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On some applications of the Clunie method

by ZBIGNIEW JERZY JAKUBOWSKI (¥.0d%)

1. The main purpose of the paper is to obtain on the basis of the
Clunie method [2] the estimations of the coefficients of functions of some
class of Carathéodory functions. The results obtained will also be applied
to some families of functions generated by Carathéodory functions.

Let P [1] denote the family of regular functions defined in the circle
K ={z:]2] <1} of the form

(1.1) P(2) =1+ D pd*
k=1

whose real part is positive in this circle. Denote by B,,, M > %, the class
of functions of form (1.1) which satisfy in the region K the condition
[p(2) —M| < M. Obviously P, <P and P, =P.

The class B, has been introduced by Goel [3]. He has also proved
that for every function the following sharp estimation holds:

(1.2) | Pl <2—M', =n=1,2,...
Equality holds if and only if p(2) is of the form
pe) = (L+e™)[1—e(L—-M")2"]7", [ =1.

In the case of the family {§ we hence obtain the well-known result of
Carathéodory [1]: |p.l <2, n =1,2,...

Let m, M be two fixed numbers satisfying the condition (m, M)eD,
D =D, uD,, where

D ={m, M):}<m<1l, 1—-m< M<m},
Dy, ={m, M): 1<m, m—1 <M< m}.

Denote by P, 5 the family of all functions of form (1.1) satisfying the
condition
(1.3) lp(2)—m| < M, =zeK.
Obviously B, =P and Py =Py Assume
(1.4) a=(M-—m2+m)M"', b=m—-1)M"'.
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We shall prove the following

THEOREM 1. If p(2) is an arbilrary function of the family B, »,
(m, M)eD, then

(1.5) P <a+b=[M—(m—12M", n=1,2,..
and equality holds in (1.5) if and only if
(1.6) p(2) = (1+aed")(L—bez®) !, || = 1.
Moreover, we have
@D D ImE< (@b —b) = M~ (m 1)
k=1
Proof. Denote by @ the family of all regular functiofls of the form
(1.8) ¢2) = D
k=1

defined in the circle K which satisfy in this circle the condition
(1.9) lg(2)] < 1.

Then || <1, k¥ =1,2,...;9(z) = &, |¢] =1 if |g,] = 1. By condition
(1.3) 1t can easily be proved that for every function p(z) of the family
B, 111 (my, M)eD there exists a function ¢(z) of the class @ such that

(1.10) p(?) = [1+aq(2)][1—bg(2)]™"

and conversely for every function ge@ the function (1.10) belongs to P, -
From formulas (1.10), (1.8), (1.1) we obtain the equality

(1.11) f:pkz" = [a+b+b§pkz"] (jqkz"), zeK.
. k=1 k=1 k=1

Thus equating the coefficients at the corresponding powers of 2, we have
the relationships

(1.12) ' Py = (a+d)qy,
n—1 ‘

(1.13) Po = (a+0)¢+b D Prgnyy m=2,3,...
k=1

Since |¢,| < 1, by (1.12) inequality (1.5) is true for n = 1. Equality holds
if and only if ¢(z) = ez, 1.e. if p(z) is of form (1.6) for » = 1. Let n > 2:
then we obtain from (1.11)

n—1 oo

Snss Y nt = [atord Y nt] (Yo
k=1 k=1 1

k=n+1 k=
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thus by (1.8), (1.9) we obtain in the circle K the inequality

(1.14) ‘Zpkz + 2 8,2

Assuming in (1.14) 2 = ré", 0 <r <1, 0 <t < 2n and then integrating
side-wise in the interval (0, 2=n)>, we get

n—1

i

n-—1
le 2r** -+ Z 8127 < (a+ D)2 +b221p 27,
k=n-1
whence
n n—1
(1.15) Dol r* < (a+2+82 ) |pil*r.
k=1 k=1

Passing in (1.15) to the limit as » — 1, we find the inequality

erm (a+b )2+ b2 2 pl?,

k=1

equivalent to the following
(1.16) [Pal? < (@+ )2+ (b2 —1) D [pyl2
k=1

Since (m, M)eD, a+b > 0 and b2 << 1 (comp. (1.4)) and thus estimation
(1.5) is true also for n > 2.

