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INTRODUCTION

There are striking analogies between certain theorems in various
branches of mathematics. TFor instance, let us mention the following
ones:

1. In homological algebra: Every left A-module is a quotient of a lefi
A-module with a basis.

2. In general topology: Ewvery compaot (Hausdorff) space is a contin-
wous image of (N, where N, is a discrete space.

3. In functional analysis: Bvery Banach space is a quotient of a space
L)

4. In the theory of Boolean algebras: Every Boolean algebra is a quo-
tient of a free Boolean algebra.

These analogies and some related ones were pointed out recently
by some authors (Gleason [1], Halmos [1] and [2], Nachbin [2], Rain-
water [1] and others). A purpose of this paper (1) is to show that they
are actually special cases of a general theorem. In different theories
they are expressed differently and we are going to adopt the terminology
and methods of homological algebra.

In homological language an object P is called projective (respectively,
an object I is called injective) if every diagram

N 7

“onto A smbeddlng nq

can be embedded into a commutative diagram
p /
B—rA A—Fs—>8

() Research supported partially by the National Science Foundation of the
United States.



4 Projectivity, injectivity and duality

respectively. These diagrammatic definitions can be mutatis mutandis
formulated for each of the categories quoted above.

In standard terminology this means that an object I (2 group, a top-
ological space) is injective if and only if for every object B and subobject A
every admissible map f: A —~ I (a homomorphism, a continuous map
etc.) can be extended to an admissible map f’ from B to I (i.e. f'o = f).
This problem hag been investigated intensively in various contexts. E.g.
injective objects in the category of compact spaces and continuous maps
are just the absolute retracts, injective Boolean algebras are those which
are complete, injective objects in the category of Banach spaces and
linear operators with ||7|| <1 are just the spaces equivalent to spaces
C(8) with 8 extremally disconnected.

Similarly, under certain assumptions of existence of kernels and
quotients, an object P is projective if any admissible map a from P into
any quotient space B/C = A can be lifted to & map a': P— B so that
for each zeP the element a’(w) belongs to the coset of a(z) (i.e. ma’' = a
where =: B » B/C is the quotient map).

A gystematization and a unified approach to the theorems of the kind
mentioned above is the subject of the paper; the starting point is of
course the notion of a category of objects and maps introduced by Eilen-
berg and MacLane (?) or rather that of a bicategory introduced by
MaocLane [1]. Ooncrete categories may yield concrete bicategories in
various ways and none of them covers all special cases that we need.
The erucial point here is the notion of a subobject; the general definition
congidered by Grothendieck [3] and adopted in [KLS] does not fit some
cases that we are interested in (e.g. according to that definition, in the
category of locally compact abelian groups and continuous homomorphisms,
the additive group Z of integers is considered as a subobject of the compact
circle group 7). Thus the axiomatic freatment of bicategories seems
to be the best way. Specifically, we shall agsume Isbell’s ([1], [2]) mod-
ification of MacLane’s axioms.

The main notion introduced in the paper is that of a pair of objects
dually defined in primary terms of category, namely a basic direot object
and a basio free object (abbreviations: b. d. o. and b. f. 0.). Roughly speak-
ing, a b. d. o. i3 the smallest object D such that for each object A the set
of all morphisms ¢: 4 — D separates A; an exact definition is in § 6.
Both the objects are unique (up to equivalence) whenever they exist
and are exemplified by the compact circle group 7 (b. d. 0.) and the group
Z of integers (b. £. 0.) in the category of locally compact abelian groups

(?) For quick reference the paper by Eilenberg and MacLane [1] will be quoted
88 [E-McL] and the expository article by Kurosh, Livshits and Shulgeifer [1] will

be quoted as [KLS]. All notions in Part I are defined and the knowledge of the theory
of categories is not sssumed.
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and continuous homomorphisms, a closed interval I (b. d. o.) and a one-
point space (b.f.o0.) in the category of compact Hausdorff spaces and
continuous maps, a two-element algebra {0, 1} (b. d. 0.) and a four-element
algebra {0,1, 4, A’} (b. £. 0.) in the category of Boolean algebras and
homomorphisms, the real line R (both b. d. 0. and b. {. 0.) in the category
of Banach spaces and linear operators of norm ||U|| <1

An object is called direct if it is a direct join of a set of copies of a
b. d. 0. and is called free if it is a free join of a set of copies of a b. £. 0.
This yields such objects as toroidal groups 7™ (direct) and free abelian
groups (free) in the category of locally compact abelian groups, Tikhonov
cubes I™ (direct) and Stone-Cech compactifications §(N,) of isolated spaces
(free) in the category of compaci spaces, fields of all subsets (direct)
and free Boolean algebras (free) in the category of Boolean algebras,
spaces m(N,;) of bounded functions (direct) and spaces

UN) = {o:0 = (), o]l = ) |z(w)] < oo}
ueN;
(free) in the category of Banach spaces.

Unfortunately, a ring 4 need not be a basic free object in the category
of left A-modules and A-homomorphisms though it has one free generator.
We do not use the standard definition of a free object as an object with
a get of free generators because we want all these notions to be defined
in terms of admissible maps, without the notion of an element (?). Similarly
we prove that any object is a subobject of a direct object but we have
to quit the canonical embedding a - {a*(a)},.,4. into the direct product
indexed by elements of a dual A* (*).

The main result, called the Universality Theorem (§ 6), states that the
free and direct objects are universal with respect to maps onto and
embeddings, respectively.

Specifically, we consider an abstract bicategory o and we assume the
existence of a basic direct object D and direct joins of arbitrary many
copies of D; we also assume that D is injective and a stronger separation
property of Map(A, D). Then each objeot is a subobject of a direst object
and an object is injective if and only if it is a retract of a direot object. The
dual statement concerns relations between free and projective objects:

(®) Thus, the notion “free” defined in this paper does not coincide necessarily
with the notion “free” used in general algebra, cf. 6.2 and 9.5.

In concrete categories, if the notion of an element is given, we may define the
notion of a set; of free generators (cf. § 14) assuming that every map from such a free
basis to another object can be extended uniquely to a morphism.

Nevertheless, the Universality Theorem does apply to the bicategory of left
A-modules, because it is actually true if F is any projective strict coseparator [D is
any injective strict separator], not necessarily the smallest ome (cf. 5.4).

(4) The duality of e —> {a*(a)} type is investigated by Ohkuma [1].
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overy object is an image of a free object, an object is projective if and only
if it 18 a retract of a free object. This, in turn, enables us to characterize
projective and injective objects as absolute quotient retracts and abso-
lute subretracts, respectively. A reiraction is & surjection a: A — B which
admits a cross-sestion f: B— A in the category, i.c. a map f# such that
afl is the identity on B. If it is the cage, B is called a retract of A. Absolute
subretract is an object which is a retract of any object containing it as
a mubobject; an absolute guotient retract is an object which is a retract
of any object that can be mapped onto it.

Part II deals with several special bicategories; it contains a system-
atization and a review of known results for some bicategories, and some
contributions to the others. The most interesting thing in this part seems
to be the table of 12 selected bicategories which contains description of
objects, morphisms, constructions of free and direct joins, description
of basic free and direct objects and so forth. In this way analogies and
differences are laid out.

The notion of formal duality appears throughout the paper. The pa-
per, however, is also devoted to the justification and explanation why some
well-known categories have unique “natural” objects serving the duality;
we are going to account for the fact that the dual of a Banach space is
defined as the set of all linear maps to the real line (functionals) while
for locally compact abelian groups the best are homomorphisms to the
circle (characters), in Stone's duality representation of Boolean algebras
we use (0, 1)-homomorphisms and in the theory of compact spaces we
congider the confinuous maps into the unit interval. The answer to this
question is considered in the paper, and it follows implicitly from the
presented analysis that this “natural” objest turns out to be a basic direct
object.

The paper does not exhaust this problem; the discussion and analysis
of relations between various aspects of the notion of duality as well as
the discussion of the notion of a free object (from algebraic and categorical
point of view) are not complete.

We shall use the notation 4 —>> B for surjections and 4 >—> B
for injections (for more details, see § 2); this is partieularly convenient
in diagrams. The symbols A —>> B and 4 >—> B may be considered as
remaing of short exact sequences 4 —> B —> 0 and 0 —> A4 —> B,
respectively, which are not admissible without additional assumptions
about the category (cf. Heller [17).

The author is greatly indebted to J. R. Isbell for numerous remarks
and suggestions and showing several unpublished results which influenced
the paper; the author would also like to express his thanks to S. Balce-
rzyk for many critical comments and to J. M. G. Fell, Edwin Hewitt,
J.P. Jans and Viotor Klee for their counsels.



I. PROJECTIVITY AND INJECTIVITY IN ABSTRACT BICATEGORIES

§1. Categories and bicategories

1.1. We give here a short review of basic notions and establish the
terminology which is founded on [E-MecL] and [KLS] and on the papers
by MacLane [1], Grothendieck [3] and Isbell [1], [2], [3]. Whenever
our terminology disagrees essentially with one of those papers, it is men-
tioned in footnote. Terminological problems make several troubles be-
cause one of the tasks of the theory of categories is to unify various con-
cepts investigated in different theories, but more serious are conceptual
difficulties: Each author has an individual point of view depending on
his major subject outside of categories. This influences particularly the
option of definitions.

Eilenberg and MacLane explain possible ways of avoiding antinomies
while using terms like “the category of (all) groups”. One of them is to
agsume the axiomatic theory of sets and classes due to Bernays and von
Neumann and distinguish carefully the notions of a “class” and a “set”.
The most important restriotion is that no class may be a member of any
clags.

Specifically, we shall assume the axioms listed by Godel [1]; they
yield existence theorems for categories (cf. Chapter II of Gidel’s paper).
By axiom of choice we shall mean the strong form of this axiom listed by
Godel.

1.2. A map is a triple (¢, 4, B), written ¢: A - B, where A and B
are sets and ¢ is a single-valued function defined on A and with values
in B. Thus, if p(4)CCCB and 0 # B, then ¢: A— B and g: 4> 0
are considered a2s different maps though they are determined by the same
correspondence a —> p(a) for all aed. The composition of ¢: A -~ B and
y: B— 0 is denoted (°) by yp: A - 0. The identity map is denoted by
€4: A — A or shortly by ¢ 4. The set 4 is called the domain and B is called
the range of ¢: A — B.

) In [KLS] the notation gyp: A — O is used; it is more convenient while con-
sidering diagrams (first “acting of ¢”, then “acting of ") but we will keep the notation
used in analysis (y@)(z) = yw[p(z)]. Whenever we write yp, we assume that this
product existe. If B, C B, but B, # B,, then the composition of a: 4 —~ B, and
f: B, — O is assumed not to exist, but we may consider fcp,B, a where ep,z,: B, - By
is the embedding map.
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Giveu a (non-empty) class o of sets, a concreto calegory over o is

a class o of maps satisfying the following three conditions:
(i) If ¢: A — B belongs to ¢, then 4 and Bed.

(i) If Aes, then the identity e4: A - A belongs to X

(iii) If : A - B and y: B— C belong to ¢, then so does yp: 4 - C.

The elements of o are called objects and the elements of o#* are called
morphisms (*). Map(4, B) or Map(4, B; ) will denote the set of all
morphisms ¢: 4 > B.

An abstract oategory is a class # of elements, called morphisms,
whose product (composition) is the subject to some axioms (").

