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REGENERATIVE RENEWAL PROCESSES

Abstract. The paper deals with the description of a few point processes
defined on the basis of the renewal process. First, we introduce the regenerative
renewal process as a spline process consisting of consecutive editions of some
renewal process initiated at the shock moments, which also form a renewal
process. Then a superposition of the delayed renewal processes is introduced
and its special version under the assumption that the superposed delayed
processes are terminated. In the paper the expected value and the second
moment of the point processes are investigated and also their asymptotic
expansions are found.

1. Introduction. The definitions of the point processes considered in the
paper are based on some renewal process called, for terminological simplicity,
the shock process. This subterfuge, which has terminological character merely,
is analogous to the one used in Esary et al. [2] in the description of the
compound Poisson process with the difference that here the shock involves no
random variable but some renewal processes initiated at the shock moment. If
we assume that every shock breaks the evolution of the actual renewal process
and, independently of the past, initiates a new edition of the renewal process, it
is easy to see that we remain in the domain of regenerative stochastic processes
in Smith’s sense (see [5] and [6]). If the shock does not break the evolution of
the previously initiated renewal processes but initiates a new renewal process
which is added to the previous one, then we deal with a superposition of
delayed renewal processes. We get a special version of this superposition with
the assumption that the superposed processes are terminated.

In the paper we consider the expected value of the point process and its
variance. We find the equations for them, the solutions of the equations and
their asymptotical estimation. In Section 2 we recall familiar facts from renewal
theory. We do this because the cited papers.and the famous monographs
contain small formal differences or mistakes which may have disagreeable
consequences in later considerations.
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The notation introduced for the basis shock process is obligatory in the
paper. Other notation may have a local character.

2. Shock process. Let us assume that the shock process is an ordinary
renewal process generated by the sequence X, X,, ... of independent random
variables, nonnegative and equidistributed. The common probability dis-
tribution function of these random variables is denoted by F, and it is
sometimes represented by a random variable X; then we write

F(x) = Pr(X < x).
Let us put _,
F=1-F, w;=EX, i=1,2,..., 0 = pu,—ul.

Let $§,=0, §,=8,-1+X,, n=1,2,... .
The shock process N(t), t > 0, is defined as the number of shocks in the
interval (0, t), e.g,

N@t)= Y 15,0
n=1
where 1g <, is the indicator of the random event S, < t.
Let us write
H(t)=ENIt) and M(t) = EN?(1).

It is obvious that the functions are equal to zero for a negative argument.
Hence we restrict our considerations to a nonnegative argument, and this is not
to be recalled. ‘

ProroSITION 1. We have

M N = Ly<,(1+N(t-X),

d
where = denotes the equality in distributions, the random variable X and the

random process N' are mutually independent, X has the distribution function F,
N’ is the probability copy of the process N,

@) " H()=F@)+H*F(@),
3) © M(f) = 2H(t)— F(t) + M* F (1),

where * is the convolution symbol.
PROPOSITION 2. The solutions of equations (2) and (3) are of the form

H@)= Y F*(),
n=1

“) M(t) = 2H*H @)+ H(1).
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PROPOSITION 3. We have

t
5) H() = M—+2“—;2— 1 +o(1),
1 1
2 2
(6) Mt =—t-+(g-”—2——3—)t+3“2—2“3-—3”2+1+o 1
@ o\ w)  2ut 3pd 243 0

o’t 5u} 2u, p
D’N({®) = 5+-—5—3 -2
uio 4ut 33 24}

+o(1),

Where 0(1)>0 under t— oo, provided that the used moments are finite.
ProrosiTiON 4. If uy < o0, then

' u 1 ) B M
Huw——|ldu=—-5—1}It+-—=40(1).
g( ) #1) (214% 4u; 6ui M

For the proof see [1], p. 57.

ProposiTion 5. If H, is the renewal function: of some renewal process

glfnerated by a probability distribution with the moments A, i=1,2,..., such
that

t A
H, (1) =A—1+5;—%—1+o(1),

* A 2
(-2 (r0-2) =G ) G2 o0

Provided that the used moments are finite.

