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Double integrals involving Legendre functions

by B. L. SHARMA (Nigeria)

1. Introduction. In this paper we prove a theorem in operational
calculus and use it to evaluate double integrals involving Legendre func-
tions. The results obtained are believed to be new.

We write

f(p) = k(1)

when
(1) f@y=p [ evhyar,
[1}

provided that the integral is convergent and E(p) > 0.

2. TuEOREM. If

p(p) = h(})
and

p(p) = K (bt) K (ct) h(Y)
then

@) [ @@= —1) P y0) P ) (a+ b+ oy) M
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provided the inlegrals are absolutely convergent and R(a) >0, E(b) > 0,
E(¢) >0, B(a) >1, B(u) > 1.

Proof. By definition, we have

o(p)=p [ ePh(t)dt,
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then
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by (1), when changing the order of integration and evaluating the inner
integrals by means of the formula ([3], p. 323; Equation (11)). The change
of the order of integration can be justified by the application of de La
Vallée Poussins theorem ([1], p. 504) when the integrals involved are
absolutely convergent.

3. Integrals. If we take ([4], p. 342)

(3  hy=r"t) = ]/gp(pz—l)‘*‘m-i(m = 9(p),

R(e+d)>—3%, R(p)>1,
then from ([5], p. 86)

(4)  THTIEH(bt) K (ct) h(2)
= T g (bt K (et) I(t)

ZZF(—ﬂ)F — v I'at+p+tot+v+p+96— Hc’bﬁx
T(J—|—1)p“+ﬁ+l‘+9+'+5—7(2)ﬂ+v+a+2
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ch[%(a+ﬂ+#+e+v+6—l Hat Bt vt 0— 1);
2
B+1, v+1, d+1; %r;_zfj%]='l’(p)v

R(a+u+e+0+pt+v—4)>0, R(p+b+c)>1;
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using (3) and (4) in (2), we have

[ [ @—1ty —1) (et bo+ epP-177tox
11

X Pp_3(z) Py y{y) Q5-1(a+ b+ cy)dady

Z 2 (=BT (— )T (a+ u+ o+ v+ p+0— 1))+ Hey*
) F(a_l_l)(a)a+u+a+v+ﬁ+o—;(2)p+,+o+%l/;

X

X Bl Ha+B+atetd+v—1), Hathtutototv—i;

b2 ez 1
E’E’EE]’
valid for R(a+u+o+d+p+v) > %, R(a) > 1, B(a) > R(c), R(a) > E(b).
Now we take ([2], p. 198)

f+1, »+1, 641;

6)  hit) =t K1) = ]/gr(eiw%)p(pz—l)‘*"P;_u(p) = 9(p),

R(e+8+1)>0,R(p+1)>0.
Also from ([5], p. 86)

(7) T Ky(bt) K (ct) h(t) = t=+ere K (o) Ky(bt) Ky(t)
_222”— AT (=8I (—»T(a+pte+r+p+s—Hb'e

(2)ﬂ+7+0+2(P)a+ﬂ+p+e+v+0 3

B,—B8,-68 v,—»

X B]$a+ b+ p+ e+ or—1), ok gtk et b0

2
B41, w1, 6-4+1; 1] v(®),

pz’p”pz
R(a4+pu+o+v4p+6) >4, R(p+c+b+1) > 0;
using (6) and (7) in (2), we get

f f —1) by 1)‘*"[<a+bw+cy)*—1]‘*°x

11
—3{@) P_3(y) Ps2y(a+ bw+ cy) dz dy

ZZ’ 1F(a+ﬂ+9+v+ﬁ+6 %)I‘( ﬂ)I‘( 6)]"( 1’)(b)“+p %(c)“""_i
—h I'(e+6+1%) (1:)“’2(2)#+-+o+i(a)a+m prerrio=}

ch[z(a+ﬂ+e+v+ﬁ+5—%),%(a+#+e+v+ﬁ+ﬁ 1

b* ¢ 1
B+1, »+1, 6+1; ' o’ a”]’

valid for R(a+u+e+v+p1+6) > &, R(a) > 1, R(a) > R(c), R(a) > R(b).
il
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