A monomorphism is a morphism ¢ which is left cancellable (i.e.
@a = @ff implies a = f for all morphisms a, f); an epimorphism is a right
cancellable morphism. Every one-one morphism is a monomorphism
and every morphism onto is an epimorphism, but the converse implica-
tions are not true without additional assumptions. A morphism is a bi-
morphism if it is a monomorphism and an epimorphism simultaneously.

An equivalence @: A~ B might be defined as a one-one morphism
onto B such that the inverse map ¢~': B — A belongs to & as well (°), but
this definition uses point-map terminology; another definition, in terms
of morphisms only, is a8 follows: a morphism ¢: 4 — B is an equivalence
if there exists a morphism y: B — 4 puch that gy = eg and yp = e4.

We shall say that a category has the inversion property if every bi-
morphism is an equivalence. This is a rather strong assumption; o.g.
the category of Banach spaces and linear maps does not have this prop-
erty (despite Banach’s inversion theorem, cf. §12).

A subcategory X', of X is a category over a subclass &; of & such that
every morphism ¢: A — B of X", belongs to ). )¢, is called a full suboa-
tegory of " if every morphism of " with domain and range in &, belongs
to X,

1.3. A bioategory is a category with an axiomatic notion of a sub-
object. Technically, we add two primary notions of an injestion and of
3 surjao_t@_n (°). Even if the category is concrete, these notions are defined

(®) The common term is “mup” or “mapping”. The term “morphism” is used
by Grqthend.ieok [3]). We reserve the term "map” for general use, i.e. every concrete
morphism i a map but not conversely.

In [ELS] an (abstract) category isomorphic to & concrete ome is also called
concrete,

(") Actually, axioms (Ag)-(A4) of § 15 are the axioms of o calegory.

(*) Another common term is “isomorphism".

) Ma.cLa.n-e (1] and Isbell {1}, [2] use the term “projection” for any morphiswm
onto, but 'a,ccorc.hng to the terminology adopted in functional analysis a “projection”
means & 11!'16&1" idempotent operator. In order to avoid confusions we do not use the
term “projection” at all, using “surjection” and “retraction”, reapectively. In the
8equel we shall mean bicategories in Isbell's sense (rather than in MacLane's).
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axiomatically and (if the category is given) they are not unique (unless
the category has the inversion property, cf. Isbell [2], p. 576), though
either of these notions can be expressed by the other (ef. Isbell [1]}, p. 116,
[2], p. 873.) The class # of injections and the class & of surjections are
agsumed to satisfy the following axioms:

(i) ,# and & are subcategories of .
(ii) # ~ & congists exactly of all equivalences.
(iii) The injections are monomorphisms and the surjections are epi-
morphisms.
(iv) # and % generate o in the following sense: Every morphiam ¢
can be written uniquely (up to commuting equivalence) in the form
@ = on where ce ¢ and ne?.

We ought also to add an axiom guaranteeing that the injeetions to
a fixed object and surjections from a fixed objeet can be divided to a set
(not a proper class) of equivalence classes, but this is not necessary here.

As a typical example let us consider the category of topological
groups and continuous homomorphisms. We may define injections either
a8 one-one homomorphisms into and surjections as_open homomorphisms
onto or injections as biconmtinuous homomeorphisms onto oclosed sub-
groups and surjections as homomorphisms onto dense subgroups (19).

1.4. A morphism ¢: A — B is called a retraction (*!) if there exists
a cross-seotion yp: B— A such that py = ep. This implies automatically
that ¢ must be a spurjection and y an injection. Indeed, let us write ¢ = ¢; @,
and yp = y;y, where ¢; and y; are injections and ¢, and y, are surjections;
then @;p,9;9, = ¢z whence ¢; and p, are equivalences by a proposition
of Isbell ([2], p.116).

The notion of a retract does not depend on the way the category
becomes a bicategory (12).

1.5. Let {4,};,,r be a set of objects. An object A is called a free join
[a direct join] of {A,} if there exist monomorphisms o;: 4;— A [epi-
morphisms n; : A — A,] with the following property: For every object B
and every set of morphisms ¢,;: 4,— B [morphisms ¢;: B— 4;] there
existy 2 unique morphism ¢: A — B [p: B— A] such that ¢, = pa
[pr = me] for all teT. If a free [direct] join exists, it is unique and the

(19) Cf. § 14-§ 15. Isbell [56] discusses the question of reelizations of the notions
of surjection and injeetion as: 1° Mappings onto and embeddings, 2° Epimorphisms
and polar monomorphisms, 3¢ Polar epimorphisms and menomorphisms, 4° Pure epi-
morphisms and copure monomorphisms.

(1) We do not assume that if B is a retract of 4, then BC 4; any object
equivalent to a retract is a retract.

(12) In particular, if a category admits several definitions of & surjection-in-
jection: decomposition, then the retractions are surjections in the strongeat sense.
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monomorphisms o, [epimorphisms ;] are unique (up to commuting equi-
valence, cf. [KL8], § 12). We shall use the symbols 3'4, and []4, for free
and direct join, respectively (13).

§ 2. Arrow notation and the duality principle

We shall use the following notation. Arbitrary inorphisms will be

denoted by a: A —> B (or 4 N B), injections a: 4 >—> B, surjections
a: A —>> B, equivalences a: 4 >—>> B, identities in diagrams A ——A
(the only case when the direction does not matter). We shall use two
notations for retractions: either a: A |—> B (retraction of 4 onto B) or

A% B where z is a surjection and o is an injection such that

o0 = Eg-

The symbol a: 4 —~ B — C will mean that « is 3 morphism from A
to ¢ which is (or: can be) decomposed into two morphisms: one from A
to B and the other from B to C.

Whenever & diagram is drawn, it is assumed that it commutes in
the sense that any two morphisms from an object A to an object B of
the diagram, which are compositions of morphisms of the diagram, coin-
cide; we do not assume, however, that if a;: 4 — A4,, a;: 4, 4,,...,
tq: A, - A; are morphimg of the diagram, then a,a,_,...0,a, i8 neces-
sarily the identity ¢4, (e.g. in the case of a retraction and its cross-section
where we have only partial commutativity (o= need not be the identity),
but we assume that all other commutations hold. Thus, the first two of
the following diagrame (where mo = ep)

T T n a

I A=—""3 f Ao
A"__‘d 8 ~——< < -

9’& / "N / Y /, ® K /"

C c C c
are admisgible according to our convention but the other two need not
be. Another convention is drawing - --> instead of —> (>---> instead
of >—>, etc.); continuous arrows belong to the primary diagram or are
products of primary maps while dotted arrows are constructed or assumed
to exist in the next step of the reasoning. This convention enables us
to leave the diagram without any comment as a proof of a simple

theorem.
Any statement which can be expressed in primary terms of a bicat-

(1) In any bicategory such that Map(4, B) = @ for any two objects, all o
must be injections and all 7, muat be surjections. The proof of this is essentially the
same as the proof of 3.7. Z and IT are also called sum and product in ¥,
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egory and any such diagram have their duals. Technpically, in order to
find the dual statement we use the following “dictionary” (¢f. MeLane
[1]): a: A —> B s to be replaced by a: B—> 4, af by fa, a: A —>> B
by a:B>—> A and conversely. Retraction is self-dual: 4 2% B is
replaced by B3> 4, i.e. A|—> B by 41—> B.

Definitions and theorems will be stated together with their duals
(duals being in brackets) but dual proofs will be omitted.

§ 3. Singletons

An object S of a catogory X will be called a singleton [a cosingleton]
if the following two conditions are satisfied (**):

(i) For every object A there exists at least one [exactly one] mor-
phism a: § — A. '

(ii) For every object B there exists exactly one [at least one] mor-
phism A: B— 8.

An objeet is called a null object if it is a singleton and a cosingleton
simultaneously (ef. [KLS], §7).

3.1. If 8 is a singleton or a cosingleton, then Map (S, S) consists evactly
of one map ss.

3.2, All singletons are equivalent; all consingletons arc equivalent;
if the oategory contains a singleton and a cosingleton, they are equivalent, too.

3.3. If a oonorete category has a singleton or a cosingleton, then the empty
set cannot be an object (unless the category comsists of only one object).

We omit the proofs.

3.4. Let 8 be a singleton or a cosingleton in a bicategory X'. Then all
morphisms a: A —> S are surjections and all morphisms f: 8 —> A are
injections.

Proof. Let a: A —> § and f: § —> 4 be any morphisms; then
af = eg (by 3.1). This means that any map of Map (S, A) is a cross-
section of any map of Map (4, §). Hence 3.4 follows from 1.4.

Suppose that § is a singleton and denote by », the only morphism
in Map(4, S). By the axiom of choice we can select exactly one morphism
w4 of each set Map(S, 4). Let us define: w5 = wyvp: B—> 4.

Now, suppose that § is a cosingleton and denote by w, the only
morphism in Map(S, 4) and by », any morphism of Map(4, 8) and
w4sp = wyvp. In either case: '

(4) Isbell has oalled objects satisfying (ii) [or the dual of (i)] lefi-zero objeots
[right-zero objects, respectively]; ef. [6].
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3.5. For any objeots A, B, C we have v pwpo = ®c-

Proof. w pwpe = WiVp0RYe = W4ESYC = W.C-

3.6. If the category has a singleton or a cosingleton and if A is a free
[direct] join of {Aiwr, then all monomorphisms o [epimorphisms m,]
admit retraotions m, [oross-sections o] such that mo, = ¢4, and ma, =
waa, for t #u. In partioular, if the category is a bicategory, all o, are
injections [n, are surjections].

Proof (*). Let 4 be a free join of {4,}. Fix ¢ and consider ¢,: 4, > 4,
defined as follows: ¢, = 4, and @y = w44, for w # ¢. Then there exists
» (unique) morphism g: A — A; such that ¢, = go, for all ueT. This
means that z, = ¢ is the desired retraction.

§ 4. Projective and injective objects ('°)

An object P [object I] is said to be projective [injective] in o if for
every a: A—>> B and f: P—> B [a: B>—> A and f: B —> I] there
exists a commuting morphism y:P —> 4 [y: 4 —> I], i.e. if res-
pectively

p !
/ Il
¥ \S 7/ \B
’l’ 'l’
A8 Aw—gr—<8

4.1. Let P be projeotive [I be injective] and lot g: P |—> P [o: 1 |—> I1,)]
be a retraction. Then P, is projective [I, 18 injective].
Proof.

a

b-‘——-————-

4.2. If P is projective [I is imjective] and if a: A —>> P is any
surjection [B: I >—> B s any injeotion], then a admits a cross-seotion a’
[8 admits a retraction B'].

(') The proof is anelogoua to that in [KLS] in the case when & is a null object.

(1) Propositions 4.1-4.3 are well known in many special cases and the proofs
are essentially standard; we present them for the sake of completeness. Concerning
the proofs, cf. the convention agsumed in §2.
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Proof.
P !
\ 4
o \ &/
/ 7
y
A-—O‘—»P B-t-—r[

4.3. The freec [direct] join of any set of projective [injective] objeots
18 projective [injeclive], if it exists.
Proof. Let P = )'P,. Fix ¢t and consider the diagram

[.9-
o

% A |8

b““‘_‘_'ub

|

for each index ¢. By the definition of a free join, there exigts y: P —> 4
such that yo, = y,. Hence ayo, = ay, = flo;; ay: P —> B hag the property
that ayo, = fo, for all ¢, hence by the uniqueness of free-join extensions
we get ay = f.

