the equality sign holds in (2).
For sufficiently smooth K we have, according to (4),

B(E)—6n~'A4(K)
2m+1

> 617! [P (0)+ $(m—1) (m+2)] 3) {fpur ) Vi () d0 ()]

je=]

for m =2, 3, By approximation, this holds for general K. Since we
have assumed the left-hand side to be zero, it follows that

| P(E, 4) V() doo (u) = 0
S2

fori=1,2,...,2m-+1 and for m =2, 3, I'rom the completeness of
the system of spherical harmonics we conclude that

p(IG, ) = Yo+ 7,

where Y, is a spherical harmonic of degree % (k =0, 1). But ¥, is
constant and Y,(w) = {¢, > with some constant vector ¢; hence I{ is
a spherical ball.

Remarks. The preceding theorem and its proof extend to arbitrary
dimensions » > 2 provided the surface area functional is replaced by the
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quermass integral W, _,. It is, however, an open question whether an
analogous result holds for each of the quermass integrals W, 0 < &k < n—3,
especially for the volume W,. (For W, _,, which is essentially the mean
width, there is an identity instead of an inequality.)

Results analogous to the above theorem can be proved if the boxes
are replaced by other suitable circumscribed polytopes, for instance by
simplices which are similar to a given simplex.
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