On the other hand, equality holds only if p, = ... = p,_, = 0 (see
(1.16)), which, because of (1.13), proves that |q,| = 1, q(2) = &". Thus
we obtain from (1.10) a function of form (1.6). It can easily be proved
that this function belongs to the class P, 5, for a and b defined by formu-
las (1.4). Inequality (1.7) is obtained by applying condition (1.9) im-
mediately to identity (1.11). Then assuming z = r¢¥, 0 <7r << 1,0 <t < 2n
and integrating respectively, we get the 1nequahty

Dol < (a+0)2+82 Y [py s
k=1 k=1

hence, because of the arbitrariness of », we have

(1—0% X' 1pl* < (a+b)2,
k=1

which ends the proof.

If m = M, we find from (1.4) a =1, b =1 —M"}, and thus from
estimation (1.5) we immediately get (1.2). On the other hand, inequality
(1.7) implies
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COROLLARY 1. If pePy, M >}, then ) |ppl2<2M—1.

k=1

2. Let R, p, (m, M)eD denote the family of regular functions
(2.1) | f(2) = 2+ Zakz’"'
k=2

defined in the circle K which satisfy in this circle the condition
|f(2) —m| < M.

The family E,, 5, is a subclass of the family E of all functions of form
(2.1) whose first derivative have positive real part in the circle K. It is
also known that every function of the family R is univalent [5]. The
class Ry = Ry 3 [4] is also known. It is obvious that if feR,, ,, then
the function p(z) = f'(2) belongs to the class P, 5; and conversely.

Thus ka, = p,_,, ¥ = 2,3, ... Consequently we get from Theorem 1

COROLLARY 2. If f(2) is an arbitrary function of the family R, »,
then

(2.2) la,| < (a+b)n™", =n=2,3,...,
and
D) e+ 11 lap, (2 < (a+b)*(1— %)~
k=1

with a and b defined by formulas (1.4). Equality holds in estimation (2.2)
if and only if

(2.3) f(2) =2+an'e®, le| =1, b =0,

b bk 1 k
(2.4) f(z) = z+2 :(:_) z"‘”‘”“, le] =1, b #0.

COROLLARY 3. If fe Ry, then the sharp estimations |a,| < (2—M Y)n™!
n=2,3,..,and 3 (k-+1)|a,, |2 <2M—1.
)
COROLLARY 4. If f ¢ R, then the sharp estimation |a,| < 2n~ Y, n =2, 3,
holds.

The extremal functions are here of forms (2.3) and (2.4) for ¢ =1,
b=1—-M""' and a =b =1 respectively.

3. In 1932 Rogosinski [8] introduced the family T' of functions of
form (2.1), called typically-real functions (f(2) is real in K if and only if 2
is real). It is known that a, =rea,, ¥ = 2,3, ..., and feT if and only
if the funetion p(2) = (1 —22)2"! f(2) is a functlon of the family P with
real coefficients [8].
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Let T,, »,(m, M)eD, be a subclass of the family T of functions
satisfying the condition

(1 —22)27'f(s)—m| < M for z¢K.