4.4, Let o admits a singleton or a ocosingleton. Then if a free [direct]
join is projective [injective], each lerm must be projective [injeotive], too.

Proof. It follows from 3.6 and 4.1.

4.5. Singletons are injective [oosingletons are projective].

4.6. If A admils at least one projective [injective] object, then every
singleton is projective [cosingleton is injective].

4.6 i8 obvious, 4.6 follows from 4.1.

Now, let M be a fixed object and A* = Map (4, M) for any object 4.
Any morphism a: A - B induces the map a*: B*— A" defined by
a*(b*) = b*a for b*eB*; then (af)* = f*a*. The following statement
yields an obviously equivalent and well-known definition of injectivity.

4.7. M is injeotive if and only if the oconjugate map a*: B*— A* of
any injection a: A — B is onto A*.

§ 5. Separators and generators

We shall say that Map(C, M) separates O [Map(M, C) coseparates U]
if, for each object A and each pair of morphisms a: 4 —> C and
B: A —> 0 [a: 0 —> A and : C —> A), the following condition holds:
If ya =98 for all ye Map(C, M) [if ay = py for all yeMap(M, ()],
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then a = f. Thus, if Map(C, M) separates O and if we consider the
conjugate maps
a*: Map(C, M) —> Map(4, M) and f*:Map(0, M) —> Map(4, M),

then a* = p* implies « = f. Using diagrams we may say that Map(C, M)
geparates O if the following implication holds:

c
al
A
An object M will be called a separator [coseparalor] (in the given
category) if Map (0, M) separates [Map (M, C) coseparates] each object C.
5.1. Let M and B be objects of a concrete oalegory A such that for
eaoh pair a, b of distinct elements of B there ewists a morphism p: B —> M
such that p(a) # ¢(b). Then Map (B, M) separates B.
The proof is trivial. Now, an object M will be called (") a generaior
[cogenerator] (in a given bicategory) if it has the following property:
Given a: A >—> B [given a: B—>> A], if for each f: M —> B [for

each f: B—> M] there exists y: M —> A such thatay =f [y: 4 —> M
such that ya = f], i.e. if respectively

————— .

/)

——»2

7 for all yeMap(C, M), then o

——

——

o

__»c

B*———M 8 ——mM
/’ R4
/ !
ol /3 « .~
/, // ?
/ ’
’ R4
A V4 A

(for all B), then a is an epimorphism [a4 monomorphism]. Analogously
we define a siriot generator [strict cogénerator] by the requirement that a
be an equivalence; in other words, M is a atrict gemerator [striet co-
generator] if the following condition holds: If a: B >—> A and the induced
map a': Map(M,B) —> Map(M,A) i8 onto [ife:4-—>> B and
a*: Map(B, M) —> Map(4, M) is onto], then < is an equivalence.

9.2. Baoh coseparator is a generator [each separator is a cogenerator].

Proof. Let M be a coseparator, let a: C >—> 4 and let o': Map(M, C)
—> Map(M, A) be onto. We have to show that a is an epimorphism.

() The term “generator” has been used by Grothendieck ([3], p.134) in a dif-
ferent sense (coinciding with that assumed above whenever the bicategory has the
inversion property).
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Let ﬁi: A —> B, ,Bg:A. —> B and pia = pya. Then pray = fl,ay for each
yeMap(M, 0). Since ¢’ is onto, §,6 = f,4 for all éeMap(M, A), whence
By = fy. Thus a is right cancellable.

5.3. If tho bicategory has the inversion property, then every generaior
[cogenerator] is a striot generator [siriol cogenerator].

The last statement is obvious. An objeect M will be called a sirict
separalor [stricl coseparator] if it is & separator [coseparator] and a strict
cogenerator [strict generator].

5.4. Suppose that M 18 a strict genorator [sirict cogenerator] and the
free [direct] join of any set of copies of M exists in X" Then for each objeot
B there exists a surjection p: D' (M), —>> B [an injection ¢: B >—> [J(M),].

Proof (**). Let T = Map(M, B) and L = ) (M),. By the definition

yeT

of 2 free join, there exists a morpbism ¢: L —> B such that go, = y for
each yeT, where o, is 2 monomorphism ¢,: M —> L corresponding to
“y-th coordinate”, i.e. to the morphism y: (M), —> B which is at the
game time an index and a morphism from y-th copy of M. Then ¢ must be
a gurjection. Indeed, let ¢ = af where a: 4 >—> B and f: L —>> A, then

L—-——ﬁ—-—» >——£———I—B

=

d7

__ta.)...-
O
o
N

X

whence a is an equivalence (a8 M is a striet generator).

5.5. If M is a ooseparator [separator] and if there ewisls a surjeotion
L —>> M [injection M >—> L] then L i3 also a ooseparator [separator]. Anal-
ogous statements are valid for sirict coseparators and gemerators and their
duals.

The proof is trivial.

8.6. If " has a non-zero object, then a singleton oannot be a separaior
[oosinglelon cannot be a coseparator].

Indeed, if A is not a oosingleton, then there are morphisms
a:A—> B and f: A—> B with a # g and ya = ¢ for any y: B~ 8.

(*®) The idea of this proof (known in special oases) is the following: Definition
of a strict generator means that if 4 is a subobject of B and A contains the images
of all morphisms y: M —» B, then A = B, i.e. that the union of all images generates
B (c¢f. § 14). If we assume only that ¥ is a generator, we conclude that ¢ is an epi-
morphism (cf. Grothendieck [3], p. 134). If M is strict, then the image of ¢ contains
the images of all »'s.
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5.7, A non-null singleton need not be a coseparaior.

ExAMPLB. Let the objects be pairs (4, B) where 4 i3 a compact space
and B is a group, and let morphisms be pairs (a, §) where a: 4, —> 4,
is a continuous map and f: B, —> B, i8 a homomorphism. Singletons
are of the form (8, 0) where § i8 & one-point set and 0 is a null group,
and are not coseparators.

§ 6. Free and direct objects

An object M will be called a basic free objeot [basic direol object] if
it is the smallest coseparator [separator]; more precisely, M is a basic
free [direct] object if the following conditions are satisfied:

(i) M 48 a ocoseparator [separator].

(ii) If M’ is a retract of M and M’ is a ooseparator [separator], then
M’ i3 equivalent to M.

(iil) If M' 8 a ooseparator [separator], then M 1is a reiraot of M.

‘We shall use the abbreviations: b.f. o. [b. d. 0.]. Evidently, such
an object is unique up to equivalence, if it exists ('’). This enables us to
denote a selected representant by F [by D] and call it the b. . 0. [the
b.d. 0.]. Examples are discussed in Part II of the paper.

A b.f 0. [b.d.o.] will be called sirict if it is a strict coseparator
[strict separator].

Given & cardinal number m, let F,, [D,] be a free [direct] join of m
copies of F' (of D). F, [D,] is determined by m uniquely up to equivalence
if it exists. An object will be called free [direct] if it is equivalent to some
F, [D,]. We shall say that X" admits free [direct] objects if F, [D,]
exist for all cardinals (*°).

6.1. (UNIVERSALITY THEOREM). Suppose that X admits free [direot]
objeots amd that F is strict and projeotive [D is striot and injeotive]. Then (*')

(i) Buery free [direct] object is projective [injeotive].
() Every object is an image of a free object [a subobject of a direot

object], i.0. for each A there exists o cardinal m and a surjection F, —>> A
[an injedtion 4 >—> D, ].

(*?) Let ue notice that b.f. 0. and b. d. 0. are defined in terms of o ontegory
only, and they do not depend on the way the ¢ategory becomes a bicategory.

(%) Sometimes it is convenient to restrict the considerations to all cardinals
smaller than & given one (e.g. to m < R, or m < X, in case of soparable spaces,
or to m < Ryp where R, is the first innaccessible cardinal); this yields obvious
variants of the Universality Theorem.

(®') Actually the theorem is valid if F is any projective strict coeeparator
[D is any injective striot separator], but it seems to be better to use the notions of
a free and direct object; cf. 5.4, 6.2, and footnote (8).
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(iii) An object is projeotive [injeotive] if and only if il is a retract of
a froe [direot] object.

(iv) An object A is projective [injective] if and only if it is an absolute
quotient retract [absolute subretract], i.e. if for each object B each swurjeotion
a: B—>> A has a oross-seotion [each injeotion a: A =—> B has a relraction].

This follows from 4.1, 4.2, 4.3, and 6.4.

6.2, There is no obvious reason why the definition of the basgic free
and direct objects introduced in this section is the proper one. One might
prefer the deflnition: A basic free object is an object with one free generator
(i.e. with an element ae¢F such that for any object B and beB there exists
2 unique morphism ¢: ¥ — B such that ¢(a) = b) but this involves the
notion of element of an object and is not acceptable here,

The following requirements concering b.f. 0. and b, d.o. seem to
be reasonable:

(1) B.f. 0. and b. d.o. coincide with the examples mentioned in
the introduction and some other natural ones, cf. Part II.

(2) B.f. 0. and b. d. 0. be defined in primary notions of bicategory.
(3) Definitions of b. d. 0. and b. {. 0. be mutually dual.

(4) B.f. 0. and Db.d.o. be unique (up to equivalence) whenever
they exist.

(6) Every object be an image of the free join of a number of copies
of b. f. 0. and every object be a subobject of the direct join of @ number
of copies of b. d. o.

(6) B.f, 0. be projective and b. d. 0. be injective,.

Thus, if somebody wanted to find another definition, his task
would be to look for suitable properties of the examples we have in mind
and choose some satisfying these conditions; in particular, the duality
requirement makes us discard many of them. The definitions assumed
in this section satisfy (2)-(6). Condition (6) is not assumed explicitly,
but it is satisfied by almost all examples in Part IIL.

Unfortunately, the condition (1) is not satisfied in one fairly important
case, namely for the category of left modules over a ring (sce the remarks
in the introduction and in 9.5).

Perhaps it is not possible to give a definition satisfying (1)-(6) accord-
ing to which 4 is always a b.f. o. in the category of left 4-modules.
J. P. Jans has pointed out the following example: Let A be a finite-
dimensional algebra over a field K, which is a quasi-Frobenius algebra
but not a Frobenius one (cf. Nakayama [1], p. 624). Consider two con-
travariant functors: MT = Homg(M,K) and M* = Hom,(M, A).
Both M — M7T and M — M* are one-one and map the class of finitely
generated left 4-modules onto the class of right ones and conversely;
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moreover, both functors map the class of homomorphism of finitely
generated A-modules onto that of right ones and arc exact on finitely
generated modules (M — M” is always exact, M — M" is exact if and
only if A is quasi-Frobenius). Hence the composition M — (M*T ig
2 one-one exact covariant functor mapping the set of finitely generated
left A-modules onto itself, though A is mapped onto a module which is
not isomorphic to A. Thus, 4 ecannot be characterized in terms of the
category of finitely generated left A-modules.

Requirements (1)-(6) have some methodological meaning. We may
also discuss the definition of a b. d.o. from the point of view of funec-
tional duality (in the sense of MacLane [1]) determined by an object
M. The following statement gathers previous considerations and explains
the role of asumptions of the Universality Theorem (note that if M is
injective then M is a subobject of A if and only if it is a retract of 4).

