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I. KOPOCINSKA (Wrocltaw)

ON A M/G/1 QUEUEING MODEL WITH FEEDBACK

1. In my earlier paper (5] a queueing model has been studied with
the Poisson input parameter 4, = A[n(f})] depending at any moment ¢
on the actual state »(¢) of the system. A special case of this kind of feed-
back occurs e.g. in a model with impatient customers who arrive accor-
ding to the Poisson process but join the queue only with a probability
v» depending on the state n of the system at the moment of their arrival
(see also [8], p. 24). Due to the balking of some customers, those remai-
ning in the system form a Poisson process with parameter 4, = y.A.
We considered a single channel model with an arbitrary service time
distribution G(x). Let us denote this mode! by the modified Kendall’s
symbol My/G/1 (see [3]) where the subscript N indicates the feedback
between the state of the system and the input rate. In this model the
number n(t) of units being in the system at any moment # (¢ is a conti-
nuous parameter) is not, in general, a Markov process but the sequence
of random variables ¥, = n(f,+0), where . (r=1, 2, ...) is the departure
moment of the r-th unit from the service channel, is an imbedded Markov
chain (see [4]).

Let us denote by P,(n) = P(N, — n) the probability of the state

r =n at the moment 40 and by P(&(x) = &k |n) the conditional
probability of % units to enter the system during the time interval of
length «, given that » units are in the system at the beginning of this
interval and that no service terminates during its full length. The main
result of paper [5] consists in finding the system of equations

n+1

1) Pn = DoP(E =0 | 1)+ D pP(E = n—it1]i),
where o

() P(e =k [n) — [ PlEla) = T | 1)d6 (o)
and o

(3) P = lm P, (n).
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The generating function of the probabilities p, is of the form

(o]

(4) D(s) = pop(s | 1)+ Y's (s | 9)ps,
where
(5) gls i) = Zs’P(E =i for i=1,2,...
j--0
In particular, it A; = 4, then
F o (A -
6 pls19) = p0s) = | 2"(,'—)" wd (@) = [ e )
0 7=0 k 0
and
M ) = pae)+ D e = T (6~ 1pe+ D).
i=1 §
Therefore
(8) D(s) = PQ(_l,_S)qf(s)

Differentiating formula (7) and setting s = 1 we obtain

- A
(9) p(,:l—lfa:dG(a:)zl——-— —1—y.
y u

The explicit form of the probabilities P(&(x) = k | n) for the case
of all 2; being different will be given in theorem 2.

2. Different methods have been used in queueing theory to solve
problems concerning specified queueing models (see [7]). One of them is
the method of imbedded Markov chains though in some applications
the knowledge of the limit distribution of the continuous time process
describing the work of the system may be of more interest than this of
the imbedded Markov chain. In this section it will be shown how the
known limit distribution of the imbedded Markov chain may be used to
calculate some distributions defined for a process in continuous time.
In the case of the M/G/1 model one of the problems has been solved by
Foster [2]. He has shown that for the M/G/1 model without feedback
the limit distributions of the states for the continuous time process and
for the imbedded Markov chain are identical.

If the initial state of the system (i.e. the state at the moment r, = 0)
is a random variable with a distribution equal to the limit one, then the
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state of the system is a stationary stochastic process. For this kind of
stochastic process the probability of a given state may be defined as the
fraction of time for the system to remain in this state. This may be ex-
pressed by the formula(?)

ESY)
(10) p; = lim .

N—>00 E,rn

Here 8% (j =0,1,...) stands for the length of time for the system to
remain in the state j during the time interval [0, r,), where r, is the
moment of departure of the n-th unit from the system; ESY is its expected
value and Er, is the expected length of the interval [0, r,).

Let M(j |, k, x) be the mean length of time in which the system
remains in the state j during the time interval between two consecutive
exits from the service under the conditions that: 1° the length of the
interval is x; 2° there are ¢ units in the system at the beginning of the
interval, and 3° k units enter the system during the interval in question.
In a similar way, by M (j | ¢) we denote the defined mean length of time
under the condition 2° only; and by M(j |4, ) the same value under
the conditions 1° and 2°. We shall prove

THEOREM 1. In an My/G[1 system the probabilities of the states (for
a stationary process) are of the form

Do

11 vo= T,
(1) Po Do+ Aofu

and

MG+ 3 pM(j | c)

12 p¥ = 2= e for  j>0,

(12) P DolAo+1/u f !

where

(13) M@ = [ D P(&@) = k10)M (i, k 2)d6 ().
0 k=j—1i

An explicit form of the mean M (j | ¢, k, z), for the case of all 1; being
different, will be given in lemma 1 and theorem 2.

