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Extension and decomposition operators in products
of strictly pseudoconvex sets

by Piotr JAk6Bczak (Krakow)

Abstract. Let D be a strictly pseudoconvex domain in C" and let M’ be a closed analytic
subvariety of C", which intersects D transversally and has no singular points on ¢éD; set M
=Dn M’ In this paper we prove the existence of linear and continuous extension operators
from the spaces A“(M x M), H**(M x M) and A,(M x M), to the corresponding function spaces
on D x D, provided that ¢D is sufficiently smooth. This result is then applied to the proof of
decomposition theorems for functions in 4* (M x M), H**(M x M) and A,(M x M) which vanish
on the diagonal; we examine the smoothness properties of the decomposition factors. We show
also that if M’ is a manilold, the extension operator can be defined by means of an integral
formula, with a kernel defined recently by Henkin and Leiterer.

Notation and definitions. For every ze C” and every r > 0, we denote by
B(z, r) the Euclidean ball in C" with radius r centered at z.

If a, peZ" are multiindices, a = (a,, ..., a,)}, B =(By, -.., Ba), We set
at+pf=(,+py,...,a,+p,) and la| =a, +...+a,.

For every a,feZ% and 1<j<n we set D =209/0z;, D =70/oz,
D* = @323 ... 32", etc.; subscript indicates that differentiation is performed
with respect to a specified group of variables, e.g. D4.

We denote by (#(D) the space of holomorphic functions in the domain
D = C"; more generally, if X is a complex subvariety of some C”", /(X) will
denote the space of holomorphic functions on X.

Let D be a domain in C" with a minimal regular boundary (for
definition” see [15], Chapter VI, § 3.3). For every k=0, 1, ... set A*(D)
= ( (D)~ 6*(D) where %*(D) denotes, as usual, the space of all functions of
class €* in D such that their derivatives of order < k extend continuously to
D, and let H**(D) be the space of all functions holomorphic in D such that
their derivatives of order < k—1 extend continuously to D, and the deriva-
tives of order k are bounded in D. For k=0, 1, ..., A*(D) and H**(D) are
Banach algebras with the norm

Lfllpx = Z sup [D*f].

la| <k D

We write 4(D) = A°(D) and H* (D) = H*'°(D).
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If ¢t is a positive real number which is not an integer and k is a non-
negative integer such that k <t <k+1, let A,(D) denote the space of all
functions f e A*(D) such that for every aeZ% with |a| =k, there exists a
constant ¢, > 0 such that

ID*f(2)=D*f () S culz—2|'"% 2z, 2'eD.
A,(D) i1s a Banach space with the norm

1o = flloa+ X sup [D°f(@)—=D°f ()/lz—2"*

Jaj=k 2z.2°€D

If M'"is a closed complex analytic subvariety of a domain Q in C” and
M is a relatively compact subdomain of M’ such that ¢M contains no
singular points of M’ and satisfies the minimal regularity condition with
respect to local coordinates [15], Chapter VI, § 3.3, we can introduce the
spaces A*(M), H**(M) and A,(M) (for description see [13]). The norms in
these spaces will be denoted by || [y, and || Iy, respectively.

A bounded domain D = C" is called a domain with $*-boundary if there
exists a neighbourhood U of ¢D and a real-valued function ge %*(U) such
that

(i) D=(D\U)u {zeU: ¢(z) <0},
(i) grad g(z) # 0 for zedD.

The function g is called a defining function for D. D is called strictly
pseudoconvex (with é*-boundary, k > 2) if the function ¢ can be chosen in
such a way that it is strictly plurisubharmonic in a neighbourhood of éD.
Moreover, if the defining function ¢ can be chosen so that g e €*(C”) satisfies
the condition zli_{lalO 0(z) = + o and has a real Hessian positive definite at

every point of C", and D = {zeC": ¢(z) < 0}, then D is called a strictly
convex domain with €*-boundary ([6], p. 529).

Let X be a complex subvariety of C" and let M be an open connected
and relatively compact set in X. We say [6], p. 546, that M is a strictly
pseudoconvex domain with- 4P-boundary on X if dM contains no singular
points of X and for every £ e JdM there exist a neighbourhood U of £ in C*
and a function ge%?(U) such that g is strictly plurisubharmonic in U,
grad ¢(z) # 0 for zeU, and UnM ={zeM': ¢(z) < 0}.

If X is a complex submanifold of C", we denote by T(X) and T*(X)
the complex tangent and cotangent spaces to X, respectively. Similarly, given
zeX, T,(X) and T*(X) will denote the complex tangent and cotangent
spaces to X at a point z.

