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ALGEBRAIC SL(2)-ACTIONS:
DEFORMATIONS OF INFINITE ISOTROPY SUBGROUPS

BY

EWA DUMA (WARSZAWA)

Let SL(2) act algebraically on an algebraic variety X in such a way that for
any point x of some curve C = X the isotropy subgroup at x is conjugate to
a fixed subgroup H < SL(2). If a point y belongs to C\C and the isotropy
subgroup at y is G, then we say that there exists a deformation of H to G, (see
Definition 1).

In [9] Richardson has given an example of a deformation of a cyclic group
of order 3 to the group {e} (e denotes the identity of SL(2)). In this paper we
describe all possible deformations of any infinite subgroup H < SL(2). In
Section 2 there are drawn diagrams which depict all our results.

0. Assumptions and notation. Throughout the paper k denotes an alge-
braically closed field of characteristic zero, and k* = k\{0} denotes the
multiplicative group of k. All algebraic varieties and morphisms are supposed
to be defined over k. o ’

Let an algebraic group G act on an algebraic variety X. Then X is called
a G-variety. By X¢ we denote the variety of fixed points, ie.,

X6 ={xeX: VgeG, gx = x}.

If xe X, then G, = {ge G:~ gx = x} is the isotropy subgroup at a point x, G2 is
the component of the identity of G,, and

Gx ={yeX: 3geG, y = gx}

is the orbit of x.

For any two subgroups H, and H, of G we write H, =~ H, if H, and H,
are conjugate in G, and H, S H, if there exists a subgroup H, such that
HycH, and H, @ H,.

Let

SL(2) = {(z Z) ad—bc=1, a, b,c, dek}

in its usual matrix representation. Let k(g;) be the vector space of homogeneous
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polynomials of degree i in two variables x and y, with SL(2)-action determined
by the following equalities:

g(x)=ax+cy and g(y)=bx+dy

a b
gz(c d)eSL(Z).

Let k(g;,®...®0;) denote the direct sum of the vector spaces k(g;),
j=12,...,s with the direct sum of SL(2)-actions on summands. By
P(0i;,®...®0;) we denote the projectivization of the vector space k(g;, D...
...@ ;) with the projectivization of the SL(2)-action.

for

1. Preliminaries.

DEFINITION 1. Let G be an algebraic group with subgroups H, and H,. We
say that there exists a deformation of H, to H, in G and we write H, —» H, if
one of the following two equivalent conditions holds: _

(@) There exist a G-variety X, a curve C = X and a point x,€ C\C such
that, for any xeC, G, @ H, and G,, ~ H,.

(b) There exist an irreducible G-variety X, a non-empty open subset
U c X and a point x,€ X such that, for any xeU, G, = H, and G,, = H,.

Remark 1. In condition (a) we may assume that C is irreducible.

Remark 2. It is easy to show that in both conditions we may claim that
G,, = H,.

Proof of the equivalence of conditions (a) and (b).

(a)=>(b). Take an irreducible curve C as in (a) and Y= G(C). Then Yis
G-stable and constructible, so there exists a non-empty open subset U < G(C)
such that, for any xe U, G, = H,. For G(C) and U, condition (b) is fulfilled.

(b)=>(a). As a curve C one may take any curve contained in U such that
xo€C. ‘

The following result is well known:

THEOREM 1. Let an algebraic group G act on an algebraic variety X. Then
for any positive integer n the set {xe€ X: dimG, > n} is closed in X.

For the proof see Part 0 in Section 3 of [7].

As an immediate consequence of Theorem 1 we get

COROLLARY 1. If there exists a deformation of H, to H, in G, then
dimH, <dimH,.

2. Main results. From now on through the whole paper we assume that
G = SL(2). We describe all possible deformations of infinite subgroups of SL(2).
Up to conjugation there are only five types of infinite subgroups: in
SL(2): SL(2) and
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a b .
B={(O l/a): ack*, bek},
a 0 .
T= {(0 l/a): ack },
a -0 0 1\/a O .
N(T’:{(O l/a)’ (—1 0)(0 l/a)' ack }

e b N
S R T

N, =k* (see [8]). .
. Below we draw diagrams of all possible deformations of infinite subgroups
of SL(2). By H,+ H, we mean that there is no deformation of H, to H, in

SL(2).

and

+H for any Hg SL(2),
@) SL(Z)}—»SL(Z),
(b) B}-HH. for any H # B,
- B,
+ T, N(T), N,, with nfm,
© N } ~SL(2), B, N,n,
(d) T-H for any H < SL(2) such that dimH > 1,
'H'T, N2k+l (k = 0, 1, 2, ...),
© N (T)}—»N(T), SL(2), B, Ny (k=1,2,..).