Proof of theorem 1. If X (k=0,1,...,n—1) denotes the
length of time in which the system remains in the state j during the time
interval [7y, rx.,), then

(14) S = XP4+ X0+, +X9 .

(*) The probability p} is defined here in a manner somewhat similar to that
of the definition of ergodic probability p; (see [9], p. 85).
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We are interested in calculating the expected value
15) ESY = B(XP+xP+...+X ) = BEXP+EXD 4. +EXD .

Now we calculate EX{). For z > 0 we have

(17) P(XD >u) = ZP (X > | N,, = i)P(N,, =1i)

Tk

7
=ZP(X") @ | N, =i)P(N,, =1).

i=0

The last equality is based on the fact that in the interval [ry, r,,;)
the state of the system is a non-decreasing function of time (see Fig. 1),
hence

PX)>w|N, =i)=0 for i>j.

The conditional mean M(j |¢) is equal to
(18) M(j|i) = — [ 2aP(X) > @ | Ny, = ).
0

Since the chain N, is stationary, we have P(N, = i) = p; and

(19) P(N,, =1) =,11;m P(N,, =1) = p;.
From (17), (18) and (19) we get
j
(20) EX] = Y 'p:M(j ).
=0

From (20) and from (14) follows

(21) B8P =n jpiM(j 14),
and, in particular, =
(22) BESQ = np,M (0 | 0).
By (17), the distribution of the random variable X for a Poisson
input is
P(XY >a) = P(XP > | N, = 0)P(N,, = 0) = e ""p,,
whence

MPo

0

(23) s —
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Now, let us notice that M (j|1) = M(j|0) for j > 1. This results
from the fact that we observe a continuous time process at the moments
of output. If at a given moment r;, there is the zero state, then the system
is idle till the next input. At that moment the zero state changes into
state 1 and a new service begins. Later on the system behaves as if there
was no interruption in the service and the system was in the state 1 at
the moment 7, (see Fig. 1).

o)
x

—eemmeneomenp

(1)

(0)

Tk Ci+1 Fk+2

Fig.1

The length -of the interval [0,r,) is a random variable:

(o] oo n—1
Yp = 28&” = Z b.¢'
7=0 7=0 k=

Therefrom and from (20) we get the expected value of 7,:

oo n—1 00 %)
A N gy -
(24) Er, = ZZZWVI(J |4) = MZP;-Z M(j14)
§=0 k=0 1=0 i=0 7=
=N v () ‘1 . \’ T(1 )1 —_ ;P_‘"_ J;
N[po{% ‘1(.Il0)+ép1f2!ﬂ[(j|z) n i + s
J= J= =1

The last passage was possible due to the equality > M (j |4) = 1/pu,
j=i

where 1/u is the mean service time. We can write

*x po/lo
Po = ——5 >
DolAo+1/p

?.
paM (1) + 3 piM(j14)
Poliot1ln

pi = for j>1.
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To calculate M(j |¢) we notice that if N, = ¢ > 1, then the length
of the interval [rg, 7;.,,) is a random variable with the distribution G(x).
Therefore we have

(25) M(j1d) = [ M4, 2)dG (=),

where M (j | 4, x) is the mean length of time in which the system remains
in state j during the time interval [7y, 7;,,) providing it was in state ¢
at the initial moment 7, and the length of the interval [rx, 7x,,) is . The
mean M(j |4, x) is equal to the sum

(26) M(j | i, w) = Z P(¢ k|9)M (515 k@),

k=j—1%

where the summation starts with ¥ = j—¢, since obviously M (j | ¢, k, )= 0
for the smaller values of k. Putting (22) to (25) we come to the end of the
proof of Theorem 1.