For an arbitrary set E, we denote by A4(X) the diagonal of X in the
Cartesian product E x E.
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0. Introduction. Let M’ be a closed analytic subvariety of some open
subset Q of C". Suppose that M c = M’ is a strictly pseudoconvex domain
in M’ with ¢P-boundary. Suppose also that D < Q is a strictly pseudoconvex
domain with $?-boundary, such that M = D n M’, and that M’ intersects oD
transversally. A :

Denote by A(M x M) one of the spaces A*(M x M), H**(M x M) or
N, (M x M). We shall prove the following theorem on the extension of
holomorphic functions from M xM to DxD:

~ THeoreM 1. Let M, M', D and p be as above. Suppose that p > k+5 if
A=A or H** or p>k+6 in the case A=A,, and k <t <k+1.
Then there exists a linear and continuous extension operator

L: A(M xM)— A(D x D).

The existence of the extension operator from H*(M) and A(M) to
H>* (D) and A(D), respectively, was proved by Henkin in [9] (under the
assumption that ¢D is only of class ¢?), and the similar results for A* (M)
were obtained in [5] and [1], and in [13] for other cases of A(M). We prove
Theorem 1 with the aid of the techniques similar to those used in [9] and
[13], combined with some facts concerning holomorphic functions with
values in Fréchet spaces, derived from [4].

As a corollary, we obtain the analogous results on the extension of
functions in A(M x M) which vanish on the diagonal of M xM. This
corollary together with ‘a certain construction due to Fornaess [6] and the
results obtained in [12], enable us to prove the following decomposition
theorem:

Denote by 4,(M x M) the space of all functions in A(M x M) which
vanish on the diagonal. (Here, as above, A denotes A*, H** or A,)

THEOREM 2. Suppose thgt M and p satisfy the assumptions of Theorem 1.
Then for every feA,(MxM) there exist functions f,(z,5s),...
e Jo(z, 5)€ O (M x M) which satisfy

1 P9 =3 G-s) (9, zseM,

and such that: .
(a) If A= A% then f,(z, 5) are of class €* in Q =(M x M)\ 4(¢M).
(b) If A = H™*, then for every compact subset K of Q the derivatives of

fi(z, s) up to order k—1 are continuous on K and the derivatives of order k are
bounded on K.

(c)' If A = A,, then for every compact K — Q the derivatives of f(z, s) up
to order k are continuous on K and the derivatives of order k are (t — k)-Holder
continuous on K.
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Moreover, for each compact K < Q, the mapping
ZO(MXM)afH(fl’ .,f;,)E(/T(K))"

is linear and continuous.
In particular, for every fixed se M, the mapping

f’_)(fl(‘v S), '-'vfn(" 5))

is a linear continuous operator from A,(M x M) to (A(M)).
We prove also that the functions f;(z, s) from Theorem 2 have the
following properties:

ProrosITION 3. If feASY(M xM), HI*(MxM) or (A)o(MxM),
then for each i=1,...,n the function fi(z,s) belongs to A* '(M x M),
H'* Y (MxM) or A,_,(M x M), respectively. (We assume here that k > 1
and t > 1))

This proposition follows easily from the construction of the functions
fi(z, s) in the proof of Theorem 2.

Finally, we shall show that under the assumption that M is a manifold
and M is sufficiently smooth, one can construct an extension operator given
by an integral formula. We recall that if D < C" is a strictly pseudoconvex
domain with %?-boundary and g is a defining function for D, there exist [7],
Lemma 24, [6], Theorem 16, a neighbourhood D of D and a function
@ (&, z)e 6P~ ' (D x D) holomorphic in zeD such that

(i) ®(&, &) =0 for all ¢eb,

(ii) for every compact subset K of D there exists a constant y
= y(K) > 0 such that Re &(&, z) = 9(&)—0(2) +7|E—2|* for (&, 2)e K x K,

(i11) there exists a neighbourhood U of ¢D such that the vectors
grad ¢(¢) and grad, Im @(¢, 2)|,-, are linearly independent (over R) for every
tel.

THEOREM 4. Let M’ be a complex submanifold of an open set Q = C",
dim M' =k, and let D < < Q be strictly pseudoconvex with %P-boundary.
Suppose that M = M’ n\ D is connected and that M’ intersects D transversally.

There exist a function ®(, z) which satisfies properties (i}i), con-
structed with respect to the domain D, a neighbourhood V of D, and a function
H(E, z2)€6?~ 2(cM x V) holomorphic in zeV such that the formula

H ’
02) L f()= jf(c)a‘f—j){
oM

da ()

defines an extension operator from H” (M) to (D), moreover, L, is a linear
and continuous extension operator from A(M) to A(D) (where A denotes A*,
H>* or A,), provided that p satisfies the assumptions of Theorem 1. (Here
da (&) denotes the volume measure on JM.)
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We prove this theorem using the results of Henkin and Leiterer [10] on
the existence of an integral formula for holomorphic functions in strictly
pseudoconvex domains in complex manifolds, and the results of [12].

Iterating formula (0.2), we obtain an extension operator from M x M to
DxD: :

THEOREM 4'. Under the assumptions of Theorem 4, the formula

H(,z) H(n,s)
D, z)* D(n, )

Lyf(z,8) = J' J.f(é, n)

oM oM

da(§)do (n)

defines a linear and continuous extension operator from A(M x M) to
A(D x D).

