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Part [
1. Introduction

The geometry of numbers as originated by Minkowski applies to
Euclidean space R", but several writers have since extended many of the
ideas and results of the classical geometry of numbers to other spaces.
Mahler [10] replaced R"by a non-archimedean space, while Chabauty
[4] studied compactness for lattices in general topological groups; Cha-
bauty’s work was later continued by Macbeath and Swierczkowski (see
[8], [9] and [14]). Rogers and Swinnerton-Dyer [13] considered an ana-
logue of the geometry of numbers over algebraic number fields, and
Cantor [2] investigated linear diophantine approximations for T-adeles
of algebraic number fields.

In this paper I describe an analogue of the geometry of numbers
for spaces of adeles of a number field; the situation is thus closely related
to that of Cantor [2]. The relevant geometrical ideas can be introduced
quite naturally into adele spaces, and lead to analogues of classical
theorems which in turn yield arithmetic results about number fields.

In section 2 I introduce notation and various local preliminaries,
and then, in section 3, discuss the basic adele space 7, its Haar measure
and certain groups of linear transformations of «/. Section 4 deals with
lattices and convex bodies, while section 5 centres round an analogue
of Minkowski’s convex body theorem. Section 6 contains the principal
results of the paper, namely, analogues of Minkowski’s estimates for
the product of successive minima and applications of these results to
algebraic number theory. The final section shows how the results of the
earlier sections can be adapted to T'-adeles. By specializing the T -adele
- theorems I obtain the corresponding theorems of the classical geometry
of numbers and also some thecrems of Rogers and Swinnerton-Dyer [13].
The proofs of the main results on successive minima in seection 6 do not
assume any results from any analogue of the geometry of numbers; how-
ever, in section 5 I use Macheath’s version of Blichfeldt’s theorem, and
in one of the applications in section 6 I use a result of Cassels on bases
of lattices.

In several places where the discussion closely resembles the classical
case or the corresponding section of an earlier analogue I have omitted
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some details, but these can usually be found in my thesis [12]. Also,
since part IT is devoted to compactness for lattices in adele spaces, the
discussion of topological questions is kept at a minimum in the present
paper.

I wish to thank Dr. Jane Pitman for her advice on this work and to
acknowledge finanecial support from a C.S.I.R.O. Postgraduate Student-
ship.

2. Preliminaries

2.1. Notation. As usual, Q, R, and C denote the fields of rational,
real and complex numbers respectively. Z denotes the rational integers,
and Z* the natural numbers. The symbol p denotes a generic prime
divisor of Q, and oo denotes the infinite prime divisor of Q. The ordinary
absolute value on R or C is written | |.

K is a fixed algebraic number field of degree m over Q, with generic
prime divisor v. For each v, | |, denotes the normalized valuation belong-
ing to v, and K, denotes a (fixed) completion of K at v. Each K, is
a locally compact topological field under the topology induced by | |,.
If v is finite (= non-archimedean) then @, denotes the ring of local integers

at v:
0, = {aeK.,[ lal, < 1};

0, is open and compact in .K,.

Let S, denote the collection of all infinite (= archimedean) prime
divisors of K, and let 2 denote the collection of all prime divisors of K.
We define X as the collection of all finite subsets 8 of 2 such that § > §_.
As is customary, r denotes the number of real prime divisors of K and s
the number of complex ones, so that r-4+2s8 = m.

We write dx for the absolute discriminant of K, and ¢, for the % - vector
with 1 in position j and 0 elsewhere.

2.2. Local preliminaries. Fix a prime divisor v of K. For
= (..., &)Y = (91 ...y n,) belonging to the vector space K} put

||, = max |[&],,
I<i<n

and define a metric d, on K7 by

d,(z,y) = le—yl,” (v complex),

1
) d,(z,y) = |lo—y|, (v not complex).
With this metric K is a locally compact additive group.

The rings ¥, and ,. Let %, be the ring of all » X n matrices

over K,. The isomorphism of K;‘z onto &#, (as additive groups) induces
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a topology on &, which makes %, into a locally compact topological
ring. From now on the symbol #, denotes this topological ring.

For A = [a;,]<.%, define

4], = n max |a;l, (v real),
4,3
(2) 4], = » max |a;[}* (v complex),
%7
4f, = m?fi lagyl, (véSy).