Clearly T, 3y = Ty [4)and if feT,, 5, then p(z) = (1 —22)27f(2) is a func-
tion of the class B, 5. Thus by Theorem 1 we have

COROLLARY 5. If feT,, 5, then
—(a+b)<a;<a+bd,
l1—(a+b)<az<a+b+1,
Gpsr— @yl < a+4-b, n=3,4,...,
the equality sign being realized by the function

f(2) = 2(1 —22)" " (L +ae™)(1 —be2™)™!, &= 41.
Moreover,

DO — @y |2 < (@ + D)2 (L —b2) 7
k=1

COROLLARY .6. If feT,, then the sharp estimations
—24+MT<a,<2-M1,
—1+M<La,<3-M1,

a’n+1—an—1[<2'—M_11 n=3,4 ...,
hold, and

(e o]

Dl — a2 <2M—1.

k=1

COROLLARY 7 [8]. If feT', then the sharp estimalions

-2k <y <2k, 1-2k<ay,<2k+1, k=12,..,
hold.

4. Let C [7] denote the family of functions of form (2.1) which are
real on the real axis and which map the circle K onto a convex region in
the direction of the imaginary axis. It is known that feC if and only if
2f'(2) is a typically real function [7]; thus the function p(2) =
= (1—22)f'(2) is a function of the family P with real coefficients.

Let C,, 3, (m, M)eD the family of functions feC which satisfy the
condition

(L—23)f' () —m| < M for zeK.

Obviously Cyp = Cp [4] and if feC,, 5, then the function p(2) =
= (1—2?)f'(2) belongs to the class P, .
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CorROLLARY 8. If feC,, 5, then the sharp estimations
—3@a+b)<a, < i(atbh),
—la+b—-1)y<a, < (a+b+1),
la, ., (n4+1)—(n—1)a, |<a+db, n=3,4,...,

hold. Moreover,
Dk +1) @y — (k—1) a,_ |2 < (a-+b)2(1—b2) 7.
k=1
COROLLARY 9. If feC, then the sharp estimations

—-1<a,<1, —1-+ <ay,<1, Lk=1,2,..

2k+1
hold [7].
5. In 1936 Robertson [6] proved that if feC, then re{@} > %.

Then Goel [3] introduced the class ¢, of all functions of form (2.1) which
satisfy the condition |[2f(2)2z '—1]—M|< M, M > 1, and obtained the
sharp estimation |a,| <1—(2M)"', n =2,3,... Let C, 5, (m, M)eD
denote the family of all functions of form (2.1) which satisfy in the circle K
the condition

[2f()z ' —1]—m| < M.

If feC,p 3, then the function 2f(z)2~'—1 belongs to the family B, »;
thus by Theorem 1 we obtain the following generalization of the result
of Goel:

CoROLLARY 10. If feC,, 1, then |a,| < L(a+b), n =2,3,..., equal-
ity being realized by functions of the form

f(z) = 3z[24+(a—b)e2" "J[1 —be™ 'Y, el = 1.
Moreover,
4 ) |ay? < (a4-b)2(1— %)~
k=2

COROLLARY 11. If feCy, then |a,) <1,n =2,3,..., where equality
holds for functions of the form

fR) =2(1—e")71, || =1.

6. Another class of functions which is closely connected with Cara-
théodory functions with positive real parts is the family U [7] of starlike
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functions in the direction of the real axis. It is known that fe U if and only
if the function
(6.1)

2(2) = gs(2e™")f(2) — e *“zcosa

o sing y gs(2) =1—2cosf-2+22, sina>0,

belongs to B [7]. Janowski [4] considered the family Uy = U, 5, where

U, 3ty (m, M)eD is a family of functions of form (2.1) which satisfy the

condition

gs(ze ) f(2) —e ““zcosa
ize “sina

—mi< M

in the circle K.
If fe U, 3, then function (6.1) belongs to the class B, 5. Thus we have
CoroLLARY 12. If feU,, 57, then

la, —2cosfe *"a, ,+e *a, ,] <(a+b)sineg, n =2,3,...,

the extremal function being of the form

. ) ) 1 n—1
flz) = [gﬁ(ze‘“‘)]"[e‘““’zcos(x+ize"“sina1—_l_—%jl—], le] = 1.

COROLLARY 13. If feU, then

la, —2cos fe""a,_, e *a, ,| < 2sina, n=2,3,...
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