LEMMA 1. We have

M?'()'ny ln+l’ seey }‘ﬁ+k; .CU)

(27)  M(jIn, k,x) = P(&(x) =k |n)

for n=0,1,...,k,

where

My‘(}'n, }‘n-{da sy ln+k; w) = }'nln-{-l s ln-i—k-—lf"‘fy?' e_(lny0+."+ln+kyk)

Q

AYo AY, ... AYx_,

and 2 = {(Yo, Y1y ---» Y&) : Yo+ Y1+ +¥x = 2, y; = 0}.
Proof. For the Poisson input we have

M(] | n, k, x) :E(Y7 | Y0+171+...—{—Y7'-|—...+Yk = )
[-o JygomOntotInsatut e Hint iy, dy, ... dye_,

- {._. I "“e—(ﬂ-nvo+1n+1v1+---+vn+kvk)dyo Yy ... Wy_y

n[ u—:u 419 v o0 )'n+ky$)
= for n=0,1,...,k.
P(&(x) =k | n) SR

Here Y,, Y,,..., Y, are independent random variables with a common
exponential dlstrlbutlon P(Y; <y) =1—¢"n+i,
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THEOREM 2. If A; # A; for © +#~j, then

k k
(28) P(&(x) =k | n) = Z ;n""'*'; [n (1_ }‘n+:f )] e_ﬂn-i-y"/’“';
i=0 +o L3

Y
=0 n-f-1
157

Ms(/ln An¢17 ceey An+k; 53)

v Ay “](1_

n+k

-1
nt )] [ ! (6~ *n+i® — g *n+s") _ e --‘n+s$]
n+1. | 2n+s_/1n+j

fLI

] S

for 0 <s <k—1 and

k
oP(E@) =K |n) = Y Mi(Any ngry --es Angrs @)

7=0
Proof of theorem 2. It has been proved in [5] that

(29) P(é() =0 |n) = ¢ ™"

and

(30) P(é(x) =Fk|n) = Anlngy --- ln+k_1f...fe'("n”0+‘n+1”1+---+‘n+kﬂk)

2
dYo AYy ... AYx_,
for k > 1. Expression (30) is a convolution of k-+1 functions:

— A —Ap 41 —2 -1V - Y
}me n’}m+le n+l,---7ln+k—le n+k 1,6 n+kY

Its transform is thus equal to

o0

fP(f(:v) =k | n)é"“dm = Zn }'n'H }'n+k_1 1 P
0

Ints InatS mik1+8 nixts  q(s)

Decomposing this into partial fractions on the condition that A; # 4
for i #j we get (see formula (136) in [1], p. 148)
k

p 4 1
31 =
G y Q" (Anys) Inyj =3

q(s) &~

since
k

q,(znw') :”( n4-i ln;_;u)

7=0
1]

This completes the proof of formula (28). Another proof was published
in paper [6].
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Now, let us derive the explicit expression for M;(A,, An, 1y -y dnyrs 2).
From lemma 1 for j = 0 we get

Mo(Any Ansrs oo Angles @) = 2o dnyy - - lﬂ_,_k_lf. . .fyo e~ PnYot2n+1¥1+ .. +4n 4 kVE)
o
AYo dy, - .. AYr_y

= lnfyo e P (E(m—y,) = k—1 | n+1)dy,
0

x k k
)»n s A1
= [T (=] e,
= +e Lo e
v
i T T 2 i1
_ +i[' l(l— n+9)] [ (e"’l"ﬂ'z—e"z"”)—me_lnz].
7=1 A'n.+k =0 An-;-z l-n—}‘n-*-f

o,
‘LI»I

[n general, for 0 <s < k—1, it is easy to obtain

”Ia(ln’ An+17 sy }“n-{-k; x)

Ay [I—I( Anyg )]_l[ 1 (e” 4% __ o~ 1n+s7‘) —xe” ‘n+sl]
ln Lk }tn+i }vn+s_j~n+7'

7¢s z#

For s = k we have
Mk(ln }Vn+17 n+k7 .’1/')

dat —(A A )
=gy --- ln+k~1f- . -f(m—?/o“?ll—- c—Yp_q) € Cntotin e Vit Ak
Q

Ay, Ay . Ay,
k—1

= aP(5(@) =k | n)— D My(hns Angrs -y Inik @).