6.3. Given M, consider the contravariant functor A - A4* =
Map (4, M) and a—> ¢* (cf. 4.7). Then

(i) M is a separator if and only if the functor is one-one.

(i) M is a strict cogenerator if and only if the condition “a* is
onto” implies “a is an injection™.

(iii) M is injeotive if and only if the condition “a is an injeetion”
implies “a* is onto”.

(iv) If a is an epimorphism, then «* i3 one-one.

(v) If o is one-one and M is a separator, then « is an epimor-
phism.



I1. SOME SPECIAL BICATEGORIES

§ 7. Table of examples

In the following table we have 12 examples of various bicategories
(definitions of objects, morphisms, injections ete.). Such a parallel pres-
entation points out analogies and differences. Of course, the table does
not exhaust all special cases in which projective and injective objects
have been investigated (explicitly or implicitly), but it contains bicate-
gories in which these notions seem to be especially interesting.

If an empty place is left, this means that the answer is not known
(this coneerns, in particular, characterization of injective and projective
objects if the only known characterization is that following from the
Universality Theorem).

More detailed discussion, explanation of terms and symbols and
gsome proofs are in § 8- § 13.

Four columns (1, 2, 7 and 9) are devoted to various categories of
topological spaces. Analogies between Colurns 1 and 7 are justified by
Stone’s representation theorem. Columns 7 and 8 are mutually dual as
well as Columns 9 and 10. Column 10 concerns a subecategory of the category
congidered in Column 11 and this, in turn, is a subeategory of that con-
sidered in Column 12.

Columns 3-6 form an independent group; Columns 5 and 6 concern
the same category but different bicategories.

§ 8. Topological spaces

8.1. There are several natural categories of topological spaces; we
shall consider only some full subcategories of the category of Hausdorff
spaces and continuous maps. The simplest case occurs when we consider
only discrete spaces and all possible maps; this category is presented
in Column 1 of the table and does not need any comment.

8.2. In the category of completely regular spaces(™) free and direct
joins coincide with disjoint unions and Cartesian products, respectively.

(22) This is the smallest category of topological spaces which contains an in-
terval and is closed with respect to subsets and direct joins. For general references,
see Kelley [2].
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1 2
) ' completely regular ‘
objects sets topological spaces groups
morphisms| arbitrary maps continuous maps homomorphisms
equiv- | homeomorphisms one-one onio
alences one-one maps onto | o, (isomorphisms)
inversion o o
property | Y8 n y
injections | one-ome maps into | homeomorphisms into | one-one into
surjections| maps onto onto onto
singleton, . . _
cosingle- smglot?n: smglet(fn: null object
ton one-point set ono point space
free join | disjoint union disjoint union free product
direct join| Cartesian product Cartesian product Cartesian product
basic free | \ inglet infinite cyelic
object F | 88 eton singleton group Z
basie
direct two-element set closed interval none
object D
free .
objects everyone discrete spaces free groups
direct
objects sets of power 20 cubes ™ none
projective
objects everyone the same as frec the samo as freo
injective .
objects everyone singletons only null object only
Map (A, D)| spaco of subsete of 4 | {ve0(4):0 <2 < 1} —
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b

8

locally compact

locally compact

objects abelian groups abelian groups abelian groups
morphisms| Lhomomorphisms continuous continuous
| homomorphisms homomorphisms
equiv- one-one onto . ) o
alences (isomorphisms) bicontinuous onto bicontinuous onto
inversion
property | ¥ no no
injections | one-one into bicontinuous into one-oneé into
R , open onto
surjections | onto onto a dense subset (quotient maps)
gingleton,
cosingle- null object null object null object
ton
free join restricted restrioted direct restricted direct
direct sum sum if loc. compact sum if loc. compact
direct join unrestricted Cartesian product Cartesian product
direct sum if locally compact if locally compact
basic free | infinite cyclic infinite cyelic infinite cyelic
object I’ group Z group Z group Z
basic , . .
direct Q/Z (rationals compact circle compact circle
object D modulo integers) group T group T
free : free abelian groups free abelian groups
objects free abelian group (discrete) (discrete)
direct “rational-toroidal” | toroidal groups toroidal groups
objects groups J7(Q/Z): (compact) (compact)
l
rojective YATCY i
P;;)jlctsw the same as free null object only (Z'r;(filite)
injective ™@g R" .
otfjectg divisible (n ;?nite) null object only
Map (4, D)| Hom (4, Q/Z) the character group the character group
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7 8 ]
0-dimensional _ compact Hausdorff
objects compact ‘spaces Boolean algebras spaces
Boolean .
morphisms | continuous maps homomorphisins continuous maps
equiv- homeomorphisms one-one ontlo lhiomeomorphisms onto
alences onto
inversion .
OH
property yes yes v
. homeomorphisms , 1 e -
injections | ;4o one-one into wmeomorphisms into
surjections | onto onto onlo
singletion, . . : .
oosingle. | Singleton: cosingleton: gingleton :
ton & one.point ret (0, 1)-algebra one-point seb
. Stone-Cech B Stone-Coch f
free join | disjoint union product [= sum] of disjoint nnion
direct o] . direct union .
jom | Cartesian produet [= product] Cartesian produch
bagic free | ot four-element inglotoy
object F singieton (0,1, 4, A")-algebra singloton
basio
direct two-point set cosingleton closed interval
object D
free . algehras with free .
objects f N or finite goiera,tors ANa or finite
direct
objects Cantor msets 2m nlgebras of all subsets [ cubes I™
projective | extremally oxiremally
objects disconnected disconnectoed
injective -
objects complele algebras
algebr e o )
Mep (4, D)| qroeny s of the Stone space of A the convox sel

closed-open subsets

(xe0(4):0 <z < 1}
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10

11

12

spaces 0(9)

objecls with § compact normed linear spaces | normed linear spaces
. ring homomorphiems| linear operators linear operators

morphisms| 146 ving units with |7 < 1 with |7 < oo
equiv- ring isomorphisms , . ) . isomorphisms
alences onto linenr isometries onto (in Banach's sense)
inversion o n
property ¥y ° no
injections - | one-one into linear isometries into | isomorphisms into
surjections | onto onto onto
gingleton, ingl

cosingle- | cosingleton.: null object null objeot
4 the real line

on

.. L. Cartesian product

free join | OUTS) L-join (for finite families only)

T . .. Cartesian product
diroct join | m-join m-join (for finite families only)
basic free , . .

object I 0(J), J = interval | real line E real line R
basio
direct cosingleton real line R real line K
object D
free finite dimensional
objects owm L(Na) or In spaces

direct m(Na) = O0{(8Na) finite dimensional
objects or oy m(Na) OF on spaces
projective

objects the same as free
injective gpaces O(S) with S | spaces O(S) with §

objects extremally discon. | extremally discon.

the set of Gelfand | the unit cell of the .
. the conjugate space

Map (4, D) homomorphisms conjugate space Jug P
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This category does not have the inversion property and there are scveral
natural ways to define a surjection-injection factorization. For our pur-
poses it will be the most convenient to assume injections to be homeo-
morphisms into and surjections to be maps onto. Then the closed interval
I is a strict b. d. o. Indeed, I is a separator by b.1, ¢very retract of I is
either a point or is homeomorphic to I and finally, if a set A is a separator,
then there is @ non-trivial continuous map from I into A; consequently,
A contains a Peano curve and hence contains an are as a retract (ef. Ku-
ratowski [1], § 24a, VIa, p. 237 and [2], § 46. II, pp. 185-186 and § 48. II).
I is strict because if p: A — B is onto and ¢*: Map(B, I) - Map(4, I)
is onto, then ¢ is one-one (by separation properties of continuous functions)
and hence we may consider A and B as the same set with two completely
regular topologies ,, 7, leading to the same space of real-valued bounded
continuous functions, whence 7, = 7,.

Thus the direct objects in this bicategory are Tikhonov cubes and
the Universality Theorem yields Tikhonov’s compactification theorem.
A one-point space is a strict projective b. f. 0. I is not injective because
Tietze’s theorem applies only to closed subsets and normal spaces ().

8.3. An interesting example is the category of real-complete spaces (**)
and continnous maps. A space F is called real-complets if it is completely
regular and for every point ¢ AE\ F there exists an (unbounded) continuous
function f: # — R that cannot be continuously extended to F v (1) (in
the topology induced by SE); an extensive exposition of tho theory of
these spaces can be found in the book by Gillman and Jerison [1)]. Let
us define injections as homeomorphic embeddings onto closed subsets
and consequently surjections as maps onto dense subsets. Then the in-
terval is & separator but not a strict separator (no compact space is
a strict separator, because if we consider the Stone-Cech embedding
B — BE as a surjection and take any function ¢: B — K, where K is
compact, then ¢ can be extended to ¢, : fE — K).

The half-straight line R, = {teR:t> 0} is a strict separator. Indeed,
let ¢ be a map of 4 onto a dense subset of B and let ¢*: Map(B, R,)
—Map(4, R,) be onto. Then ¢ must be one-one. Let ¢ = p,p;, Where
¢1: 4 > ¢(4) i3 one-one and ¢,: p(4) > B is the embedding map (g,
and g, need not be in the category, because p(4) need not bo real complete;
we consider them simply as continuous maps). Then ¢* — ¢}p;, whence

(*)) We may consider the bicategory of normal spaces with injections Dbeing
bomeomorphisms onto closed subsets. Then I is injective.

_(2‘) The term “real-complete” is due to M. Jerison; many other terms are in
use, in particular “Q-spaces”, “real-compact”, “functionally closed” (cf. Gillman
and Jerison [1]). We assume for simplicity that any cardinal number is non-mea-
surable (ef. ibidem); according to recent results this nssumption is much weaker
than non-existence of an inaccessible sleph (Scott [1), Tarski (.
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both ¢} and ¢; are onto. Thus p, must be a homeomorphismn and ¢(4)
is real-complete and dense in the topology of B. If p(4) # B, there would
exist, by well-known properties of real-complete spaces, a continuous
function a: ¢(A4) - R, withont 2 continuous extension to the whole of B
and this would mean that ¢*[Map(B, R,)]~ Map(4, R.); hence ¢ is
a homeomorphism onto B. Thus, B, is a strict separator and any retract of
R, which is a strict separator must be homeomorphic to R, (*).

If we apply 6.4 to this case, we get a well-known homeomorphism
from # real-complete space onto a closed subset of the Oartesian product
of a set of copies of E,.

8.4. The category of metrisable and separable spaces admits count-
able free and direct joins only. If we define injections- as bicontinuous
embeddings and surjections as maps onto, then & one-point set is & striet
b. £. 0. and a closed interval I is a striet b. d. o. (strictness follows from
the fact that if A is a dense subset of a separable metric space B and
t,e B\ 4, then there exists a bounded continuous real-valued function
on A with positive oscillation at ¢,). Thus the modified Universality
Theorem (with some countability restrictions) gives Urysohn’s embed-
ding into the Hilbert cube (**) and Borsuk’s theorems on absolute retracts
ag retracts of the Hilbert cube. No characterization of absolute retracts
is known (it is only known that in the full subcategory of finite-dimensional
spaces absolute refracts are characterized as contractible and locally
contractible compact spaces, c¢f. Borsuk [1], Kuratowski [2], p. 289,
Dugundji [1]). The unit interval is not injective unless we define in-
jections a8 mappings onto closed subsets. Then, however, surjections
are maps onto dense subsets and discrete spaces are not projective.