Proof. Let U(t) = Hy(Y)—t/A, and V(t) = H(t)—t/u,. Using in the ap-
Propriate place the mean-value theorem of integration we get

then

U*V(t) = (t/j2 + f)U(z;x)dV(x)

0 /2
= U@ V(t/2)+ U2 V(t/2)—- Ut/ N0,
Where 1/2 < ¢ < ¢ and t/2 < { <t. Hence
UV () = U(o0)V(c0) +o(1).

Let us suppose that the sequence X 1» X3, ..., which generates the renewal
Process, is the sequence of independent nonnegative random variables, the
fandom variable X, has the probability distribution function K and the
fandom variables X,, X 3> --- are equidistributed and have the distribution
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function F. Then the renewal process Ny, defined as the number of renewals in
the interval (0, £), is the modified renewal process. Now, let us put

Hy(t) =EN () and M,(1) = EN(p).

We denote the moments in the probability distribution fl.lIlCthIl K by u(K),
i=1,2,.
It is easy to see that

Ne(®) = 1y, <« (1+N'(t— X)),

where the random variable X, and the random process N’ are mutually
independent, X, has the probability distribution function K, and N’ is
a probabilistic copy of the process N. This implies the formulae

9] Hy(t) = K(t)+ H*K (1),
®)  My(t) = K()+2H*K(t)+ M*K(r) = K(t)+ 3H*K (¢)+ 2H* H* K (1).

PROPOSITION 6. We have

K
o) Hey =L+ 22 1B gy,
By 201 my
t2 2 1 2
(10) Mx(z)_—5+t( P2 _H ng))
Ui 13 Hy H1
35 2us  py,  py(K) 2#2#1(K) LK) o)
2u1 3ui 2u1 I I Hy ’
2
(11) DZNK()wti Su3 21“3 Ha | pa(K)

dut 3 23" 43

#zﬂl(K) N1(K) pi(K )
.Ul Hy #1

+o(1),

provided that the used moments are finite.

Proof. The key theorem of renewal theory applied to the function
= 1—K and the renewal function H implies

He(®) = K()+H©)—R*H(p) = — 4 22 _#K)
By 2p3 Uy

+o(1).
Before analyzing the function M, we calculate

K*H(t) = .“ilz K(uwdu+o(1) = py (K)/pg +o0(1).



Regenerative renewal processes 333
Now, from (7) and (8) under K(f) = 1+o(1) we get
t
K*i? = 22— K*t? = 2 — [ (t—w)*dK (u) = 2u, (K)t— p,(K)+o(1).
0

Let us consider the function U(t) = M(t)—t*/u?. It follows from (6) that
U satisfies the condition

lim 1(U(t+h)— U@) = z‘i;-—i.

o P 1 M
Itis a condition of the same type as the assertion of the Backwell theorem in
enewal theory. Recalling the familiar relation between the Blackwell theorem

and the key theorem of the renewal theory ([6], p. 296) it may analogously be
Proved that

+o0(1).

RrU@) = (%—i) T R (u)du+o(1) = (2‘?_3)”1(’()
0

1 Hy 1 1

Now, from the first equation in (8) we have
M(t) = K(t)+2H*K(t)+ M*K(t)

2 2
= K(t)+2(HK(t)—K(t))+M(t)—K*t—2—E*(M(t)— t—z)
131 Hi

2 (2, 1 2(K)
=agtll-—3————73
Hi M Wy M

(3.u%_2u3_ U | Ha(K) 2,0 (K) +u1(K))
2ut 3ui 24 4 ITH 1y

Now we may calculate the variance D? N(f). We subtract side by side

2 2, (K, 85 pp(K) pi(K)
Hi(t =—+—( EPE et L) I N — +o(1)
)=z w\2u2  py ) 4t 4 u

and we get (11).

3. Regenerative renewal processes. Let us introduce the notation on which
We base the construction of the regenerative renewal process. We have the
Shock process defined in Section 2. At the shock moment we start the renewal
Process which lasts endless, but (in this section) we are interested in it to the
Moment of the nearest shock. The renewal processes which start in consecutive
Shocks are mutually independent and independent of the shock process.

Let us define the point process N(f), t > 0, in the following way:
Ny =

{No(t) ifO<t<X,, ‘
No(X )+ N, (X )+ ... +Nuo ((X)+ N, (t—S) if S, <t <Sesp k=1,2,...,

Where the random processes N,, Ny, ... are mutually independent copies of
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some process and are independent of the random variables X ,, X,, ... which
generate the shock process.