This extension operator has a much more explicit form than the one
constructed in Theorem 1.

1. Smoothness of some integral operators. We present here some results
on the behaviour of integral operators with the kernel introduced by Henkin
[7], acting on certain function spaces. They generalize the theorems obtained
in [2] and [11].

Throughout this section we keep the following notation:

D is a strictly pseudoconvex domain in C" and D is a neighbourhood of
D. y: D—-C™ is a biholomorphic mapping of D onto a closed complex
submanifold '11(5) of C™" and C = C™ is a strictly convex domain such that
Y (D) = C, Y (D\D) = C™\C, and y (D) intersects dC transversally. Moreover,
if o is a defining function for C, we set

fE =Y 2@ E-z), &zeC

i=1 (‘\él
Let U < (D) and C = C™ be neighbourhoods of y (D) and C in y (D) and in
C™, respectively.
Lemma 1.1. Suppose that ¢D and ¢C are of class 6, where p satisfies the

assumptions of Theorem 1. Let H(¢, z) be a function defined and of class 6P~ 2
in U x C, and holomorphic with respect to zeC. For he A(y (D)) set

H(, z)do (<)

(2 J (¢) 1C.2 €
¥(3D)
Then Phe A(C) and the operator
A(y(D))oh > Phe A(C)

is linear and continuous.
This lemma, for domains with % *-boundaries and for H(¢, 2)e
%= (U xC), is in [13]; the proof of it in the actual form is similar.
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LemMa 1.2. Let 0D, éC, p and H(¢, z) be as above. Suppose that E = C*
is @ domain with €'-boundary. For he A(y (D) x E) set

H(, z)da({)

Pl h(Z, S)= f h(é’ S) f(é Z)' ’

V(D)
Then P, is a linear and continuous operator from A(y (D)% E) to A(C x E).

Proof. Consider first the case 4 = H**. Clearly P, he O(C xE). Let
D2 D% be a differential operator with |a +]8| < k. Our task is to show that for
every he H**(D x E) and every (z, s)eC xE,

D DY Py h(z, s)| < clthllp g

for some ¢ independent of h, z, and s.
We have

(z, s)eC xE.

H(¢, 2)do(¢)

D:DsﬂPlh(zss)=D: J‘ th(é,S) f(é Z)' ?

¥(2D)

and for every fixed seE, D? f(-, s)e H**1P/(y/(D)). Therefore, by Lemma
1.1,

|DZ D8 P, h(z, )| = |D‘(Pth(‘, S))(Z)I < D2 R(, )lywyu- 1
< ¢||hllypy x E.x>

where ¢’ and ¢ are independent of h, z and s.

Now let A = A*. It is sufficient to prove that for every a, # with |a| +|f|
=k, the function D?D# P, h extends continuously to C x E.

For every he A*(y(D)x E) and every soeE, (D8 h) (-, so)e A* '# (¢ (D)).
Hence, by Lemma 1.1, the function P(D? h) (-, so) is in A*~'#1(C). For zoeC
set

Pap h(zo, 5¢) = DG(P(Df h(-, so))(zo)-

Note that P, h(z, s) = D: D! P, h(z, s) for (z, s)e C x E. Therefore it remains
to show that P,z he €(C x E). Fix (2o, s} C x E and let {(z,, s)}i>y =« CxE
be a sequence convergent to (zq, Sg). Then

|Pap h(zn, sp)— Pug h(zo, o)l < |D*[P(Df B)(, 50— P(D h) (", so)](z,)] +
+|D* (P(DZ B, 50))(za) = D* (P(DY W), 50)) zo)]-
The first term on the right is bounded by
C"Df h(-, Su)—Df h(-, So)"w(p).h—m,

where ¢ is independent of z,, s,, 2o, So and h, and this expression is small if s,
is sufficiently close to sq, since all derivatives of h of order < k are uniformly
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continuous on Y(D)xE. The second term is small for large n, since
P(D!Rh)(-, s)e A*~1#1(C).

The proof of the lemma for the case 4 = A, is similar.

The following lemma is a special case of Lemma 1.2:

Lemma 13. If C, p, E and H are as above, then the operator P, defined
by the formula

H (¢, z2)da ({)

FE (z, s)eC xE,

A(CxXE)ah—P,h(z,s) = jh(i, s)
ac
is linear and continuous from A(C x E) into itself.

Now let D, C, ¥, p, H, U, C and f be the same as in Lemma 1.1, alld
suppose we are given a second system D, « C"!, C, < C™, y,, H,, U,, C,
and f, (with the same p), with analogous properties.

LEmMA 14. The operator
A(W (D)x 1 (Dy)2h+—> Py h(z, s)

H(, z2)H,(n, s)d d
= f J. h(, n) « zf)(élg"ff)(nai)é'?‘ al(”), (z, )eC x C,,

sey(0D) ney (D)

is linear and continuous from A(y(D)xy(D,)) to A(C xC,).
- Proof. We have

Pyh(z, 5) = f Fy(&, )

v(°D)

H(, z)do(S)
f& 2"

where

H, (&, n)day(n)
fl ("’ S)nl

Fy(@,s) = J h(&, n)
Y 1(0Dy)

The conclusion follows by an iterated application of Lemma 1.2.