Then
|4+ B, < ||4ll,+1Bll,, 4Bl < [I4]l, | Bll,

for all A, Be.#,, and hence the mapping D,: ¥, x ¥, — R defined by
(3) Dy(4,B) = |[A—Bf, (4,Be%,)

is a metric for #,. The metric D, is invariant under additive transla-
tions:

D,(A+C, B4+C) = D,(C+ A, C+ B) = D,(4, B)
for all A, B, Ce%,.

- If v is finite we denote by £, the subring of %, containing all those
matrices with elements in @,. Clearly #, is open and compact in #,.
#, is not defined if v is infinite.

The groups ¥, and %,. With the relative topology induced from
Z,, the group of units of #, is a multiplicative topological group; we
denote this topological group by ¥,.

For X, Y%, define

(4) DX, Y) =log(1+ XY ~'—I|,)+]log(1+ || Y X'~ I||,).

LeEMMA 1. D, is a metric for the topological group ¥,. D, i8 invariant
under right multiplicative translations:

D(XM, YM) =D,X,Y)
foral X, Y, Me9,.
" Proof. The proof that D, is a metric is straightforward; the details
are given in 3.2 of [12].

A fundamental system of neighbourhoods of the identity I of for
the D,-topology is the collection {.#(¢)| ¢ > 0}, where .#(¢) is the open
sphere

M(e) = {Ae¥, D,(A,I)< e}.

Also, because of the D,-continuity of the mapping 4 — 4A~, the collection
{A# (¢)| € >0}, where

N (e) = {4de¥,| D,(4, 1)< ¢ D(A7I) < ¢},
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is a fundamental system of neighbourhoods of I for the topology induced
on ¥, from %,. It is easily checked that for each £ > 0 we have
N (6 —1) = M(2¢),
#A(log(1+¢)) = A (e).
Hence the two topologies are equal.

The translation invariance is immediate from the definition of D,.
The lemma is now proved.

If v is finite, we define
= {4deSf,| |det A], = 1};
clearly U, is a subgroup of ¢,. U, is not defined if v is infinite.

The space K= . Suppose that S, = {vy, ..., v,,} With vy, ..., v,
real and v,,,, ..., vr,s complex. Then we can order the Q-isomorphisms
01y ...y 05 Oof K into C so that o; is associated with v, for 1 <i<<r+3s
and o,,,,; = Op,s is associated with v,,; for 1 < j < 8. For each real v;,
K,, is topologically isomorphic to R, and for each complex v;, K, is topo-
logically isomorphic to C. Hence if we define

Km=I;] K,=K, x..xK

then we have a topological isomorphism
K, =~ R xC°
The field K is naturally embedded in R" X C° via the mapping

Yrts?

(5) a—> (0,0, ...,0r450).

Moreover, the weak approximation theorem shows that the image of K

is dense in R"x C°. If we write C = Rx R, then K can be viewed as

R** = R™, both algebraically and topologically, and K is embedded

(additively) as a dense subset of R™ by using (5). We note also that under

this identification each ideal of K is a lattice (in the classical sense) in R™.
For any neZ* we write

Then K7, may be viewed as R™", both algebraically and topologically,
and in this sense we speak of points of K}, “viewed in R™”.

Haar measure. Let g, be a Haar measure on K,. We normalize
u, as follows.

If vis real, then K, is R (up to isomorphism) and we take ,u‘, as Lebesgue
measure on the real line.

If v is complex, then K, is C (up to isomorphism) and we take y,
as Lebesgue measure on the plane.
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If v is finite we choose u, so that u,(0,) = 1.
We now take the product measure on K and denote it by g, also.
Then for each We ¢, and each measurable subset 7' of K7 we have

(6) pW(T)) = |det W|,p,(T)

(c. f. lemma 1.2 of Lutz [7]).
Let p, denote the product measure on K. Viewing K7, as R™",
we gee at once that u, coincides with Lebesgue measure on R™".

3. The space &

3.1. Generalities. Let &7 be the restricted direct product of the topo-
logical groups K7 with respect to the subgroups 07, so that «/ is a locally
compact Hausdorff additive topological group. We call o/ the space of
- m-dimensional adeles of K. In our analogue & will correspond to R" in
the classical geometry of numbers. If it is necessary to emphasize the
dimension we shall write 7, instead of /. Clearly & = 7, is just the
Cartesian product of n copies of the standard adele space of K (as defined
in, for example, 5-2 of Weiss [16]).