As an immediate conséquence of Corollary 1 we infer that SL(2) cannot be
deformed to any subgroup H Z SL(2). Thus (a) is proved.

THEOREM 2. The Borel subgroup B can be deformed only to itself.
Proof. Konarski has proved in [3] that, for any algebraic group acting on
X, the set of all isomorphic projective orbits is closed in X. Hence the set
{xeX: G,~ B} ={xeX: Gx =~ P}

is closed in X. Therefore (b) is proved.

In the following three sections we will consider the cases: H=N,, H=T
and H = N(T).

3. Deformations of N,. There exist deformations of N, to SL(2), Band N,,
such that n|m. Examples:

(@) N,—SL(2). Take
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C={p,=1tx": t #0} < k(g,).

For t #0, G, = N,, p, =0€C and G, = SL(2).
(b) N,— B. Take

C={p,=t®x" t#0} = P(o, D2,

Then, for t #0, G,,=N,, p, =0®x"eC and G,, = B.
(c) N,—»N,,. Take

C={p,=tx"®x™: t #0} < k(o,D2n)-

Then, for t #0, G,,=N,, po=0®x"eC and G,, = N,,.

THEOREM 3. Let X be an irreducible SL(2)-variety and let U = X be
a non-empty open subset such that, for xe U, k* = N, S G,. Then, for any xe X,
k* <G,. '

Proof. Let I' = {(g9, x)eGx X: gx = x}(G = SL(2)) and let n: ' > X be
the projection. Let G* be the set of all unipotent elements in G. Then G" is
closed in G and G*'xX NI =Y is a closed subset of I. For xe U,

dimz !(x)nY>1.

We denote by Y, ..., Y, all irreducible components of ¥, and by Y, ..., Y; all
components such that {e} x X < Y;(i = 1, ..., s). Then there exists a non-empty
open subset V< X such that {e} xVnY, =@ for j>s. Let

Yo=Y and =,=nlY,.
i=1

For xeUNYV, dimng'(x) >1 since dim(G?x{x}nY,)> 1. There exists
a non-empty open subset U, c X such that, for xeU, and for a fixed
component of Y,, eg., Y,

dim(ng '(x)n Y,) > 1.

Since {e} x X < Y,, my|Y; = m;: Y, —» X is surjective. Since U, is dense in X,
for any xe X we have dimzn;!(x) >1 ([2], Part II, Ex. 3.22). Moreover,
m; 1(x) = G, x {x}. Hence there exists H c G, H =~ k* such that H x {x}
-1
< ny ().
As an immediate consequence of Theorem 3 we get
COROLLARY 2. There is no deformation in SL(2) of N,(n =1, 2, ...) to the
torus T or to its normalizer N(T).

THEOREM 4. Let n and r be positive integers. If there exists a deformation in
SL(2) of N, to N,, then n|r.

Proof. Fix positive integers n and r. Suppose that there exists a defor-
mation of N, to N, on an irreducible G-variety X (G = SL(2)), i.e., there exist
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a non-empty open subset U < X and a point z,e X such that, for zeU,
G,= N, and G,, = N,.

We may assume that X is normal. In fact, let v: X*— X be the
normalization of X and let ¥": G x X" — X" be the action of G on X", induced
by the G-action ¥: Gx X - X on X. The set

V={xeX: X is normal at x}
is dense in X and V< X". For yeUNYV,
C;y = Gv(y)g Nn.
For ye X",

Gy =Gy, and G,cG,,.

Let, for y,eX®, v(yo) = zo. Then G,, < G,, = N,, so G,, = N, with s|r.

Therefore we may assume that X is normal. Let C be a curve such that
C < U, z,€C and C is irreducible. There exist a G-stable quasi-projective open
neighbourhood W of z, ([10], Lemma 8) and a projective G-embedding
f: W—P" where G acts linearly on PV ([10], Theorem 1).

Replacing f(W) by W, f(Cn W) by C, and f(z) by z, we have z,eC,
G.,,= N, and G, = N, for zeC, where C is the irreducible curve in P".

PN with a linear SL(2)-action on it is of the following form:

P¥ = P(e8®...® o),

where [, > 0 and g} = 0;®...®D¢; (I; times) for i=0,1,..., k.