2. An extension theorem for holomorphic functions with values in Fréchet
spaces. In this section we recall some facts from the theory of holomorphic
functions with values in topological vector spaces. We start with lemmas on
the identification of certain function spaces and then we recall a theorem
of Bungart on the existence of an extension operator from H®(Y, E) to
O(X, E), where Y is a subvariety of a Stein space X and E is a Fréchet
space ([4], Corollary 18.2). Those results will be used in the proof of
Theorem 1; therefore we restrict ourselves to the case of holomorphic
functions with values in Fréchet spaces. (In fact, all function spaces, the
ranges of holomorphic functions, which will be considered in Section 3, are
actually Banach spaces.)

7 — Anoales Polonici Mathematici XLIV. 2
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Let E be a Fréchet space. If D is an open subset of C", we denote by
(' (D, E) the space of holomorphic functions in D with values in E, f: D - E,
locally representable as convergent power series with coefficients in E. If X is
an analytic space locally realizable as a subvariety of some open subset of C”,
then f* X - E is said to be holomorphic with values in E (we write
Je€(X, E)) if for every xe X there exist a neigbourhood U of x in C" and a
function FeO(U, E) such that F|y.y =f|x~v- We will denote by H* (X, E)
the space of bounded holomorphic functions on X with values in E.

One can easily prove the following lemma:

LEmMMA 2.1. Let M’ be a complex subvariety of an open set Q, = C™*, and let
M, c = M, be a domain with 4'-boundary, a =1, 2. Suppose also that
N < < M, is adomain with 6*-boundary. Then the following mappings are linear
and continuous:

(a) Ry;: A(M; x M)~ H* (M, A(M,)), where ((R,f)(2))(s) =z, s

(b) Ry: O(My, A(Mp))af —fIye H*(N, A(M)));

(©) Ry: ¢(M,, A(M;)) > A(N x M,), given by the formula (R;f) (z, s)
= (f@)s).

In [4] Bungart proved the following extension theorem:

THEOREM 2.2 ([4], Corollary 18.2). Let X be a Stein space, Y a closed
subvariety of X. Then there exists a continuous and linear extension operator
P: H* (Y, E) - (O(X, E). (As usual, O(X, E) is endowed with the topology
of uniform convergence on compact subsets of X, and H* (Y, E) has the topology
of uniform convergence on Y.)

3. Extension operators in products of strictly pseudoconvex sets. The main
result of this section is Theorem 1. As mentioned in the introduction, we adopt
here the method of the proof of [9]. Main Theorem. with convenient
modifications. We lirst show that, under suitable assumptions on the smoothness
of (D, there exists an extension operator

(3.1) L: AM xM)— A(D x M).

In order not to repeat the details of the construction presented in [9], which forms
a part of the proof of our theorem, we will only indicate the differences between
the two proofs and give the necessary references to [9].

We construct the domains D,, D,, M, and M, as in [9], p. 562-563: this can
be done in such a way that the regularity of their boundaries is the same as that of
oM, and M,\M and M,\M do not contain singular points of M’

Define the operators R?, ¥ = 0, 1, acting on f (z, s)e A(M,_, x M), as in
formula (4.9) of [9], with f(z({, {*), s) in place of f(z({, *)). In virtue of
Lemma 1.3 the operator R? is continuous and linear from A(M,_, x M) to
A((M, " S;144) x M), and R! is continuous and linear as an operator from
AM,_, xM) to A(M, NS 354) x M) and from A(M,_, xM) to A((Mgn
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N MY) x M). (We refer to [9], p. 562-563 for the description of all sets and
quantities appearing above.) '

Set F=A((Myn M{)xM). Consider the mapping éeCO(M;,'mM‘{,
Z(F, A(M))) (where & (F, A(M)) denotes the Banach space of all linear
continuous operators from F to A(M)), defined by

((5(2))])(5) =f(z,s), [feF, zeMyr Mj.

We conclude as in [9] that there exist functions 6“6(0(M;’, Z(F, Z(M))), a
=0, 1, such that 6 =8°+4' on Mg~ M. Define the operators

T F—~¢(M,, AM)), 2=0,]I,
by the formula
(T} N)(2) =(8*(2))f, feF, zeM;.
It follows that T? are linear and continuous, and that for every feF
f@=(T2NHDHT f)),  zeMgn My,

Proceeding now as in [9], p. 564, we conclude that the following lemma
on the separation of singularities holds:

LemMma 3.1. For every & >0 there exist a covering ‘M., of ‘M by
domains M; with M = M, and diam (M \ M,) < ¢ for every i, and the continuous
and linear operators L;: A(M x M) -ﬂ/i'(M,- xM), i=1,..., N, such that for
every e A(M x M).