For the process N, we introduce the following notation: F, denotes the
probability distribution function of intersignal time and

Ho(t) = ENo(t)a Mo(t) = EN%(I)-

The moments in F, are denoted by

Note that we construct the process N in the following way: at the moment
t = 0 we start the renewal process N, and this develops to the moment X, of
the first shock. At the moment S, of the n-th shock the evolution of the process
N, - is broken and the evolution of the delayed process N (¢t —S,) starts, where
N, is the copy of the renewal process N,. Let us write

H@t)=EN() and M()=EN?().

THEOREM 1. We have
(12) N(®) = 1y No(®) + Ly <o(No(X) + N'(t— X)),

where the random variable X and the point processes N,, N' are mutually

independent, X has the probability distribution function F, and N' is the copy of
the renewal process N,

(13) H(t) = F,(t)+ H*F (1),
(14) M(t) = F,{t)+2F3 H(t)+ M*F(t),
where

F,()=[F(x)dHy(x), F,(t) = | Hy(x)dF(x),
_ 0 0

: .
F5(t) = [ F(x)dM ().
0
Proof Formula (12) is the analogue of (1). The expectation of (12) gives
H(t) = F(t)H,(5)+ j (Ho(x)+ H (¢t —x))dF (x),

which implies (13). Squaring (12) and taking the expectation result in
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M) = MO(I)F(t)+j(Mo(x)+2H0(x)17(t—x)+M(t-—x))dF(x).
.0
That implies (14) because

M,t)F(t)+ i (Mo(x)+2Hy(x) H(t — x))dF (x)
0

t

= [ F(x)dMy(x)+2 jHO(x)H(t—x)dF(x) F3(t)+2F’{I-7(t).

(4]
THEOREM 2. The solutions of (13) and (14) are
(15) | H(t) = %, Hy (t),
(16) M(t) = %, Hy, (0 + 53 (Hr () + My, (1),

Where
%y = ENy(X), x,= EN3(X), -
K, =F,/n,, K,=F,/x;, K;3=F;/x,,

and Hy , Hy,, H,» +x, are the modified renewal functions, M K is the modified

Junction of the second moment, provided that A, and p, are finite.

Proof. Note that the functions K, K,, K, have the following properties:
Ki(0) = 0, K, are nondecreasing,

x, = TF"(x)dHo(x) - THO(x)dF(x) = EN,(X),
0 0

a0

= [ F(x)dM,(x) = EN§(X),

(=}

4nd the moments are finite if A, and p, are finite. Hence the functions K, K,
Ky are proper distribution functions and modified by the probability distribution
functions K 1» K,y or K¥K, the renewal processes are properly deﬁned From
(13) we get |

17 H(t) = F,(t)+ FYH(),
hence
H(t) = %1(K1(t)+KTH(t)) = x, Hy ().
From equation (14) we get

M (1) = F4(t)+ 2F3 H(t)+ (F5 (1) + 2F$ H@)* H(1),
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and from (17) and (8) we obtain

M(t) = F,(t)+2FXH()+ FYH()+2F3H*H(1)
= F,()+2FfF,(t)+2Ft F$H(t)+ FY H(t)+ 2F¥ F3H() + 2Ft FY H*H(0)
= %y Hy, () + 53 (H o, (0 + M2y (1),

THEOREM 3. We have

(18) H@) = le(t)—-;l—cov(No(X), X)+EN0(?)+0(1),
(19) D?*N(t) = —t—(Dz NO(X)-—%&COV(NO(X), X)+(—M—1)2 02)
Hy M1 Hq

+D2N0(y)+D2N0(X)(§‘;iZ— 1)+%eov(No(X), X2
' 1 1

—%COV(NO(’}’), y)——l—cov(N%(X), X)+l%cov2(N0(X), X)

1 1

%1 3n, ) 2(5#% 2p, ﬂz)
—— ——2 |cov(Ny(X), X)+x — — +o(1),
ul(u% No(X), X) o\ Gt =33 202

where 7y is a random variable with the probability distribution function
1 _
Pr(y < x) = — [ F(u)du,
Hio

under the condition that the used moments are finite.
Before proving the theorem let us calculate some of the moments

o

wiK) = [ XdK,(x), i=1,2,3,j=1,2.