A typical element of & is denoted by & = (x,), where z,¢ K, for
all v and z,e @, for almost v; the vectors (#,)yes and (2,),45, are called
the infinite part and the finite part of & respectively. The infinite part
of a subset T of .« is the collection of all infinite parts of points in 7,
and similarly for the finite part of T'. In this terminology, K7, is the infinite
part of <.

DEFINITION 1. Let SeX and for each veS let a, be a positive real
number. The open box B(a,; 8) is the set of all & e/ with

Imulu < a, ('UGS),
Iwulu < 1 ('U#S)-

If a, = a for all ve8 we write B(a; 8) instead of B(a,; 8). The closed box
B(a,; 8) is the closure of B(a,; 8)in .

Clearly to every closed box B(a,; ) there corresponds an idele
i = (i,) such that

B(a,; 8) = {wed| |@,], <[], (all v)};

we say that B(a,; S) is determined by i.
It is easily checked that the collection

{B(e; 8)| € >0, SeX}

is a fundamental system of neighbourhoods of the identity o in «.
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A metric for &/. We now introduce a metric for 7, -the use of
which simplifies some of our proofs.
For each & = (v,), y = (y,) e define

(M) d(x, y) = sup(Nv)~d,(z,, 9,),

where d, is the local metric given by (1), and
N,=1 (vel,),
N, = absolute norm of v (v¢S,).

LEMMA 2. The function d: o X o/ — R 18 a metric on . It is invariant
under additive translations:

d(z+a,yta) =datz,aty) =d(zy)

Jor all 2,y,acst. The d-topology on o coincides with the restricted direct
product topology.

Proof. The proof that d is a translation invariant metric on & is
straightforward, and we omit the details.

The equality of topologies is easily proved if we note that for each
e >0 we have

1< e(Nv)2 < Nv
for almost all v¢8.,, so that if z¢K" then the equivalence
%], < e(No)" < |2], <1

holds for almost all »¢8,. The details are given in [12].

In the d-topology on & every sphere with centre o is a box. Conver-
sely, every box is contained in some d-sphere with centre 0. Using lemma
3.1.2 of Tate [15] we see that ¢ = & is compact if and only if @ is closed
and bounded (in terms of d).

3.2. Linear transformations of 7. Let 2 be the restricted direct
product of the topological rings %, with respect to the subrings .#,. Then
Z is a locally compact topological ring. We call an element of .# a linear
transformation of <, since elements of % correspond to linear transfor-
mations of R” in the classical geometry of numbers. Each A % is of the
form A = (4,), where 4,¢%, for all v and 4,4, for almost all ». Each
such 4 «¥ can be regarded as a function on </ by defining A®x = (4,2,);
clearly A is an endomorphism of <. Moreover, the inequality

d(Aa:, 0) < d(zy 0) sup "Au“ol

valid for all A% and all zeo, shows that every linear transformation
of & is continuous,
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For all A, Be¥# we define
, D,(4,, B,)
(8) D’'(A, B) = up AL

where D, is the local metric given by (3). Then D’ is a metric for .# and
is invariant under additive translations.

Now let ¢ be the (algebraic) restricted direct product of the groups
%, with respect to the subgroups U,. Then ¢ is just the group of units
of #. The elements of ¥ are called lattice transformations of <. Each
lattice transformation is a topological K -linear automorphism of «,
and is thus an obvious analogue of a non-singular linear transformation
of R" in the classical case. If » = 1, ¢ is just the idele group of K.

The group of non-singular » X n matrices over K is naturally em-
bedded along the diagonal of ¢ as a subgroup £ of 4. We call an element
P of # a principal lattice transformation of &7, and we use the same symbol
P regardless of whether P is viewed as an » X » matrix over K or as an
element of %.

For each Ae¢% we define || 4| by

141l = [ [1det 4,],.

Then || || is 2 homomorphism of ¢ into the multiplicative group of positive
real numbers, and ||P| = 1 whenever Pe#. In the one-dimensional case

|4] is just the volume of the idele A.