Let ze PY. Then z = [29;...; z¥], where z'ek(g}). One has G, = N, iff
there exist an integer s and a sequence 0 < i, < ... < i; < k with the following
properties: )

" (#¥) s=2and GCD {G,—i): I, p=1,..., s} =n, where GCD denotes the
greatest common divisor; -

(a) for any i;e{iy, ..., i) there exists

@9, ..., af) ek\{(, ..., 0)}
such that
=’ x"@... Daf x;

(b) for any jé¢{i,,....i}, Z=0®...8H0.
For a fixed sequence {i,, ..., i;} with property (*) let

X(iy, ..., i) = {ze P": z has properties (a) and (b)}.
Let Y(,, ..., i) = G(X(i,, ..., iy)). Then
{zeP": G,=N,} = |J Y(,,..., i),

{igseees is}
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where {i,,...,i;} has property (*). For ze Y(i,,..., i) and jé{i,, ..., i},
Z=00...90.
We have

Cec U Yly,...i)e U YG,... ).

From the irreducibility of C it follows that there exists {i,, ..., i;} with property
(*) such that

C c Y(y, ..., i),

so zo€ Y(i,, ..., iy . .
On the other hand, G,, = N,, which implies that there exist an integer
t>2 and a sequence 0 <j, <... <j, <k such that

GCD{(j,—j,): Lp=1,...,t} =r
and, for j¢ {1,, cees Jshs
z=0@...80.
Hence {j,, ..., j,} < {iy, ..., i} and n|r. The proof is complete.

4. Deformations of T. For any subgroup H < SL(2) such that dim H > 1
there exists a deformation of T to H. Examples: .

ta) T—SL(2). Take
C = {p, = txy: t # 0} < k(g,).

For t #£0, G,, =T, p, =0€C -and G,, = SL(2).
In examples (b), (d), (¢) below we use the notation

1/t 1/2
g'_(_l t/2) for ¢t #0.

(b) T-B. For p=x>yeP(gs), G, =T Let
C={p,=g.p) =x>—tx’y—t’xy> +£2y*: t # 0} = P(e).

Then G, =~ Tfor t #0, p, =x*eC and G,, = B.
(c) T— N(T). Take

C={p,=t®xy: t #0} = P(g,Do,).

Then, for t #£0, G,,= T, p, =0®xyeC and G,, = N(T).
(d) T>Ny for k=1,2,... For t #0 let

P, = tk+ lxk+lyk—l®t2k+lx2k+ 1y2k—leP(sz®Q4k).
Then G,, = T Take
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= {w, = g,(p) = (x—ty) " (x+ty) T D27 —ty)* T (x +1y)* T
t # 0} < P02 ®0an)-
Then G, =T, wy=x*®2 *x*eC and G,, = N,,.
() T»N, for n=2k+1 and k=0,1,2,... For t #0 let
p = t3k+2x3k+2y3k+l@t5k+3x5k+3y5k+ZEP(Q3 @QS )
t n n’e
Then G, = T. Take
C= {wt = gt(pl‘) = (x—ty)3k+2(x+ty)3k+l
@2—(2k+l)(x—ty)5k+3(x+tY)5k+2: t # O} < P(Q3u®95n)-
Then G,, =T, wy = X2~ @k+DySne C and Gy = N,

5. Deformations of N(T). There exist deformations of N(T) to SL(2).
B and N,, for k=1, 2,... Examples:

(@) N(T)—SL(2). Take
C ={p, = tx?y* t # 0} < k(g,)-

Then, for t #0, G, = N(T), po = 0eC and G,, = SL(2).

In the examples below g,, t # 0, is the matrix defined in the previous
section.

(b) N(T)— B. For p = xyeP(g,), G, = N(T). Let

C ={p, = g,(p) = (x—ty)(x+1ty): t # 0} = P(g,).

Then G,, = N(T) for t #0, p, = x*€C and G,,=B.
(C) N(T)—’Nzk for k = 1, 2,... For t;éO let

= t*x*y* @ t* x> y3* € P04 D 06r)-
Then G, = N(T). Take

C = {w,=g.(p)
= (x—ty) (e +tyf @27 *(x —1y)*(x +1y)**: t # 0} = P(e2x D 2er)-
Then G,, = N(T), wy = x*@®2 ?*x%¢eC and G,,= N.
THEOREM 5. There is no deformation of N(T) to N,, 4 for any non-negative
integer r.

Proof. Suppose that for some integer r > O there exists a deformation of
N(T) to N,,,, on an irreducible G-variety X. Analogously as in the proof of
Theorem 4 we may assume that there exist a projective space PN with a linear
SL(2)-action on it, a curve C < PY and a point x,€ C\C such that C is
irreducible and, for any xeC, G, = N(T) and G,, = Nj,,;.
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Let us use the notation of the proof of Theorem 4. Let
Z ={weP": G, = N(T)}.
Then
ZcY={w=[w’..;w]eP":
w=0@...800 for i =2p+1, where p=0, 1,..., E(k/2)}.
On the other hand,
xo€{wePN: G, =Ny} = U X(iyy ..o iy,

where {i,, ..., i,} has property (*) with n = 2r+1 (see the proof of Theorem 4).
It is easy to see that

Yn( U XGy,....0))=9.
{i1

oooo il}

Hence

a contradiction.
THEOREM 6. There is no deformation of N(T) to T.