The categories of compact spaces and 0-dimensional compact spaces
are discussed separately in § 11.

§ 9. Groups. Abelian groups. Modules over a ring

9.1. The following categories will be considered in this section: ¢ —the
category of groups and homomorphisms, ¢z—that of abelian groups
and, more generally, #,—the category of left modules over a ring A
with a unit and /A-homomorphisms. All of them have the inversion
property and are bicategories in @ unique natural sense.

The Cartesian product (= direct product, unrestricted direct prod-
uct, unrestricted direct sum, complete direst product—according to
various terminologies) is a direct join in each of these categories. Free

(35) Tho question arises if B, is the smallest strict separator in the following
gonse: For any strict separator A there exists a retraction a: 4 -~ R, .

(26) This ie & homeomorphic embedding, not necessarily onto a closed subs.pn.ce,
though I is n strict b. d. o. in the second bicategory considered in. 8.4 (IXo is too

smell in this case and if we want to consider I8z, we have to consider non-metrisable
spaces and I is no longer strict).
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product is a free join in % and the direct sum (= restricted direct sum,
weak direct product) is a free join in each ¥,.

9.2. The null group is the only injective object in & (Baer [2], Theo-
rem 2), namely a group is a direct factor of every group containing if
ag & subgroup if and only if it consists of the unit only. At the same
time, a group is a direct factor of every group containing it as & normal
subgroup if and only if it is complete, i.e. without center and outer auto-
morphisms (ibidem, Theorem 1; ¢f. also Kurosh [1], §13). Some con-
sequences of this theorem resemble the Universality Theorem, but we
cannot say that complete groups are injective. There are several reasons
for it: Firstly, we might want to make ¢ a bicategory assuming injec-
tions to be embeddings of normal subgroups and surjections to be ho-
momorphisms onto subgroups generating given group as tho smallest
normal subgroup, but then surjections would not be epimorphisms.
J. R, Isbell has pointed out that the analgamated produet method (cf.
Kurosh [2], § 36) yields, for any subgroup @, of @, the existence of two
homomorphisms ¢: G — H and ¢: @ - H such that G, = {o: ¢(z) = p(m)}.
Secondly, if H, is a normal subgroup of H, and H, is a normal subgroup
of H,, then H; need not be a normal subgroup of Hy; if H, is not normal
in Hy, then the natural projection =: H,— H,/H, cannot be extended
to the whole of H,.

9.3. In either of the categories ¢ and %, if an object is a coseparator,
then it can be mapped onto Z and this homomorphism must have a cross-
section. On the other hand, Z is a coseparator and has no non-trivial
retracts, whence it is a b. 1. o.

Consequently, free groups are free objects in ¢ and free abelian groups
are free objects in 4. In both cases projective objects are the same as
free because any subgroup of a free group is free (Nielsen-Schreior Theo-
rem, cf. Kurosh [2], § 35 and § 36) and any subgroup of a free abelian
group is free abelian (ibidem, § 19).

9.4. The diserete oircle group 7T i3 an injective separator in ¥,
but it is not the smallest one. We shall show that the group Q/Z of the
rationals modulo integers is a b.d.o. in %,.

It is known (c¢f. Baer [1], MacLane [1], Kurogh [1], §23) that an
abelian group is injective if and only if it is divisible (sometimer also
called complete). It is true that not only direct but also frec joins and
quotients of injective abelian groups are injective (this is an example
of statements which are valid in 9, but not valid in other catogories).

Divisible groups have also the following nice characterization (cf.
?Iurosh [1], §23): Every divisible abelian group G is decomposable
into direct sums of a set of groups isomorphic to § and p*=-groups (p*
denotes the multiplicative group of all roots of unity whose degrees are
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powers of p, p being a prime number) and any two such .decompositions
are essentially unique, i.e. the powers of the sets of copies of each group @,
2%, 3%, 6%, ... do not depend on the choice of decomposition.

Thus, the group @/Z = }'p™ is injective. Further, let us notice the
following two facts:

(i) Q/Z is a separator. Indeed, by 6.1 it is enough to show that if 4
is any abelian group, a<A and a # 0, then there exists a homomorphism
a; A — Q[Z suoh that ¢(a) # 0. Let B be the cyclic group generated by a.
If B ig of finite order p}ipi2...pkn, then (by decomposition properties of
eyclic groups) there exists

a: B>—>p®...0p7 >—>Q/Z.

The homomorphism a, can be extended to a: B— @/Z and a(a) = a,(a)
# 0. If B is infinite, then it is free and can be mapped into @/Z so that
a is mapped onto any given element.

(ii) No non-trivial retract of Q/Z is a separator. Indeed, any retract
of Q/Z is of the form ) py’ where p,, p,, ... is a finite or infinite sequence

of distinct primes. Since every homomorphism of p§° into )’ p™ is the
P£po

zero-homomorphism, the only retract of @/Z which is a separator is @/Z
itgelf. The proof that every separator contains @/Z is analogous (the
homomorphic image of p™ is either zero or is isomorphic to p™); since
Q/Z is injective, if @/Z C A, then @/Z is a refract of A.

9.5. The ring A is obviously a coseparator in %, but it need not be
the smallest one. I owe J.P. Jans the following example. Let A be the
ring of all 2 X2 matrices with real-valued entries. Then

o) = 6o

yields the decomposition of A into two left ideals I, and L, which are
mutually A-isomorphic and are projective b.f. objects in %,. Thus,
L, is free according to the definition of § 6, but it is not free according
to the standard terminology (a free left 4-module is a free join of copies
of A).

It is known that @ = Homgz(A4,Q/Z) is a left A-module and is in-
jective (¢f. Cartan and Eilenberg [1], p. 30, Prop. 6.1a, Jans [1], Section 6).
Straight-forward argument shows that it is a separator, but not neces-
sarily the smallest one.

9.6. No group is a separator in ¢. J. R. Isbell has pointed out the
following example: Let & be any group and let H be an alternating group
of power greater than that of @; then any homomorphism #: H — &
is zero because H does not have any non-trivial normal subgroup (cf.

Hall [1], p. 61). Thus ¢ does not have any b. d. o.
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810. Locally compact abelian groups

10.1. Let # be the category of locally compuct abelian groups and
continuous homomorphisms. If {@;} is a family of such groups and all
but @ finite number are compact then the Cartesian product []@, is lo-
cally compact and is a direct join in 2. Similarly if all but a finite number
of @, are discrete, then the direct sum is locally compact and is a free
join in o°; both correspond mutually in Pontryagin’s duality (*').

10.2. We may consider 2" as a bicategory with two natural defini-
tions of surjection-injection decomposition: 1° Injections are bicontinuous
isomorphisms into (necessarily onto closed subgroups) and surjections
are onto dense subgroups. 2° Injections are one-one continuous homo-
morphisms into and surjections are open continuous homomorphisms
onto, i.e. quotient maps. Let us denote by >, and %', the bicategories
obtained in this way. They correspond mutually in Pontryagin’s duality
(if a: G- H is a X ,-injection, then a*: H->@ is a XA ,-surjection and
S0 on).

Perhaps the best approach is to consider &£ ag a tricategory (cf. § 15)
with the eanonical decomposition of a: @ = H as

@——> G[Keru > Iina

7 —‘>
quotiant bimarphism cmbedding

where Kere = ¢~ '(0) and Ime = a(G) C H.

10.3. The discrete cyelic group Z is a b. . 0. in & since it is a co-
separator without non-trivial retracts and if H is a coseparator, then there
exists a homomorphism ¢ of H onto Z (because every non-zero sub-
group of Z is isomorphic to Z). If ¢: H - Z is onto, then we can find
& cross-section ¢: Z — H mapping the number 1 (generator of Z) onto any
element of p~'(1), whence ¢ is a retraction.

Hence, by Pontryagin’s duality theorem, the compact cirele group T
is @ b. d.o. in &, This can be also checked immediately (every quotient
of T is equivalent to 7 and every homomorphic image is a guotient).
Thus the toroidal compact groups T are direct objects and the discrete
free abelian groups (duals of toroidal groups) are free in .

10.4. The group T is injective in ¢, but not injective in ¢ ,; Z is
projective in J,, but it is not projective in .#°,. Moreover, T is a strict
b. d. 0. in o, (by extension and separation properties of characters,
cf. Hewitt and Rose [1], (24.12)) but it is not striet in ¢ ,; dually Z is
strict in #'; but not strict in #7,. Indeed, if T were strict in o, every

N '(27) The question arises if this is the only case when a family {G} has a direct
Join in X, Cf. Hewitt and Ross [1], 6.4, 23.18-23.22.
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locally compact abelian group would be bicontinuously isomorphic to
a locally compact (hence closed and compact) subgroup of ™ The fol-
lowing argument explains better this phenomenon: Let G be any locally

compact non-compact abelian group; then the dual @ is not discrete.
Let (@) be @ equipped with the discrete topology and let b@ be the

compact dual of (@);. Then b@ is the Bohr compactification of ¢ (cf.
ibidem (26.11)-(26.14)) and the natural embedding »: @ — b@ i3 one-one
continuous onto a dense subgroup (whence a #°,-surjection) and the dual

A

map »*:(G);— G is one-one and onto though x is not an equivalence
(%: @ — b@ is not bicontinuous unless ¢ is compact). Thus, the Univer-
sality Theorem gives only a one-one continuous embedding of @ into
7™ (), Cf. Hewitt and Ross [1], 25.30-25.36.

10.5. Every injeclive object in X', is of the form T"@R" where m is
any cardinal number and n is finite. Indeed, R is injective (Hewitt and
Ross [1], Theorem (24.36)), whence T"@R" is injective. In order to
prove the converse statement let us assume that @ is injeotive in o,
and consider three cases: 1° @ is compact. Then @ is a closed subgroup of
T™ and hence a retract of 1™, by 4.2. Thus the dual of & is discrete and
is & subgroup of the free abelian dual }'(Z), of T™, whence it is also free
(cf. Kurosh [1], § 19) and consequently @ is a toroidal group. 2° @ is con-
nected. Then G is compactly generated and can be represented in the
form & = G,®R" where @, is compact an connected and » is finite (cf.
Hewitt and Ross [1], Theorem (9.14)); if & is injective, 8o is @,, whence,
by the case 1°, we get @ = T™@R". 3° If @ is not connected, it cannot
be injective. Indeed, let H be the component of 0 in &; it is a closed sub-
group. Suppose that ze G\H and let L be the group generated by .
Let a(1) = # determine a homomorphism a:Z — L. If G were injective,
there would exist an extension y: R — @ of a, the image y(R) would be
a connected subgroup of @, whence the group generated by y(R) and H
would also be connected, contradicting the definition of H.

§ 11. Boolean algebras. Compact spaces

11.1. The columns 7-10 of the table concern two dual pairs of close-
ly related categories having the inversion property. Duality between
columns 7 and 8 is established by Stone’s representation theorem. It
is clear that free joins of Boolean algebras (“products” according to Si-
korski [2] and “sums” according to Halmos [1]) correspond to direct
joing of 0-dimensional compact spaces (called also Boolean spaces) and
direct joins of Boolean algebras (“direct unions” according to Sikorski

—_——

(2%) Glicksberg [1] has proved that if a: @ — H is & one-one continuous homo-
morphism from @ onto H then either a is bicontinuous or o*: H — @ iz not onto;
this is & kind of strictness of 7' but in much weaker form.
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and “products” according to Halmos), oorrespond to free joins of the
corresponding compact spaces. The fact that g(S,) is & free join of {8}
follows from Stone’s extension theorem (c¢f. Gillman and Jerison [1],
p. 86) as B({US,) is 0-dimensional if all §, are 0-dimensional.