3.3. Global measure. Since . is a locally compact Hausdorff group
there exists a Haar measure u on «/. We normalize u so that
#(B(1; 8,)) = (27=")™
From the uniqueness properties of Haar measure it follows that if Se¢X
and
s =[] 1 x [] ez,
. veS | veS
then the restriction of u to &g coincides with the product measure of
the local measures u, on «/5. Using (6), we have immediately ~
LEMMA 3. Let A ¢¥ and suppose that T = o/ i3 measurable. Then A(T)

18 measurable and
ulA(T)) = || Allpu(T).

4. Lattices and convex bodies
4.1. Lattices. It is well-known (see, for example, 5 —5—1 of Weiss

[16]) that the image 2, of the field K along the diagonal of <, is a discrete
subgroup of &, with compact quotient o/,/2,. Hence the image 2 = 2,
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of the vector space K" along the diagonal of & = &, is a discrete
n-dimensional vector space over K with compact quotient /2. If
de K" then we write d for the corresponding element of 2.

' The discrete subgroup 9 of & is a natural analogue of the integral
lattice Z" in R™ Since the lattice transformations of & are the “non-
singular” linear transformations, we make the following definition.

DEFINITION 2. A lattice in & is a set of the form A 2 = A (2), where
Ae¥.

Since lattice transformations of «/ are topological K -linear auto-
morphisms of & it follows from the corresponding properties of 2 that
each lattice A is an n-dimensional vector space over K, is discrete in .7,
and has compact quotient «//A. Conversely, it can be shown that any
n-dimensional vector space over K which is discrete in o is a lattice
(see the comments following the corollary to theorem 4). By a basis for
a lattice 4 we always mean a basis for A as a vector space over K.

Let G be any discrete subgroup of «/. We recall that a G-packing
is a measurable set T' of .« such that

TA@@+T)=9

for every xe G, ® +# 0, and that a G-covering is a measurable set W such
that G+ W = . A fundamental domain for G is a meaSurable set #
which is both a @-packing and a G-covering. Any two fundamental
domains for G have the same measure; we denote this common measure
by 4(G).

Let {wy,..., w,} be an integral basis for K over Q. We view each
w; in R™, and define

H, = {é:t,-wil 0<t < 1].

Then (see theorem 3, chapter 6 of Lang [5]) a fundamental domain for
the lattice 2, in &, is

(9) F,=H, x ”(D{,‘.
v4S

Hence &7 is a fundamental domain for 2 in &/. With our choice of local
measures we have
A(2) = p(F3) = 27™dP

(see 5 —4—4 of Weiss [16]). For an arbitrary lattice 4 = 4 2 it is clear
that A(#7) is a fundamental domain, and hence

A(4) = jAj 2~ ag’.
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4.2, Convex bodies. I.2t » be a discrete prime divisor of K. Following
Mahler [10] we say that f: K — R is a conver distance function (at v)
if the following conditions are satisfied for all z, ye K7, a<K,.

(1) f(z) = 0. A
(ii) f(ax) = lalf(z).-
(iii) f(@+y) < max(f(2), /(¥))-
A convez body at v is a set of the form
{we K| f2) <1},

where f is a convex distance function at ». Mahler has shown that every
bounded convex body B at v is a parallelotope, that is, has the shape
B = A(0}) for some Ae¥%,, and that an unbounded convex body at v
is a cylinder on a parallelotopic base. In particular, every convex body
at v is an additive subgroup of K. In view of this and the isomorphism
between K, and R™", we make the following definitions.

DEFINITION 3. Let e/, te R. The operation
*: RX A > A
is defined by i*x = y, where
(¥doesy, = H@ues,, (a5 points in B™),
Y, =, (v¢8s)-

DEFmiTION 4. Let B c «/. Then B is a conver body means
(i) B is measurable,
(ii) for every @, yeB, teR with 0 <t < 1, we have

t*»x2+4 (1L—t)*yeB.

It follows easily from condition (ii) of definition 4 that a symmetric
convex body B < .« is the Cartesian product of its infinite part B, and
its finite part B’:

’ B =B x B';

here B, is a symmetric convex body in R™ in the usual sense, and B’
is an additive subgroup of the finite part of .
An example of a convex body is any set B of the shape

(10) "B =B, x[]B,,

¢S
where B_, is a convex subset of R™ and, for each v¢S,, B, is a convex
body at v such that B, = 0} for almost all v; also B is open and symmetric
if and only if B is.
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In general, not every open symmetric convex body in & is of the
shape (10) (see the remark preceding the proof of theorem 7). But if K = Q
we have

THEOREM 1. Let B be a bounded, open, symmetric convexr body in
o = A2, the n-dimensional adele space of Q. Then there exisis a principal
lattice transformation A of & such that

B = A(B,,x[] o)

oo
for some bounded, open, symmetrio convexr body B, in R™.