This completes the proof of theorem 2.

3. Foster [2] has proved for the model }M/G/1 without feedback
the identity of the limit distributions of the imbedded Markov chain
and of the continuous time process. In this section we shall prove that
also the probabilities p; are of identical form.

THEOREM 3. In the M|G/1 model the probabilities p; and p; are equal
for any j(2).

(3) We owe this theorem to ‘C. Ryll-Nardzewski, who has kindly helped us to
generalize the obtained partial results on the identity in question.
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Proof. From Theorem 1 and from formula (9) we get

Do
(32) p* = - == 1—— e li—— p .
* PotAlu p ’

Now we shall show that the generating functions of the probabilities
p; and p;j are equal. In the case of Poisson input with a constant arrival
rate 1 we infer, by Lemma 1, that

f 0 Syie My, dy, ... dyp_,

‘ @x
M(j k = = = .
Gl b e = Ty dys . s (k+1)!/k! k+1
Q

Since
k
P(e(e) =k [4) = L2 g
k!
by (13) in theorem 1, we have
lk k41 _Jz
i) —f Z G e @),

k=j—1

Now, the generating function of the sequence M (j|¢) is equal to

fo2) . . . S"’ [0 0] o0 (o] (2 )kl—l -
SM(j19) :__f § ’87 ——— ¢ "dQ(x)
; A 0 j7=0 k=7 (k+1)
s o1
5 - [eza:__eﬁ.zs]e—lsz (.’L‘)

T

:.’\AS___[l_f( Ax(1— s)d(r( )]:_S_l_ 1—90(3)_‘
A(1—s) y A 1—s

In view of (32) the generating function ®*(s) of the probabilities p;
may be obtained as follows:

oo

0 )
* _ In* i . ] s
&* (s) _%‘sp, pOHgljs [po M(j 1)+ é’pzMu I%)]
J— 8 ad 1,
_(}_9(—)(81’0"5‘23']%)
1-—=1
—po]-

= |po+ (1 —¢(s))] [ff)
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If we recall now formula (8), then we can write
Do (8 ) ] _ Do(1—8)p(s)
(s)— ’ @(8)—s

We have thus obtained the equality @*(s) = @(s), which completes the
proof of theorem 3.

@*(s) = [pot+(1—9 (8))][ = D(s).
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I. KOPOCINSKA (Wroclaw)
MODEL M/G/1 ZE SPRZEZENIEM ZWROTNYM

STRESZCZENIE

Rozpatrzmy system typu M/G/1 ze sprzezeniem zwrotnym, tj. system, w ktérym
zakladamy (a) poissonowski strumien zgloszen z parametrem A, = A[n(t)] zaleznym
od aktualnego stanu n(t) systemu w danym momencie ¢, (b) nieograniczona kolejke,
oraz (¢) pojedynczy kanal obstugi z dowolnym rozkladem czasu obstugi G (x).

W pracy [5] opisaliSmy ten model przy uzyciu wlozonego lancucha Markowa
zdefiniowanego w momentach zakonczenia obslugi w systemie. ZnalezliSmy wéwezas
graniczne prawdopodobienstwa ?; tego lancucha W tej pracy zdefiniowane zostaly
prawdopodobienstwa stanéw systemu p rozumiane jako frakcja czasu przebywania
systemu w danym stanie,

ESQ)

b

* = lim
pj nooo Hifn
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gdzie ESU) dla j = 0,1, 2, ... oznacza $redni czas przebywania systemu w stanie j

w przedziale czasowym [0, 'rn), natomiast 7, 0zZnacza moment wyjsScia n-tej jednostki
z systemu, a Er, — oczekiwana dlugosé przedziatu [0, 7).

Udowodniono wzory (11) i (12) w ktérych prawdopodobienstwa p zostaly
przedstawione jako funkecje prawdopodobienstw standéw wlozonego lancucha Markowa
oraz wyrazen P(&(x) =k |4) 1 M(j|1,k, x), gdzie P(&(x) = k| ©) oznacza prawdo-
podobienstwo k zgloszen w czasie trwania obslugi o dlugosci x, gdy na poczatku tego
przedzialu znajduje sie ¢ jednostek w systemie. M(j |, k, ) oznacza $redni czas
pobytu systemu w stanie j w przedziale czasowym o dlugosci x, gdy na poczatku tego
przedzialu jest ¢ jednostek w systemie oraz nastapi k zgloszeh w tym przedziale.
Wyrazenia te zostaly obliczone w lemacie 1 i twierdzeniu 2.