The Universality Theorem is known for Boolean algebras (cf. Si-
korski [2], pp. 40, 44, 46 and Halmos [1], § 30-32). It yields, in particular,
statements like: every 0-dimensional compact metric space i8 homeomor-
phic to a subset of 2%, every Boolean algebra can bo embedded into the
algebra of all subsets of a pet. Characterization of injective Boolean
algebras is due to Sikorski [1]. No characterization of projective Boolean
algebras is known. It is only known that every countably generated
algebra is projective; this follows immediately from the theorem that any
cloged subset of 28¢ is its retract (Sierpinski [1], ¢f. also Kuratowski [1],

. 169).
! Le)t. us notice that Stone’s duality between Boolean algebras and
Boolean spaces is obtained in either direction by A - Map (4, D)
where D is @ b. d. o.

11.2. Charaoterization of projective compact spaces is due to Glea-
son [1]; a simplified proof using methods of the Universality Theorem -
is due to Rainwater [1]. He calls f¥, a free compact space and charac-
terizes extremally disconnected compact spaces as retracts of free com-
pact spaces.

A closed interval I is a b. d.o. and the proof of this is analogous
to that of 8.2; thus, injective spaces are retracts of cubes I", but the
problem of internal topological characterization is open.

11.3. The free product in the category of spaces 0(8) and ring ho-
momorphismg preserving units can be expressed by the duality as C([]S)
but no simple immediate construction is known (this perhaps is the rea-
son why Banach’s problem if J(I) is isomorphic to its free square is yet
unsolved, see Banach [1], p. 1856). Direct products are just the m-products
defined in next section. Characterization of (conditionally) lattice-com-
plete spaces as spaces J(S) with 8 extremally disconnected is due to Na-
kano [1], (ef. elso Stone [2] and [3], Kantoroviteh, Vulih and Pinsker [1],
Chapter XIII) and they are precisely the injective spaces O(8).

Let us point out, however, that a space J(S8) may be injective in
the category of Banach spaces without being injective in the category
of spaces U(8) (see Amir [1], Isbell and Semadeni [1]).

The space O(S) is not exaotly Map(S, I), so the duality between
Columns 9 and 10 is not obtained with a b. d. 0., but we may easily get
this if we consider the spaces C(8) = {xe C(8):0 < @ <1} with res-
tricted ring homomorphisms; then Cf(F) =I where I is a one-point
set, and the set Map(0'(8), I) represents exactly the space § in the
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Stone-Gelfand theory; the homomorphism equal identically to zero is
excluded because all the homomorphisms of the category are assumed
to satisfy h(e) = ¢,, ¢ and e, being the units of the corresponding rings.

§12. Banach spaces. Linear topological spaces

12.1. Banach spacoes form two natural categories: If we admit all
linear (*’) operators as morphisms, we get a category in which two objects
are equivalent if and only if thore exists a linear bicontinuous operator
from one onto the other. If we admit only linear operators with ||T) < 1,
then two objects are equivalent if and only if they are equivalent in Ba-
nach’s sense, i.e. if there exists a linear isometry from one onto the other.
We shall call the lirst of these categories the category of Banaoh spaces
and the other the category of Banaoch cells (as it may be considered as the
category of the unit cells of Banach spaces and linear operators from
unit cells into unit cells).

If |||l is a coarser non-equivalent norm in <X, |[|>, then the map
a(w) = o from (X, || ||> to (X, || [l;> is 2 bimorphism but not equivalence,
so neither of the categories defined above has the inversion property.
We have two standard surjection-injection factorizations of a linear
map a: X — Y, namely map onto a dense subsot and embedding of a closed
gubspace or the quotient map and one-one meap into. For our purposes,
however, the most convenient is the simple onto-embedding factoriza-
tion which requires considering a larger category in which such a facto-
rization iy possible, so in the sequel we shall consider the bicategory of
normed linear spaces and that of the unit cells, with surjections being
onto and injections being isomorphical or isometrical embeddings, respec-
tively,

12.2. Given a family {X,} of normed linear spaces, the m-product
[the l-product] is the space X of all funotions z = {@;},r With z,e X,
(i.e. X is a subset of the Cartesian product) such that

ol = upllz || < o0, lall: = D lla | < oo,
ta’ teT

respectively (in the recond case all terms with except of a countable set
are equal to zero).

By straight-forward argument we show that m-product is a direet
join and l-product is a free join in the category of unit cells, but the
category of normed linear spaces admits neither direct nor free join of
any infinite set of objects. Indeed, in the definition of a free join we have

(3%) Throughout this paper linear operators nre assumed to be continuous.
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ag, = a;, whence |laj| = O(||o;l|) is & necessary condition in order that such
extension of the a/s be possible. Since {||o[|} is fixed, we can always find
{a;} such that the quotients la/|/|lod| are unbounded. Nevertheless, some
questions conocerning the category of normed linear spaces can be re-
duced to that of unit cells because if T 3 0 is any linear operator,
T/|T|| is of norm 1.

12.3. The real line R is obviously a b. f. 0. and b. d. o. simultaneously,
moreover it is strict in both cases. Strictness of & as 2 b. f. 0. is obvious,
strictness of R as a b.d.o. can be shown as follows: Let a: X - Y be
a linear map onto and let the dual map «*: Y*— X* be onto. Then a
must be one-one by separation properties of linear functionals and it
must be an isomorphism (c¢f. Mazur and Orlicz [1], p. 138), whence an
equivalence morphism in the category of normed linear spaces; an analo-
gous argument works in the case of unit cells because then the map
a*: {y*e X" Iy <1}~ {z*eX*:|jz¥|| <1} must be an isometry.

Let 1(N,) and m(N,) be the space of respectively absolutely summable
and bounded real functions on a set N, of power N, i.e. a free and direct
join of N, copies of a b. £. 0. and b. d. o.; we should call them a free Banach
space and a direct Banaoh space, respectively.

12.4. The injective part of the Universality Theorem for normed lincar
spaces is due to Phillips [1]. Characterization of injective objects in the
category of unit cells is due to Nachbin [1], Goodner [1], Kelley [1]
and others, cf. also Day [1], Chapter V, §4. Several characterizations
are known; the most important is the following: an object is injective
in the bicategory of unit cells if and only if it is equivalent to the space
of bounded real-valued continuous functions on a compact extremally
disconnected space S.

The class of injective objects in the bicategory of normed linear
gpaces is usually denoted by P. Such spaces must be retracts of direct
Banach spaces, but no characterization of them is known. There are
numerous papers on this subject and related questions on Boolean al-
gebras and so on, for the bibliography of this see Nachbin [2], Isbell and
Semadeni [1], Semadeni [3]. Let us notice that there exist injective
Banach spaces which are not direct (cf. Pelezynski [1], p. 223).

12.5. The problem of lifting linear operators was considered by
Grothendieck [2] and Nachbin [2]. No characterization of projective
objects in the bicategory of normed linear spaces is known, but for the
unit cells the situation is simple, namely every projective object is free
in this case (). Indeed, by the Universality Theorem it is enough to show
that if X is a subspace of a space ¥ = I(N,) and there exists a projection

(3°) The projectivity of I(Ny) is due to Koéthe, the converse theorem to Grothen-
diock ([2], p. 6568).
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e: Y — X with [l¢| = 1, then X iy also free, i.e. X is equivalent to a space
I(N,). I a: ¥ — X has norm 1, then o*: X*— Y™ is an isometry admit-
ting a retraction y: ¥* — X* of norm 1 as well, defined as the restriction
of functionals of ¥* to the subspace X. Since ¥* = m(N,), X* must be
injective in the bicategory of unit cells whence, by a theorem of Grothen-
dieek ([2], p. B64), X is an L-space. On the other hand, ¥ has Schur's
property (i.e. weak and strong convergences are equivalent in ¥, cf.
Banach [1], p. 137) whence so does X. Since any L-space with Schur’s
property is equivalent to & space I(N,), X is free.

The fact that overy Banach space is a quotient of a free Banach
space is an immediate generalization of a theorem of Banach and Mazur
([1], p.111) that every separable Banach space is & linear image of
I = I(N,). Every scparable projective Banach space is a retract of I,
whence either it is finite dimensional or it is isomorphic to 7 (cf. Pel-
czynski [1], p. 213).

12.6. Let % be the category of locally convex (Hausdorff) linear
topological spaces. The Oartesian product is a direct join in % and the
direct sum (%) is a free join.

The real line R is & b.f. 0. and a b. d. o. simultaneously, but it is
not a striet b. d. o. (under the usual onto-into definition of the bicate-
gorical decomposition) because different locally convex topologies may
lead to the same class of linear funotionals. I is injective and projective
simultaneously.

R is a strict b. d. o. in the subeategory of those spaces (X, r) for
which the topology 7 is identical with the weak topology ¢(X,X*) where
X* is the dual of (X, r); such spaces form pairs weakly dual in the sense
of Dieudonné [1].

Free objects are the linear spaces with the finest topology (all addi-
tive operators being continuous) and direct objects are product of lines
with the product topology (free and direct objects are mutually dual
here).

Similar reasonings are valid for a locally convex space with a partial
order determined by @ cone (injectivity of R has been proved by M. Krein
(1], ef. also H. Bauer [1]).

§13. Two-norm spaces and linear spaces with mixed topology

13.1. A lnear spaoc with mized topology (abbreviation: MT-space)
is @ triple (X, || |, =*) in which <X, || ||> is a normed space and 7* is a lo-
cally convex (Hansdorff) topology in X such that the topology of |||
is finer than t* (i.e. the identity map (X, | ||> = <X, =*) is continuous)

Y B—y the direct sum of {X;} we mean the space X consisting of all functions
* = {m}, ;e X, teT, such that {t:ay # 0} is finite for each z; the sets {z: Zjlzlls, < 1},
where || s, are any pseudonorms in (X, ;) form a hasis of neighbourhoods in X.
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and the function a(z) = |jz| is lower semicontinuous on (X, ), i.e.
the cell § = {weX: |lzf] < 1} is closed in <X, z*). If ¢* is metrisable, then
we can introduce a norm | |* in X which gives the same topology on §
ag v*; this yields a y-normal two-norm space (cf. Alexiewicz and Semadeni
[2] and [3]).

An operator ¢ from <X, || ||, v*) to a linear topological space (Y, 7>
is called y-linear if it is additive and homogeneous and its restriction ¢ | §
is continuous as & map from <8, v*) to (¥, 7). An operator ¢ from
(Xl s T3> 60 (Xay || lley 73 is called y-y-linear if it is linear as an operator
from <X,, [{h) to <X, |,y and the restricted map ¢ |8y {8y, )
— (X,, 73> is continuous, where §; = {peX,: |[of, <1}.

Let us denote by = the space conjugate to <X, | ||> with |§| =
sup{é(x): weS}, by & the class of all y-linear functionals on X, || ||, z*)
and by 5* the class of all linear functionals on (X, 7*). Obviously,
E*CECE.