Proof. Suppose that there exists a deformation of N(T) to T on an
irreducible G-variety X (G = SL(2)), i.e., there exist a non-empty open subset
U c X and a point x,€ X such that, for any xeU, G, =~ N(T) and G,,=T.

The plan of the proof is as follows: First we show that we may assume that
X is normal, affine and all G-orbits are closed. Then we apply the “étale-slice”
theorem to obtain a subset Y which is transversal to the orbit Gx, at x,. There
exist x,eY (n=1, 2,...) such that

lim x, = x,
in the complex topology and G, = N(T). Since G,, = T, this gives a contradic-
tion.

As easy consequences of Theorems 1 and 3 we infer that there is no
3-dimensional orbit in X and that a subset

Z={xeX: k*SG}
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is closed in X. Hence taking X := X\Z we may assume that Z = &J. We may
also assume that X is normal (see the proof of Theorem 4).

Under these assumptions, for any xe X, G, = N(T) or G, =~ T, and thus
any G-orbit in X is closed. Let

U'={xeX: G, N(T)};

then U’ is a G-stable, dense subset of X and U < U'.

By Theorem 5 of [1] there exists a geometric quotient of X by SL(2), i.e.,
therée exists an affine open surjective morphism y: X — X/G such that, for any
y€X/G, y~(y) is exactly one G-orbit and, for any open subset V < X/G, the
induced homomorphism

k[UI-k[y~'(V)1°

is an isomorphism.

Let V be an open affine neighbourhood of the point ¥(x,) in X/G. Then
Y ~1(V)is a G-stable irreducible neighbourhood of the point x, in X. Replacing
X by ¢y "1(V),and U’ by U’ n ¢~ }(V), we may assume that X is a normal affine
irreducible G-variety with a G-stable dense subset U’ = X such that, for any
xeU', G, = N(T).

The isotropy subgroup at x, is a reductive group ([7], Definition 1.4)
G, = T and the G-orbit of x, is closed. By Luna’s “étale-slice” theorem (see
[4]) there exists a locally closed affine subset Y< X such that x,€Y and
a G-action on X induces an étale G-morphism

f: Gx;Y-X,

where G x ;Y denotes a quotient of Gx Y by T, and a T-action on Gx Y is
given by

t(g, y)=(gt™%,ty) for teT, geG, yeY.

A G-action on Gx ;Y is induced by the following G-action on G x Y:

919, y)=(9,9,y) for g, g,€G, yeY.

By Lemma 1 in [§], if X is normal, then Y may be chosen irreducible.
f: Gx Y- X is given by the equality

1@, ) =9y

where (g, y) denotes the image of (g, y)€ G x Y by the quotient morphism. Since
f is étale, im(f) is an open subset of X ([6], Theorem 1.2.12), whence
im(f)n U’ # @. On the other hand,

im(f) = f(G xY) = G(Y),
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so G(Y)nU' #©. This implies that YNnU' # @ (U’ is G-stable). Let
V= YN U'. By the density of U’ in X the set Vis dense in Y, so x,€ Y ¥, the
closure is taken in X.

Since all varieties and morphisms are defined over the field k of
characteristic zero, we may assume that k = C, where C is the field of complex
numbers. Consequently, X is a complex space and there exists a sequence of
points x,e V(n = 1, 2, ...) such that x, —» x, in'the complex topology. We will
show that G,, = N(T) for n=1,2,...

"For n=1,2,... we have (e, x,)e Gx Y (e is the identity) and

fle x,) = x,.

Since f is a G-morphism,

G(e.x..) c G,,.
Moreover, G,JGm is finite (f is étale) and G, = N(T). Hence
Tg G(_e.—x;; < Gx,.'

We will show that T< G,,.
Let ge G—. Then

(evxll).

(e, x,,) = (gs x,,),
i.e.,, there exists te T such that

(gt_l’ tx,,) = (e, xn)’
so gt ! =e and ge T Hence G5 < T We know that

TS G—

(elx'l) ’

sO
T=G—

(e,xn)"

This equality implies that T< G,, =~ N(T) and, by easy computations,
G,, = N(T) for any positive integer n. Hence we have

G.o > N(T)
since
Xo = lim x,,
n—ao

a contradiction.

1 wish to thank Professor Andrzej Bialynicki-Birula for his help in the
preparation of this paper.
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