Proof. For any G ¢ & we denote by @' the finite part of @, and
for any idele i = (i,) of Q we denote by B(i) the closed box determined
by i.

Since B is bounded and open in «, there exist ideles i, j of Q such

that
B(i) =« B = B(j).

By taking finite parts, intersecting with 2’, and interpreting the results
in Q", we obtain
I"e BNZ cJ"
where
I = {acEK| lal, < il (248},

J = {BeK]| |Ble < lfolo (veSy)}

I and J are fractional ideals of Q, and so each of I", J" is a free Z-module
of rank n. Hence the Z-module B’ N 2’ is also free of rank #, that is,
B'n 2' = A(Z") for some nonsingular # X» matrix A over Q. Now view
B'Nn 2 in &', and denote closure in 2’ by a bar. Since B’ is an open
(and therefore closed) subgroup of ' and 2’ is dense in &', it follows

that B’ = B'n 2'. But

BN = A(Z" =A(” o),

p#oo

v = A([] )

pre=

and so

where A 2.
The infinite part B, of B is bounded, open, symmefric and convex
in R*, and so )
B =B,xB = A(B.x[]ez),
. PF00
where B, — A~!(B,) is bounded, open, symmetric and convex in R™
This proves the theorem.

\
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6. An analogue of Minkowski’s convex body theorem

5.1. Convex body theorem. We shall now prove an analogue of Min-
kowski’s classical convex body theorem. Our proof will be based on the
following analogue of Blichfeldt’s theorem, which is a straightforward
application to o/ of the corollary to theorem 4 of Macbeath [8].

LEMMA 4. Let A be a lattice, ke Z*, and B a measurable subset of o
with

u(B) > kA(A4).
* Then there exist k+1 distinct points ®,, ..., T, of B such that x,— x;eA
for 1<4,j<k+1

We also need the following lemma, which is easily proved by viewing
the points d; in R™ and ordering them according to their first nonzero
component.

LEMMA 5. Let d,, ..., dy ., be k+ 1 distinet poinis of 2, and set
Y ={d—dj i #j,1<1,j<k+1}.
Then there exist Ik points Yy, ..., Y, Y such that all the poinis 0, +y,, ...
very LYy are distinct.

Our analogue of Minkowski’s theorem is

THEOREM 2. Let B be a symmelric convex body in & and A a latiice.
Suppose that
u(B) > Ek-2™ A(A)

for some keZ™. Then B contains at least k distinet pairs +x;, (1<t<k)
of mon-zero points of A. Moreover, the conclusion still holds if B is compact
and

u(B) = k-2™ A(A).
Proof. We have

p(3*B) = 27" u(B) > k4(4),
and so by lemma 4 there exist k+1 distinct points a,, ..., a,,, of }*+B

such that @;— a4 for 1 < 4, h < k1. Since 2*a,e B for each %, it follows
from the symmetry and convexity of B that

a;,—a, = }*(2*a,)— }*(2*@p)eAN B
for all ¢ and hA.
For each j =1,2,...,k+1 define
b,' = @;— By,
Then the b, are distinct points of A with b;— b, = a&;— @, for all ¢ and A.
Suppose that 4 = A2 with A ¢%. Then we may write

b; = Ad; (L<j<k+1)
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for some distinct points a,, ..., d;,, of 2. By lemma 5 there exist y,, ...
..y YpeY (with the notation of lemma 5) such that all of o, +y,,...
<.y £y, are distinct. Then all the points A(0) = o, 4 Ay,, ..., + Ay,
are distinct in 4. But each Ay; is of the form a,— a; for some a, § with
1< a,f<k+1. Thus we have the k distinet pairs +@&; of non-zero
points of AN B as required.

The sharpened form of the theorem when B is compact follows easily
from the first part by considering the sequence of sets

B, =(1+%)*B t=12..)

and using the discreteness of A.

3.2. Applications. of theorem 2. We treat briefly two applications
of theorem 2; a fuller discussion of these is given in [12]. The first appli-
cation gives a quantitative form of a density theorem in algebraic number
theory.