N

f(zs S)= Z (L,'f)(Z,S), Z,SGM.

i=1
In the second part of the proof of Theorem 1 we also keep the line of

the proof of [9], Main Theorem. p. 564. The first modification is that the

operator L defined by formula (4.20) of [9] is now a continuous and linear
operator

L: A(M ~G¥)x M)— A(G* x M).

This follows from Lemma 1.2. We rely now on Theorem 2.2 and Lemma 2.1
(a) to conclude that there exists a linear and continuous extension operator

. B: A(M ~ D*, A(M)) - € (D*, A(M))
(this is an analogue of the operator B defined in (4.21) of [9])).
The construction of the domains D”, G”, G3 and G} is similar (o that
given in [9], p. 566. Let F = H%..(G", A(M)) be the space of functions

holomorphic and bounded on G”, with values in A(M), and vanishing on
M". Define a function de@y.-(G", £(F, A(M))), by 8(z)(f) =f(2), f€F,
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zeG”. Exactly as in [9), p. 566, we conclude that there exist functions
5 ey (G", (F, AM))), « =0, 1, such that 6§ =56°~4" in G, and the
relevant operators

L,: F— 6y (G", A(M))
defined by the formula
(L, f)(2) = 0*(2)(f),

are linear and continuous. (Here and before the subscript M” indicates that
we consider the space of functions which vanish on M”.) Proceeding as on p.
567 of [9] and using Lemmas 2.1 (b) and 2.1 (c), we obtain the desired
operator L from (3.1).

Interchanging the role of variables and repeating the process from the
above construction, we obtain that there exists a linear and continuous
extension operator

L: A(DxM)—A(DxD).

Then L=LoLis the operator whose existence was asserted in Theorem 1.
Consider now the space Aq(M x M). For any feAy,(M x M), set

Lf(z,s)=Lf(z, s)—Lf (s, s),

where L: A(M x M) - A(D x D) is the extension operator from Theorem 1.
Then LfeAy(D xD), and it is easy to show

ProposiTiON 3.2. Under the hypothesis of Theo:em 1, L is a linear and
continuous extension operator from Ay(M x M) to Ay(D x D).

This proposition will be used in the next section in the proof of the
decomposition theorem for functions from the space A,(M x M).

Remark. It is clear from the proof of Theorem 1 that iterating the
above procedure one can prove the existence of extension operators between
the spaces A(M, x ... xM,) and A(D; x ... xD,)), where M; and D; are
related as M and D in Theorem 1.

4, The decomposition theorems in products of strictly pseudoconvex
sets. We prove here Theorems 2 and 3. Many authors have considered
Theorem 2 in a particularly important case when f(z, s) has the form
g(z)—g(s), with ge A(M), and M is a strictly pseudoconvex domain in C"
with sufficiently smooth boundary; they proved the existence of decomposi-
tion operators for various spaces of holomorphic functions, not only of the
form A(M) (see eg. [8], [14], [2], [3)).

To begin with the proof of Theorem 2, we remind an embedding
theorem of Fornaess:



Extension and decomposition operators 229

THeOREM 4.1 ([6], Theorem 9). Let D be a strictly pseudoconvex domain

in C" with %P-boundary. Then there exist a neighbourhood D of D, a non-
negative integer m > n, a holomorphic mapping \y: D — C™ such that y maps D
biholomorphically onto a close subvariety Y (D) of C™ and a strictly convex
domain C c C™ with €P-boundary, such that Y (D) < C, y(D\D) =« C"\C, and
W (D) intersects ¢C transversally.
' In virtue of this theorem we may assume that D (and, of course, M) is
embedded by ¥ into some convex domain C < C™. Since (M) intersects ¢C
transversally, it follows from Proposition 3.2 that under the assumption on
M as in the hypotheses of Theorem 2, there exists a continuous and linear
extension operator '

Ao (¥ (M) x (M) = 4, (C x C).

Suppose that Theorem 2 is proved in the case of strictly convex
domains. In order to show that it holds in general, we proceed as in [12].
Namely, if ¥ =(yy, ..., ¥,), we can find, by Hefer’s theorem, functions
ql/,-je(O(D'xﬁ) such that

n

'»l’ W) W Z tj)lll,‘j(W, t), w, teD.

I_l.'fe;fo(Mx M), the function Tf (z, s) =f (¥~ '(2), ¥~ '(9)), z, sey (M), is in
Ao (¥ (M) x(M)). Then

LTf(z,s) = i (z,—s,.)]‘,-'(z, s), z,s€C,

for some f; e ©(C x C) satisfying the assertion of Theorem 2, according to the
meaning of the symbol 4. Eventually,

£ ) = LTF W00 $(0) = 3 (40— 0) F (0 00, ¥ 0)

Z (w;—1t;) f;(w, 1)

J_

with
0= 5 vy ln, 0. ¥ 0).