0

LEMMA 1. We have

w1y (Ky) = ?xF(x)dHo(x) = 0j?Ho(x)(xdF(x)-—I'*“_(x)alx)
0 0

ENy(X)X —u, ENy(),

k1K) = | XHo(0dF(x) = ENo(X)X,
0

e o]

#a 14 (K3) = [ xF(x)dMy(x) = ?Mo(x)(xdF(x)—F(x)dx)
0

0

= EN§(X)X —u, EN3(y),
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%14, (K,) = szF_(x)dHo(x) = ?Ho(x)(xzdF(x)—ZxF_(x)dx)
0 0
= ENO(X)XZ—ZIHENO(V)?,
%y 1 (Ky) = szHo(x)dF(x) = ENy(X)X?,
0

p(KTK3) = p, (Kp)+u,(K5),
1 (KTK)) = #2(K1)+2:“1(K1)#1(K2)+ﬂ2(K2)a

Provided that the used moments are finite.
Proof of Theorem 3. From (15) and (9) we get

- L Uy .u1(K1))
H{) =x (—+————— +o(1);
' Hyo 20 My

hence and from Lemma 1 we get (18). From (16), using (9) and (10), we obtain

M) = %’;EH(EM%(%_2(u1(K1)+u1(K2))))

3 2
1 1 Hi 231

iy (iz__ﬂl(Ks))_l_x%(?’ﬂ%_zﬂs+#2(KTK2)
VI I 2ut 343 u?

_2#2(u1(K1)+ﬂ1(K2)))+o(1)
I |

Subtracting side by side

Hz(t) _ %(t_zz_l_i(&_zih(Kl))_l_ 13 —”2”‘(K‘)+”%(If‘))+o(1),
u ,

B op\p 1 4ut i Hi
We get
i t 2u(K,)) 2u, 2(u,(K)+u, (K
D2N(t)=__(%2+x%(_“ﬁg_+ i ( 1)+ #22_ (ﬂ1( 1)+t ( 2))))
Hy K1 My M1 Hy

5u% 2 K¥K
+x2(ﬁ_“1(K3))+xf( “i_ #g_i_n“z( ; 2)
iy 4pi  3ug Ui
_#zﬂl(Kl)_zﬂzﬁh(Kz)_ﬂ%(Kﬂ

+o(1).
TSt I T )

Using Lemma 1, after suitable transformations we get (19).
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The process N(2), t > 0, is the cumulative type process in the Smith sense.
This follows from the fact that the sequence of the random variables

Yn=N(Sn+1)'_N(Sn)=Nn(Xn+1)’ n=0,1, ...,

consists of a sequence of equidistributed random variables. From the general
theory of cumulative processes we obtain the estimation of the mean and the
variance of the process and its asymptotical normality. In this way the first
terms of the asymptotical expansion in formulae (18) and (19) may be found.
The knowledge of the evolution of the regenerative renewal process between
the regenerative moments (shocks) enables a continuation of the expansion.

In formula (19) we have the covariance of the random variables X and
No(X). It is interesting that the random variables X and X —N,(X) are
mutually independent if and only if X is exponentially distributed (see [4]). Any
expressions from (19) have interpretations in terms of the residual renewal
process. Define the point process

r@e= N(SN(t)+ )=N(@).
Introduce the residual time and the distribution function of the residual
time:
Y1) =t—Sng,  7(t) = Snw+1—t.
It is obvious that

. 1 < _
IimPr(y@) > u, y,() 2v)=— [ F(x)dx, u>=0,v>0,

t—* o0 Lutv

lim Pr(y()+7y,(t) < w) = ;ll—j xdF(x), w=0.
10

[ 2mdl o]

The probability distribution functions on the right-hand side of these relations
are represented in the sequel by some random variables y and y,.

THEOREM 4. If u, < 00 and A, < o, then

lim (%, (H(®)+ 1)~ H(®) = lim BI'(¢) = —ENo(X)X ~ENo(3).

t—+ o t— o0 #1
Proof. From the Wald equality- after suitable transformations we get
EN(SN(z)+ 1) = Uy ENo(X)(H(t)+ 1),
ET(t) = E(N(Sney+1)—N(t)) = E(No(y(®+7,(8)—No(y, (1)

= ENo(y+7)—ENoy,)+0(1) = %ENO(X)X—EN(,@I)M(I).
1


