Let us recall the following theorems:

13.2. (WI1wreER'S THEOREM). There ewists a unique locally conver
topology <, in X with the following properties:

(i) =, is finer than ™ and coarser than |||
(ii) = and 1, cotncide on 8.

(iii) For any locally convex space <Y, ), an addiiive operator ¢: X — Y
is y-y-continuous if and only if it is oontinuous from (X, z,) to (¥,7)
(cf. Wiweger [1] and [2]).

13.3. The dual space of {X,t,) ooincide with E” and the strong to-
pology B(E"; <X, ,)) is just the topology of the norm || induced by Z
(cf. Alexiewicz and Semadeni [3], p. 280).

13.4. For every weX the identity
loll = sup {&(2): e E%, |IEI <1}

holds (cf. Alexiewicz and Semadeni [2], p. 124; this can be also deduced
from some general theorems on representing lower semicontinuous con-
vex functionals as upper envelopes of families of linear functionals).

13.5. (GROTHENDIECK’S THEOREM) E” 48 the olosure of E* in (=&, | ||
(ef. Grothendieck [4], Bourbaki [1], Chap. IV, § 3, No. 4, BBx. 2, Alexiewicz
and Semadeni [1] and [2], p. 130).

An MT-space X is called y-compact if (8, 7*) is compact; X is called
y-reflexive if every linear functional 3 on (E7, || || is of the form 3(&) = &(2)
for some z¢X.

13.6. Every y-compact MT-space is y-reflexive (cf. Alexiewicz and
Semadeni [3], p. 286).
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Proof. Let 3 be a linear functional on (&%, | (D, |3l <1 and let
n
A(lyy ooy ) = ’ﬂl {weS: & (x) = §(&)}. By a theorem of Helly (cf. Day

[1], p. 38), each set A(.fl, .vsy £») 18 DONn-empty and closed for any finite
sequence &,,...., §,eE” (Helly’s theorem may be applied to a Hahn-
Banach extension of 3§ to E). (§,t*) being compact and A(&, ..., &,)

n
= (N4 (&), the intersection of all A(&,, ..., &,) containg an element 2
w1

such that 3(&) = &(2) for all £e 57,
13.7. Given a set <X, || |l, ©), teT, of MT-spaces, l,-join of {X}
ig the set X of all functions @ = {@;},,» such that »,¢X; and

loll = D llogfle < oo,
teT'
with the topology =* determined by the system of neighborhoods of
zero of the form

foe X: 3y, < 1
i

where || fl;, is any psendonorm of the topology 7 such that |z, < fladl,
for all ;¢ X,. Let us show that § is 7*-closed in X. Suppose that y = {y.} ¢S,
i.e. Dyl =14+26, 5 > 0. Then we can select a finite system 2,,...,1,
of indices such that || J¢1||11-|— .+ e, lle,, =1+ 9. If y were the hmlt of
a Moore-Smith sequence (y )} of elements of 8, then Yy, would be the
limit of (yf}) for k =1, ..., n, whence

n

lim )] > Yim 2 iy, = D Lm gl = 3 lyyly, > 1+ 6.
k=1

kw1

'l‘he m,-jotn of {X,} is defined as the space of all bounded functions
2 = {@},y With |@|| = sup {||jz,|,: eI} and the topology r* induced by
the product topology of []J(X,, .

13.8. The m,-join of any family of y-reflexive MT-spaces is y-reflexive.

Proof. Let <X, ||, z*) be the m,-join of the family (X, | [, =,
tel. Then £* iy the free join of Z;' in the sense of 12.6, i.e. each &eZ*

is of the form & = )&, where £,¢ 5/ and the summation is actually finite.
le7'
Further, |||l = sup|lzl, yields ||&] = D&, whence the completion of
[]

CE* || |I> is the l-join of the completions of (57, | [y, i.e. <&Z%I|> is
a free join of the spaces (=, || [l.), in the category of Banach cells. Thus,
any linear functional 3 on (&, ||||> is determined by g, t¢T, where
denotes the restriction of 3 to £, Since §(&) = £(z) for £e5f with some
ze X, and sup|z|| = sup(lall = |3l = |l2(, the function z = {z};,z belongs
to X and (&) = &(2) for all £e 2"
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In the sequel we shall consider the following categories: &/ —that
of all MT-spaces and y-p-linear maps, &, #,,#n—full subcategories
of y-reflexive, y-compact MT-spaces and of y-norrna.l two-norm spaces,
respectively, &,y =, ~Fp, ote. Further, & , 7, ... will denote the
subcategories of &,,,... with the restriction that a.ll y-y-linear maps
in the question be of morm <1, respectively. Injections in «,«,,.
will be -y~1somorphlsms onto y-closed subspaces (i.e. linear maps fp
such that ¢ and ¢~': p(X)—> X are y-y-linear); injections in «/? .m',’,
will be y-1somorphmms onto y-GlObOd subspaces, which are isometries Wlth
respect to |||l (X, is y-closed in X if X, ~ § is cloged in (X, ¢*)).

13.9. The 1,-join is a free join and the m,-join is a direct join in s/,

We omit the straight-forward proof. Let us notice that for .« we
have the same difficulties as for Banach spaces.

13.10. The real line R is not injective in &,. In other words, there
exists a normal two-norm space X and a y-closed subspace X, of X such
that some yp-linear funetionals on X, cannot be extended to y-linear
functionals on X (Semadeni [1]).

13.11. The real line is injective in «,. Specifically, if X, is a y-closed
subspace of a y-reflexive MT-space and £, is any y-linear functional on
X,, then for every £ > 0 there exists a y-linear fuctional & on X such
that &(@) = &)(w) for weX, and ||é|| < (1-+¢)||&l. The proof is quite
analogous to that in the case when 7* is metrisable (Semadeni [2], Theorem
6, cf. also Wiweger [2], Theorem 26.5 and [3])(*).

13.12. The real line is not injective in #s,. Specifically, there exists
a normal y-compact two-norm space X and a y-cloged subspace X, of X
such that certain y-linear functionals do not admit any y-linear norm-
preserving extensions to the whole of X. In other words, the number &
is indispensable in 13.11.

Proof. Let (X, | |> be any separable Banach space with non-sep-
arable conjugate (Z, | |>* There exists an equivalent norm |||, in X
such that (%, | |;> is rotund (i.e. strictly convex, c¢f. Klee [1], p. 56).
There exists || ||* such that <{X,|| [, || [*) is normal and y-precompact,
whence (&%, |||,> is separable and £" # & (ef. Orlicz and Pték [1],
p. 63-64). By a theorem of Bishop and Phelps [1], there oxist &,e 5\ 5"
and @ X such that |1&]] = o = &o(@s) = 1. Leb <Xy, | Iy, Il I*> be the
y-completion of (X, |||, ||||*); it is normal and y-compact and & has
& unigue norm-preserving extension to a y-linear functional &, on (X, | I|;,
"> (ef. Alexiewicz and Semadeni [3], p. 282 and p. 288). Let X, be the
one-dimensional subspace generated by x, and let 5, be the restriction of

() A generalization of 13.11 was published by A. Persson, A generalization
of two-norm spaces, Arkiv fér Mat. & (1963), p. 27-36.
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£, to X,. Obviously, 7, i8 y-linear (on X,). Let 5, be any norm preserving
extension of 5, to the whole of X, and let » be the restriction of %, to X.
Then £, and n are two norm preserving extensions of 7, to X. Since
(&, | ll,> is rotund, all Hahn-Banach extensions in (X, |||, are unique
(cf. A.E. Taylor [1], Phelps [1]), whence &, = 5 which prove that %
and %, are not y-linear.

Let !(N;) and m(N,) denote the I,-join and m.,-join of ¥, copies
of R, respectively.

13.13. m(N,) is injective in o,.

In the proof we cannot apply 4.3 because m,-join is not the direct
join in &, (nor is R injective in s;), but we may modify slightly the usual
proof for Banach spaces because 13.11 gives a uniform estimation of the
increase of the norm; details are omitted.

13.14. B is a b.f. 0. and a b. d.o. in all the categories comsidered in
this section; it is a strict b. d. o. in &7, but it is not striot in <.

First and third of these statements are trivial; second is a conse-
quence of the inversion theorem for y-compact spaces (cf. Alexiewicz
and Semadeni [3], p. 288).

13.15. Each y-compaoct MT-space 8 y-isomorphio to a y-olosed subspace
of a space m(N,). The space m(N,) s universal for normal y-compaot two-
norm Spaces.

First statement follows from 3.14 and 5.4; the proof of the other
is similar, see Semadeni [4].

13.16. A y-compact MT-space is injective in o, if and only if it is
a y-relraot of a space m(N,).

13.17. Let (X,, || |l1, 73> and (X,, || lls, T3> be two y-compact MT-spa-
oes and let 57 and 5} be the oorresponding seis of y-linear fundtionals. Then
every linear operator T: (Ey, || 1) = <{&a | |lz> 18 induced by a y-y-linear
operator U: X, —> X,.

We omili the proofs.

13.18. The categories o ., ¥ me, sy Ay aré dual to the categories of all
Banach spaces and of separable Banach spaces, with ||T|| < oo and [T <1,
respectively. This duality is obtained by (X, | |, =*> = (&%, [ |I) is one
direction, and by (X, || > = <&, ||, (&, X)) in the other.

This follows from our previous considerations. Indeed, if (&, ||>
iy the conjugate of (X, || |> and 3 is & linear functional on <&, || ||> whieh
is continuous on X = {£e5: ||&| <1} with respect to o(F,X) and if
H = {£cF:3(£) = 0}, then H ~ X' is closed in (&, (&, X)), whence H
is closed in (&, o(Z, X)) (cf. Day [1], p.43) and 3(£) = £(2) for some
zeX. Thus, all theorems about categories of Banach spaces have their
duals valid for y-compact MT-spaces.



APPENDIX

§ 14. Remarks on subobjects and injections

14.1. The purpose of this section is to discuss the following quostion:
Given a concrete category X, how to define injections and surjections
in order to get a bicategory. The class of surjections is determined uni-
quely by the class of injections, so we have only to discuss injections.
Natural definition of an injection A >—> B is an equivalence A >—>> 4,
onto a subobject 4; of B composed with the embedding of 4, into B.
This means that we should precise the notion of a subobject; in general,
this notion may be optionable. E.g. in the category of topological groups
a subobject may mean any subgroup or any closed subgroup.

The following definition seems to be reasonable (though it is not the
only acceptable). B is called a subobject of A in a concrole category
over & if the following conditions are satisfled:

(i) BCA, Aed, Bed.

(ii) The inclusion embedding ey p: B — A belongs to .

(iii) If ¢: C — A belongs to A and ¢(0)C B, then ¢: 0 — B also
belongs to .

(iv) If 2¢ A\ B, then there existan object ¢ and morphisms a: 4 - C
and f: A — C such that a(u) = f(u) for ueB and a(w) # f(2).

14.2. The last condition may seem to be too restrictive, It elimni-
nates e.g. the non-closed subsets in the category of topological spaces.
The following example, however, shows that conditions (i)-(iii) yield
subobjects that we do not want to consider as subobjects (33).

Consider the categorylr of Banach spaces and linear operators and

spaces L, with (], = ([|&(t){’d)'”, p > 1. The embedding <L, | lla)
0
= (Ly, || ll;> i8 continuous and (i) and (ii) are obvious for 4 = L, and

(*) There is a natural embedding of L, into I, based on the faci that the condi.
tion |lzllz < oo implies Jizfh < oo, whence I, C L,, but L, is not a subspace of L,
because not only L, is not closed in I, but also the topology induced in L, by I
does not coincide with that of L,.