It is easy to see that f;(w, t) has the properties stated in Theorem 2.
This gives the desired decomposition provided that Theorem 2 holds for
strictly convex domains.
Suppose now that D = C is a strictly convex domain in C" with %2-
boundary. We will follow the construction of Lejbenzon [8] and will use the
estimates from the proof of Proposition 10 in [12].
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In the sequel, for functions f(z, s) defined in the set C x C, we use the
notation Dj f, D f, to denote differentiation with respect to the first and to
the second group of variables, respectively.

Let z, seC and let feAy(C xC). Then

n 1
fz, 9= (z,9)—f(s,9) =3 (zi—s) | Di f(s+A(z—s), 5)dA.
i=1 (1]

Set

1 1/2 1
filz,s) = [ Dif(s+A(z—s),s)dd = | + | =F(z, 9+G(z, s).
0 0 1/2
It is clear that f,e ¢ (C x C), and it remains to prove the desired smoothness
properties of f;. We do this by showing the similar properties of F; and G;.
Since ¢C is of class %2, there exists a neighbourhood W of ¢C such
that the orthogonal projection onto ¢C, n: W3z —» n(z)eC, is well defined
and of class §'. For every z e dC, choose vectors v”(z), r =1, ..., n—1, span-
ning T,(¢C), and set v'”(z) = v (n(2)), ze W. Then for every zoe C there
exists a neighbourhood U of z, such that we can assume v (z) to be of class
%! in U.
In order to prove the theorem, it is sufficient to show that for every
(2o, So)€(C x C)\ A(AC) there exist neighbourhoods U, Vin C of z, and sy,
respectively, such that (U x V)~ A(¢C) = @ and that the mappings

4.1) Ag(CxC)af = Filyxye AU x V),
4.2) Ag(CxC)af - GlyxyeA(U x V)

are linear and continuous. We assume that zg, so€C and z, # sq; the other
cases are easier.

Let z,, s, be as above. It follows from the strict convexity of C that
there exist neighbourhoods U and V of z, and s, in C and constants ¢, 7y,
and 6 > 0 (depending only on C, U and V) such that:

(4.3) for every (z, s)e(U x V) n(C.x C), for every ue T,(JC) and ve T,(0C),
with ||u|| <1 and ||v|] € 1 and for every ie(l—e, 1) (resp. for every
A€(0, ¢)), the analytic disc (s+A(z—s)+xu: xeC, |x|] <y /1—4]
(resp. {s+A(z—s)+xv: xeC, |x] < y\/Z}) is contained in C;

(4.4)  for every (z, s)e U x ¥, for every Aie[e, 1 —¢], the ball B(s+4(z—s), )
is contained in C.

Moreover, we may assume, taking smaller U and V if necessary, that
v"(z) and v (s) are of class 4! in U and V.
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Now let A = H** Consider the functions F,(z, s). Let u'V, ..., u"~ " be
an arbitrary sequence of n—1 vectors in C". We obtain a system of linear
equations in F;(z, s):

i(z,-—s,-)F,-(z, s)=f(s+3(z—s), s)—f(s,5) = (s+7(2—s) s),
i=1

1.2

- d
(") a _ =
z: u"Fi(z,s) = de (f(s+/1(z )+ xu ,s))xzod,l
0

r=1,...,n-1, z,seC.
Acting on the both sides of the above system with the operator DZ D%,
lx| +|B] < k, we obtain another system,

(4.5) S (zi—s)DIDEF,(z, 5) = A(z, 9),
i=1
@5) Y W DDIF,G, o)
i=1

1,2

= 3| DD (s i ), Pup (D 1
yiw=s ) dx

r=1,...,n—1, where P,;z.(4) are polynomials in 4, depending only on z, f’
and B”, and A(z, s) is a function, which involves only derivatives of F,(z, s)
of order < |a|+]|B| and the derivatives of f of order |x|+|f|.

Let u® = v!”(s). Again, taking smaller U and V, we may assume that the
determinant D(z, s) of system (4.5), (4.5) is a % !-function on U x V¥, which is
bounded away from zero. Therefore, we can express D*D? F;(z, s) by other
functions occurring in (4.5), (4.5), according to Cramer’s rule. It is not
difficult to see that the function A(z, s) is bounded on U x V by c||flic xcx
where ¢ does not depend on f. Therefore in order to prove (4.1) it remains to
show that for every (z, s)e(U x V) n(C x C) the integrals on the right-hand
sides of equations (4.5) are bounded by c¢, || fllc xc« for some ¢, independent
of f. This is easy to see for |a|+|f| < k, so assume that |x]+{f] = k.

It follows [rom (4.3), (4.4) and Cauchy’s inequalities that '

1/2 3 1/2

H c;ix (D2 D DB f (s+A(z—5)+xv™ (), S))x=0 Py (A)dA| <

0 0 €
1/2

dA da
< ¢y lfille xecx Jﬁ +callflle xen J. T < cllflle xcps
0

£
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where ¢,, ¢, and ¢ depend only on the choice of U and ¥, and on a, §’ and
B’. This ends the proof of (4.1) for the spaces Hi"*(C x C).

