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On the convergence of iterates

by M. Kuczma (Katowice)

§ 1. Let z be a real or complex variable and let f(x) be a function
defined in a neighbourhood of a point a such that f(a) = a. We assume
that the derivative f'(a) exists and we write f'(a) = s. For a given z, we
define the sequence of iterates x, by

(1) Tn+1 = [(@a) .
Let,
R={z: |[z—a| <},
R={z:0<|z—0a|<r}.
A part of results contained in Theorems 2.12 and 2.13 in [1] may be for-
mulated as follows:
Let 0 < 8] <1 and let

(2) If(z)—ea| < |z—a| for xeR*(Y).
Then the limit
(3) lim lmﬂ+1°—mﬂl

00 I-’L'n—fvn-ll
exists (where the ratio under thelim sign is defined as zero whenever Tn = %p,)
and, moreover,

. T —
(4) hmu“—"‘ = ls] .
n—oo [Tn— Tn_1|

The proof is based on the following scheme. Put

Tpy1— @
(5) $p=—
Tp— @

($n = 0 if x,4y = a); then lim s, = f’(a) = 8. We have
nN—=00 1]

(6) Znt1—Zn _ (Zny1—a)— (Tn—a)
Tn— Tn—1  (Ta— @)— (Tpn_y— a)

_ (sn=1)(zn—a)  (8p—1)8p—
" (8n—1—1)(Zn-1—a) T 8y —1

(*) (2) is authomatically fulfilled if |s] < 1 and 7 is small enough.
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whence
(8n—1)8s—
8p—1— 1

Tpy1— Tn
Tn— Tp—1

= lim

n—>-oo

lim
n—00

= |8].

Now, this inference evidently fails if 8 = 1. What is worse, the result
itself is not true either. It is the purpose of the present note to show that
in the case 8 = 1:

(i) Limit (3) need mot exist.
(ii) If limit (3) exists, then relation (4) holds.

§ 2. Let = be a real variable. We define the sequence ¢, by

_|2™ for odd =,

Cn = n=1,2,3,..
" ]n—l for even =, TRy
and we put
Z=1,
(7) n
gn= [[(1—c) for n=1,2,3,..
i=1
The sequence x, is strictly decreasing, moreover, since the series ), ¢y
n=l

diverges, limz, = 0.
n—oo

We define the function f(x) on (—1, 1) by the following conditions:
(1) holds for the points of sequence (7), f(x) is linear on the intervals
{&nt1y Xnd, n=10,1,2, ..., and f(x) is odd. Because of this last condition
it is enough to consider the function f(x) only for z e (0, 1).

It follows from the above conditions that

(8) Ta1 <f(@) <on fOor ze(Tn,Tn-1),
whence f(z) < zn < z for & € (T, 2n—1>, n=1,2,3, ..., ie.
(9) fle)<z in (0,1).

Note that in our case a = 0 and consequently (9) shows that (2) holds.
Further it follows from (8) that

T x
m::l f(m)<;.“_—_ 1 for @e(®n,Pn-r),

whence

£(0) = hmf @ _ .,



On the convergence of ilerates 197

since

lim Zntt_ Im(l—cp41)(1—ca)=1.
nsoo Tp—1 noo

Thus f(x) fulfils the conditions of the preceding section. Further

Tn+1

8 = o, = 1—tn,
and
(82—1)8n—, — Ca+1(1—¢cn)
Sﬂ—l_l cﬂ

has no limit as n —oo. This proves our assertion (i).

§ 3. The example of § 2 is instructive and suggests a proof of asser-
tion (ii). So let us suppose that the function f(z) is defined in a set R,
fulfils (2), 8 = f'(a) = 1 and limit (3) exists. We may write (with nota-
tion (5))

(10) en=1—8,, n=1,2,3,..
We have by (5) and (10)
(11) wn—ai = |zg—a| [ | 1—esi.

=l

By (2) the sequence |z,— a| tends to zero. (If [x,— a| had a positive limit,
then a subsequence of z, would converge to an z* ¢ R*, and we would
have |f(z*)—a| = |2*—a|, contrary to (2).) Therefore also the product
in (11) must tend to zero.

Now, since
(12) lims, =8=1,
we have in view of (10)
(13) lime, = 0.
fa4—+00

By (12) and (6) the existence of limit (3) is equivalent to the existence
of the limit

Cni1
On

= lim

n—o0

g = lim

fi~00

sp—1 |

and the thing to show is that g = 1. In fact, ¢ > 1 is impossible in view
o0
of (13). On the other hand, if we had g < 1, the series ) |¢s| would con-

Nl

= <]
verge and consequently also the product [] (1—e¢,) would converge. Then

n=1
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==}

also the product [] |1— es| = [[ [ (1— ¢x)| would converge, which contradicts
n=1

n=1

the condition lim |z,— a| = 0. This completes the proof of assertion (ii).
n—00
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