We can find, howsever, another embedding of L, onto o closed subspace of I,
(applying Rademacher functions and Khinchin inequality, c¢f. Kaczmarz and Stein-
haus [1], p. 132) and in this sense L, is & subspace of L.
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B = L,. In order to prove (iii), let us consider any linear operator « from
a Banach space (X, || |> to (L, | [l;> with values actually in L,. We have
to prove that a is continuous as operator from (X, | ||> to (L, || |la)-
Let ¥ = a~'(0) be the kernel of a. Z = XY is a Banach space and a
induces a linear operator y: <{Z,| |lz) - <Ly, || |l,> defined by y(w+ ¥)
= a(®); y is one-onc¢ and continuous map onto a(X) = H. Define, for
feB,

Ifllz = Ny~ (Nllz = inf{llal: a(2) = f}

and |IfiI* = [Ifllz 4- lIfll;- Both norms |||l and |||, are stronger than ||,
on K and || ||z is complete on K. We shall show that (I, | ||*) is also
complete. Let |[ify—f,l*—>0 a8 p,q— co; then [f,—folz— 0, whence
ifp—f'llz = 0 for some f'eI. On the other hand, ||f,—fdll.— 0, whence
Ifp—F"lle—= 0 a8 p — oco. Since |f,—f|,— 0 and ||f,—f"[; = 0, we infer
fr=r" and |f;—FfI*—0.

Thus, both <(Z, | |z> and <&, | |*) being complete, by Banach’s
inversion theorem both norms are equivalent, whence y:Z — (E, || [s)
is continuous and a: X — (¥, | |,> is continuous as well.

14.3. We shall assume that X satisfies the following conditions:

(i) If B is a subobject of A and C is a subobject B, then C is a sub-
object of 4.

(ii) If B is a subobject of A and ¢: A — C is an equivalence, then
@(B) is a subobject of C.

(iii) The intersection of any family of subobjects is either a sub-
object or it is empty.

(iv) If p: A—> B and y: A B are any morphisms in 2, then
{ted: p(t) = (t)} is a subobject of A or is empty.

If W is any subset of an object A, then the intersection M (W)
of all subobjects of A containing W will be called the subobject generated
by W. Of course, M ,(M,(W)) = M 4(W).

14.4. If W generates an objest A and if two morphisms ¢: A — B and
y: A — B coinoide on W, then ¢ = .

This follows from condition (iv) of 14.3.

14.5. If p: A > B is a morphism and W is any subset of A, then
(M4 (W) C Mplp(W)].

Proof. Let aeM (W) and b = ¢(a). If b were not in Mgx{p(W)],
there would exist an object ¢ and morphisms B, : B+~ C and §,: B—~C
such that f,(u) = B;(w) for wuep(W) and B,(b) # B.(b). Let a, = fy¢
and a, = f,p. Then a,(2) = a,(z) for z¢W and a,(a) # a,(a) contra-
dicting 14.4.
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14.6 Suppose that & is a category over & and the conditions of 14.3
are satisfied. Let us call a morphism a: B — A an injection if it is of the
form ¢ = &40 where f: B~ C is an equivalence and eq0: C—> A is
the embedding map of an subobject C of 4; then & morphism d: B— A
is a surjection if M,[4(B)] = A. Then X is a Dbicategory in virtue of
14.4 and 14.5.

14.7. Suppose that o is o category and %, and %, are two bicate-
gories obtained from " (i.e. &, and %, have the same objects and mor-
phisms but perhaps different surjections and injections). We ghall write
#, 3 @&, it for any two objects A4 and B and any morphism a: 4 — B
the following condition is satisfied: If « = fy#; and a = fiym, are two
surjection-injection decompositions in %, and ,, respectively, then
there exists a bimorphism ¢ from the range of s, to the range of =, such
that f,p = B, and gz, = m,, i.0.

It is easily seen that <3 determines a partial order in the family
of all bicategories obtained from .

14.8. The bicategory & defined in 14.6 is smaller with respeol 1o < than
any other bicategory obtained from .

Proof. Suppose that a: A —> B is a morphism in#" and ¢ = Mzl a(4)];
then the decomposition of a in #is ¢ = fn where n: A — O is defined as
n(z) = a(2) for me A and f = epe. Suppose that a = f, 7, is a decomposi-
tion in another bicategory #%,, where f§,: C;,—~ B and =,: A — C,. Fimst
we shall prove that §,(C,) CC. Let @¢¢C; then, by the condition (iv) of
14.1, there exist morphisms §,: B— D and &,: B— D such that 4,(u)
= 8,(u) for ueC and 68, (z) # 6,(x). Hence 8, a = d,aand §,8,n, = 8,0:7,.
Since x, is an epimorphism, 4,f, = 6,5;. If thore existed yeC, such that
@ = f,(y), we should have a contradiction 4,(z) = §,8,(v) = 3.$.(y)
= d,(2) with §,(x) # 8,(). Define ,: C, — O by the formula f,(e) = f,(¢)
for 0e0,. We have to show that f, is a bimorphism. Since ,(0,) = ,(C,)
Da(4) and 0 = Mp(a(A4)), B, is an epimorphism. To show that it is
9 monomorphism, consider any morphisms 9, : B — 0, and y,: ¥ —> C,

such that B,y, = f,ys. Then By, =.epof>y: = epcPeye = f172, Whonee
y; = y, because B, is left cancellable.

14.9. If #, 3 %, and Q 1is injective in B,, then Q is injeclive in %,.
Proof. Given a: C; > @ and a 4, -injection f,: C,>—> B, we can
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find a factorization f, = flym, in %, and a bimorphism ¢: ¢, — 0, such
that f,p = f.. @ being injective in #,, there exists y: B — @ such that
yBs = ap, whence ap = yf, = yp,p and ¢ = yf, a8 ¢ is right cancellable:

§15. Tricategories

15.1. We shall give here an axiomatic definition of a tricategory (**).
A tricategory is a clasy  which is the union of four classes: & (class of
morphisms), € (law of composition of morphisms), # (class of injections)
& (clags of surjections) satisfying the following axioms:

(By) FCH, SCH, H~nE =0, €CAHAXAXA .

(A,) For every aeX and fleX there is at most one y ¢4 such that (a, B, y)
belongs to €; such a is designated by Pa, if it exists.

(Ag) If ap and By exist, then (afl)y and a(By) exist and are equal; if
(af)y exists, so does By; if a(fy) ewists, so does af.

A morphism ¢ is called an identity if it satisfies the following condi-
tions: If y e and ey exists, then ey = p; if p e and pe exists, then ge = p;
ge exists.

(As) Tor each peK there cxist ideniities e, and e, such thal pe; and
ey ewist.

The identities &, and ¢, in (A;) have been shown to be unique. They
will be called the domain and the range of ¢ and denoted by d(p) and ¢ (p),
respectively. The terms equivalence, epimorphism, monomorphism and
bimorphism are defined as in §1.

(Ay) For each pair e; and &, of identities the olass of all ¢ suoh thal
8(p) = &, and o(p) = &, s a set (¥).

This get will be denoted by Map (s, &).

(As) Bvery surjection is an epimorphism; every imjection i8 a mono-
moyphism.

(A¢) The composition of two surjections 18 a surjeotion and the compo-
sition of two imjections is an injection (if they ewist).

(®4) This torm hps been used by Isbell [2], p. 121 in his remarks on categories

of topological spaces. Cf. also Sonner [1], Proposition 10.
(%) It is possible to construect an example showing that (A4) is independent

of (Ag)-(A,).
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(A;) Every morphism ¢ oan be uniquely written in the form ¢ = afy
where y i8 a surjection, f a bimorphism and « i8 an njection.

(A,) For every identity e, the class of all surjections ¢ such that d(p) = ¢
and that of all injeotions v such that p(y) = & are sets (*).

15.2. We may also introduce an additional axiom as follows. An
ortho-category is the bicategory %, obtained from J by defining ortho-
surjeotions a8 compositions of surjections and bimorphisms (i.e. those
maps which have an identity as the third factor in the canonical de-
composition of axioin (4,)) and ortho-injeotions as injections of 7 ; a para-
category is the bicategory % oo Obtained from 7° by defining para-sur-
jections as surjections of I and para-injections as compositions of bi-

morphisms and injections of 7. We may assume
(Ag) Bopn 18 the smallest and £, s the largest in the sense of 14.7.

15.8. As a typical example let us consider the decomposition stated
in 10.2; then in Column 5 of the table we have an ortho-category and in
Column 6 we have a para-category. This enables us to use such
terms like “the ortho-category of locally compact abelian groups”
and so on. ’

The notions ortho-para are obviously dual, but the following example
shows that this dunality must be understood in “axiomatic” sense.
Oonsider the category of Banach spaces. If a: X — Y is an isomorphism
(onto a closed subspace), then «*: ¥* - X*is a quotient map. If g: X - ¥
is onto dense subset, then f*: Y* — X" is one-one, hence “ortho” goes
to “para”. Now, if a: X > ¥ is a quotient map, then o*: ¥*— X* is
an isomorphism but if f: X —» ¥ is one-one, 8*: ¥* — X* need not be
onto a dense subset, e.g. consider f(v) =« as a map from L, to L,.

15.4. Let 7 be a tricategory. Then

(i) A morphism- ¢ is an ortho-injection [ortho-surjection, para-injec-
tion, para-surjection] if and only if every ortho-surjection f [ortho-injection «,
para-surjection B, para-injeotion a, respectively] such that ¢ = af, i8 an
equivalence.

(i) If af 48 an equivalence, then a i8 a para-surjection and P is an
ortho-injection.

(%) Axioms (A;) and (A,) follow MacLane'’s concept of a bicategory and do not
agreo with axiom (iv) in 1.3 that follows Isbell’s treatment in which any object €
equivalent to a subobjeci B of an object A is also considered as & subobject of A.
Axioms (A;) and (Ag) mean that this identification is abandoned. E. g. the calegory
of all sets and all maps forms a tricategory if we define the canonical decomposition
of p: 4 —~ B us follows: p = ufy where a is the embedding ¢p p4): @(4) — B, v i8
the quotient map of A onto C = (p—!(b):bep(4)} and § is the natural map from C
onto @(4).
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Proof. (i) is a special case of a proposition of Isbell ([2], p. 116).
Tn order to show (ii), let us assume that «f is an equivalence and a = a;a,q,
and f = faf.f, are the decompositions according to (A;). Since of is an
ortho-injection and #,8, is an ortho-surjection, (i) can be applied to af =
(a3zpay B3)(Pef,) and f,f, must be an oquivalence which means that
f is an ortho-injection. Similar argnment, shows that a,a, is an equiva-
lence, too; compare (**).

15.5. If an injection is an epimorphism [a surjection 18 « Mmonomor-
phism], then it is an identity.

Proof. Let us identify identitios with objects; technically we write
all identities as ¢, where A runs over a class & of indices (.« may be just
the class of identities), and these indices are called objects. If s, = d(a)
and ¢ = o(a), we write a: A - B.

Suppose that f: A » B is an injection and an epimorphism simulta-
neously. Then f = epfie; and f = feq e, are two decompositions which,
according to (A;), must coincide, whence f} = ep = 4.
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