The proof of the continuity of the mapping in (4.2) is similar.

Consider the space A% (C x C). In virtue of the preceeding argument, it is
sufficient to show that the derivatives of order k of the mappings
Filwxvynic xcy and Gyl xvy~c xc) €xtend continuously to the whole of U x V.
The proof results by a minor modification of that of [8] or [12], and we
recall it briefly. '

First note that for every he H*(C x C) and for every (z, s)e(U x V)

N(C xC) and 1€(0, 3] we obtain from (4.3), (4.4) and Cauchy’s inequalities
the estimate

liAllc xc
\/I ?

¢ independent of h. Let ZeU and §5eVnédC be fixed. Expressing
Dz D! F,(z, s) by Cramer’s rule from system (4.5), (4.5) (with u® = v (s)) and
using the Lebesgue dominated convergence theorem (which is legitimate in
virtue of estimates (4.6)), we see that there exists lim D*D? F,(Z, 3), where the

(4.6) :—x (h (s+A(z—s)+vx(s), s))x

=0 <C

$—s
limit is taken with respect to s from the interval (§; Z]. We call this limit
D: D! F;(Z, 5). Moreover, one can prove quite similarly that the function

VAoD35— DEDEF,(z, 5)

is continuous on ¥V néD. Theorefore, for every fixed ZeU, D*D?F;(Z, s)
extends continuously to ¥V n ¢C. Another standard argument, which will not
be presented here, shows that D*D? F,(z, s) is continuous as a function of
(z, 5)eU x V.

In the proof of the continuity of G;lyxy on UxV we use the same
method.

To end the proof of Theorem 2, it remains to show that if fe(A)q x
x(CxC), k<t<k+1 and |x|+|B =k, then D:D?F,(z,s) satisfies the
Holder condition with the exponent t—k on (U x V) n(C x C), and that the
same is true for G;(z, s).

We consider again system (4.5), (4.5) with u” =¢"”(s), and express
D*D? F;(z,s) by Cramer’s rule. As noted above, the determinant D(z, s)
of this system can be chosen to be ¥'! and bounded away from 0 on U x ¥
and it is not difficult to prove that A(z, s) are (t—k)-Hdlder continuous on
(UxV)n(CxC). To apply the standard argument, it is sufficient to verify
that the functions defined by the integrals in the right-hand side of (4.5)' are
(t —k)-Holder continuous. Fix f#, B’ with p'+B” = B, and denote
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1/2

H(z,s) = ‘[ —(DIDE DE” f (s +A(z—5)+x0(s), ), _ , Pagrgr- (A) dA.
(1]
By (4.3), (44) and Cauchy’s inequalities we obtain the estimate

|H(z, )~ H(Z, )| < ¢1 [1fllp xp,eSuPp {|(s +A(z =)+ x0(5), 5)—

- di
—(s'+A(Z =)+ x0"(s), )% 1€(0, €], xe B(0, y/4)] jf+

0
+¢3 1S llc xc, SUp {[(s +A(z—35)+x07(s), 5)— (' + A(2' — )+ x0(s), &) *:
12

di
Ae[e, 1], xe B(0, 9)} J‘ = S clfllexcillz, )= (2, SO

€

(z, 5), (z, s)e(U xV)n(C xC), where ¢ is independent of z, z/, s, s’ and f.
Since f’ and B” and the points z, 2/, s, s’ were chosen arbitrarily, we obtain
the required estimate.

We can prove the corresponding statement for G;(z, s) in the similar
way

This ends the proof of Theorem 2.
Proposition 3 is an easy consequence of the proof of Theorem 2.

Note. Theorem 2 can also be proved directly, by applying the tech-
niques of [2] (see also [11]). In the proof one can apply a more complicated
version of Lemma 1.3, involving the dependence of the integrated function f
on the variables &, z and s (we shall not present the details here). However,
we do not know how to prove Proposition 3 by this method.

5. The explicit integral extemsion operators in strictly pseudoconvex
domains in complex manifolds. Let M’, Q D and M be as in the introduc-
tion, and suppose now that M’ is a complex submanifold of 2 and dim M’
= k. We shall show that in this case there exists an extension operator from
A(M) to A(D), given by an explicit integral formula; this is the contents of
Theorem 4.

We recall briefly the construction given in [10], which leads to the
integral representation formula in strictly pseudoconvex domains on complex
manifolds [10], Theorem 3.2.1; this is the main ingredient of our proof.

In virtue of [10], Lemma 2.1.1, there exists a holomorphic mapping
s: M'xM' — T(M) such that for every (& 2)eM xM we have
s(¢, 2)e T,(M’) and s(z, z) = 0 for ze M'. Denote by .#, the analytic subsheafl
of the sheaf ;. . -0 of germs of holomorphic functions on M’ x M’, generated
by the components of s with respect to local holomorphic coordinates. Then
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there is a function @€ (M x M) such that ¢(z, z) = 1 for all ze M, and the
restriction of ¢ to (M x M)\ A(M) belongs to F |« s ([10], Lemma
2.1.2). Let ®(&, z) be a function satisfying properties (i)(iii) of section 0
constructed with respect to the domain D.