W systemie M/G/1, w ktorym intensywno$é strumienia zgloszen jest stala.
udowodniono, ze prawdopodobienstwa p'?. 83 identyczne z uprzednio zdefiniowanymi
wyrazeniami p.

H.KOINIONMHHLCKA (Bponuas)

MOJEJIb M/G/1 C 3ATIA3JBIBAIOUIEN1 OBPATHOM CBSI3bIO

PESIOME

PaccmarpuBaerca cucrema tmnma M/G/1 ¢ sanaspmBamoouieit o6parHoit cBf3blo,
3TO €CThb CHCTEMAa 0XapaKTepM30BaHHAA (a) NYyaCCOHOBCKUM NOTOKOM 3asABOK ¢ Iapa-
MeTpOM Ap = A[n ()] 8aBUCUMEIM OT AKTYaJbHOr'O COCTOAHUA 7 (f) CHCTEMH BO BpeMs
t, (6) HeorpaHMueHHON ouepefpl0, M (B) OJHUM KAHAIOM OOGCIYKMBAHMA C NPOM3-
BOJNBHHM pacnpejeleHueM G (r) BpeMeHH OOCIYHUBAHUA.

B paGore [5] aTa Mopmensr OHIIa HCCIE[OBAHA METONOM BIIOMEHHON nemnm Map-
KOBa, ONpefelleHHOIl Ha MOMEHTaX OKOHYaHMA OOCIy;KMBaHMA B cucreMe. B pabote
6nlyu HalifieHH TpefedbHHE BepOSATHOCTHU coc'rOHmm p;- B macroaueit paGore ompe-
ReJAKTCA BEPOATHOCTH COCTOAHHMII CUCTEMBI p KaK OTHOCMTGHLHHG BpeMeHa npe6H-
BaHUA CHCTEMHl B JKAHHOM COCTOSHUM:

ESY
p* = lim ———,
7 nsco Hrn

rae ESQ),j =0,1,2,... — cpeaHee BpeMA NpeOHIBAHUA CUCTEMBl B COCTOAHHUM j [0

MOMEHTA 7pn, ¥n — MOMEHT OKOHYAaHMA OOCIyKMBaHUA n-Toi 3aABKU, KEr, — mare-
MaTnyecKoe OKUAAHUC MOMEHTA Tp. ABTOpPOM MOKasaHH ¢opmyxamn (11) u (12), B Ko-
TOPHX BEPOATHOCTM pP; NPpENCTABIEHH B 3aBHCHMOCTH OT BePOATHOCTEN COCTOAHMIA
BaOKeHHON menu MapwxoBa m Beauuun P(&(x) = k|) u M(j|14, k, x), rne P(&(x) =
= k | 7) — BepoATHOCTh k BAasAABOK BO BpeMs OOCIYMKUBAHUA JJIMHE £, €CIM B Hayale
BpeMeHN o0CIy:KUBAHUA B cucreMe ObLIO ¢ 3aABOK, M(j |4, k, ) — cpenHee BpeMA
npeORBAHUA CHCTEMH B COCTOAHUM § B UHTEpBAaJe BpeMeHM NJIHHH X, €CIU B Hayaje
9TOro HHTepBaNa ¢ 3aABOK HAaXOAUJIOCh B CHCTEMe U K HOBHIX 33aABOK MOABUIOCH
BO BpeMA 3TOT0 UHTEpBaja. ITH BeJUYUHE BEIDAMKEHH ABHO B JeMMme 1 M Teopeme 2.

Onsa cucreMn M/G/1 ¢ MOCTOAHHOI WHTEHCHBHOCTHI0 IIOTOKA B3afABOK JIOKA3aHO,
4TO BePOATHOCTH P; COBMAJANT C BHIIEC ONpE/ICNCHHEMH BeTNYNHAMH p;"