Lemma 5.1 ([10], Corollafy 3.1.3). Suppose that 0D is of class of 4°.
There exist neighbourhoods M and U (in M’) of the sets M and (M,

respectively,-and a “P-mapping s*: UxM — T*(M’) such that for every
(&, 20eU x M, s*(&, z)€ T*(M’), s* depends holomorphically on ze M, and

@&, 2) P&, 2) = (s*(E, 2),5(6,2)), (&, 2)eUxM.

(If s(&,2), s¥(E,z2), i=1,...,k denote the components of s and s* with
respect to local holomorphic coordinates, then we set {(s*(¢, z), s(¢, 2))

k
= Z sl'*(és Z) si(és Z))
i=1

If u=(uy,...,u), v=_(,...,v) are collections of complex %!'-
functions on a complex manifold X, set

k
oW =dug An...~ndy, o'@W)=)Y (=1 1o A A du,.
j=1

{#j

THeorReM 5.2 ([10], Theorem 3.2.1). There exists a non-negative integer v
such that for every fe A(M),

(k=1)! j f(®)
@2rif* [} (&, 2

IM

61 fl@= @z (@*(¢, 2)s* (&, 2)) A we(s(C, 2)), zeM.

Here the forms ' and w act on u(¢, z)=(sl (¢, 2), ..., (&, 2)) and
v(&, 2) = (9" (¢, 2)sT (&, 2), ..., @°(&, 2)s¥ (&, z)) (where s;, s* are as above),
regarded as functions of ¢. The fact that the differential form on the right-
hand side of (5.1) is independent of the choice of the local holomorphic
coordinates follows from Lemma on p. 2 of [10].

Since Q(¢, z) = wi(@"(E, 2)s* (€, 2)) A wy(s(&, 2)) is a (k, k—1)-form
with respect to &, there exists a function h(&, z)e 4~ 2(U x M), hblomorphic
in ze M, such that formula (5.1) can be rewritten in the form

ey k=)t h(E, 2
52 1@ =" J.f(é)d,(é’ o, zeM,

M

do(¢) being the volume form on ¢M. This formula is valid also for
feH*(M); in this case f(£) denotes the boundary values of f on éM, which
exist a.c. with respect to the volume measure on cM.
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To prove Theorem 4 we use the same techniques as in the proof of [13],

Theorem 3. Choose D, m, ¢ and C with respect to the domain D, according
to Theorem 4.1. Let ¢ be a defining function for C. Set

fCw=Y a)&-w), where g ()= ;f
i=1 i

and let

_ z o (¥ ()W (O~ (2).

Then f({, w) and P (&, z) satisfy properties (1}iit) of section 0 with respect to
the domains C and D, respectively ([6], p. 554). By (5.2), there exists a
function h({, w) € 4P~ 2(y (U) x ¢ (M)) holomorphic in we (M), such that for
every feH” (y (M),

h(, W)
[,

JS(w) = jf(C) 46 (), wey(M),

Y(EM)
where dé({) denotes the volume form on Y (cM). Let A({,w) be the
extension of h({,w) to a %” %-function defined in ¢ (U)xC’ and holo-

morphic in we C’, where C’ is some neighbourhood of C. For f e H* (y (M))
and weC, define

A¢,w
¢ wt

Lfw= j S @) da ({).

w(eM)

We claim that Lis a continuous extension operator from 4 (¥ (M)) to 4(C),
provided that p satisfies the assumptions of Theorem 4. This can be verified
similarly to [13], where it is shown that the operator P, occurring in the
proof of [13], Theorem 3, has the corresponding regularity properties. We

apply here Lemma 1.1 instead of [13], Lemma 5. For zeD and f e A(M) we
have

AW (), ¥(2)
®(¢, 2)*

H(, 2)
jf o mE 2 4o

Lifoy™H¥(2) = jf(f) (¥* d6)(<)

for some function H (¢, z)e 4?~ 2(U x D) holomorphic in ze D, where D is a
neighbourhood of D. We set
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HE,
Lif(2) = ff(é) Se D do®, feH* (M), zeD.

oM

It follows from the above considerations that L, has the properties asserted
in Theorem 4.

Theorem 4’ can be proved in a similar way; in the proof we use Lemmas
1.2 and 1.4 instead of Lemma 1.1.

It is seen that the above proof can be easily adapted as in the case of
the extension operators from Section 3 to produce an integral extension
operator from A(M, x ... x M) to the space A(Dy x ... x D)), where each M,
is a complex manifold related to the strictly pseudoconvex domain D; in the
same way as M and D from Theorem 4. One can also obtain extension
operators given by integral formulas, provided that each M; is an analytic
variety described as the zero set of a global holomorphic function in D;; for
further details we refer to [13].
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