THEOREM 3. Let i be an idele of K and denote by II(i) the closed one-
dimensional box determined by t. Define keZ by

ES
k= [2'ldxl"’ ’

where the square brackels denote the integral part. Then II(i) contains at
least 2k+ 1 field elements (including 0).

Proof. The box II(%) is 2 compact symmetric convex body and

u(IT (@)= 27|l
Hence we have

p (@) > k-2 |dg |2 = k2™ 4(D).

The result now follows from theorem 2.

(Mahler [11] derives a lower bound for the number of field elements
in. II(i) from a theorem on ideal bases; see the remarks following the
corollary to theorem 7.)

Our second application of theorem 2 concerns convex distance func-
tions and linear forms. If v is a real prime divisor of K then K ~ R",
while if v is complex then K7 ~ C™ =~ R*; in either case we define convex
distance functions at v via the classical definitions in R"™ or R*". For
finite prime divisors », convex distance functions were defined in 4.2.

THEOCREM 4. For each v let f, be a symmetric convex distance funalion
and let B, be the corresponding convex body at v:

B, = {.’.UEK:I fv(m) < 1}‘
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Suppose that B, = O for almost all v, and let A be a lattice. If
w[1B.) = [1w(B) > k-2m 4(4)

for some LkeZ*, then the inequalities
(11) fo(@) <1 (all v)

are satisfied for at least k distinct pairs + @ of non-zero elements of A.
Proof. The body []B, is closed and convex in ./, so the result follows

immediately from theorem 2.

By taking 4 = 2 in theorem 4 we obtain at once a result about the
number of solutions in n-tuples of field elements to the inequalities (11);
if we also take

fo(@) = |o|, (weKT)
for all v¢8,, then we obtain a result about integral solutions to the
inequalities

fulr) <1 (veSy).

For the special case of linear forms we have the following corollary,
which is an extension of theorem 2.1 of Cantor [2].

COROLLARY. Let Ae¥ and suppose that i iz an idele and A a lattice.

1f
k-2m"A(4)|4])
(Zrna)n

&))" >

for some keZ*, then the inequalities
(12) 14,2, < 5]y (all v)

are satisfied for at least k distinct pairs + & of non-zero elements of A.
Proof. Apply theorem 4 with

fu(w) = livlu—llA-u$1o
for each w. .

Remarks. 1. Note that if the lattice transformation of the corollary
belongs to # (the case of n linear forms over K) then ||4| = 1, and hence
the result is independent of A.

2. It is easily deduced from theorem 4 that if 4<% but A¢¥% and
i is an arbitrary idele of K then there is a non-zero 2 for which (12)
holds. It follows that if A e# but A ¢ then A(2) is not discrete in .

Suppose now that 4 c o is an s -dimensional vector space over K.
Then 4 = A2 for some Ae%, and, by the above, A is discrete in o if
and only if Ae¢¥4. Thus we have shown that an n-dimensional vector
space over K which is discrete in .« is a lattice in .
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6. Successive minima

6.1. Preliminaries. We now have at our disposal the necessary tools
for developing a theory of successive minima for lattices in /. Essentially
the problem is to determine how much a convex body must be “blown up”
so as to include a certain number of linearly independent points of a lattice.
More precisely, we have the following definition.

DEFINITION 5. Let B c o/, and let A be a lattice. For 1 <7< n,
the i-th minimum 2; = 2;,(B, A) of A with respect to B is defined by

A; = inf{t > 0| (t1*B) n A contains. ¢ points
which are linearly independent over K}.

If there are no such ¢, define 4, = oo. ,

We shall concentrate on finding estimates for the p‘roduct' Ajdg ool A,
in terms of u(B), and later discuss some applications of our results to
algebraic number theory. It is clear from definition 5 that

W< A< . < Ay

Also it is easily checked that if B is open and 0«B then each of 4,,..., 4,
is finite, and that if B is bounded then each of 1,,...,4, is positive,
The following lemma is needed for the subsequent discussion.
LEMMA 6. Let B be a bounded, open, symmetric conves body in o,
with infinite part B, and finite part B’y and let A be a lattice. Then there
exists a basis {b,,..., b,} for A such that for each j =1,2,...,n we have

(i) bjed;* (B, x B');

(ii) if @eA N (i*B) with t < 4, then @ = a,b,+ ... +a;_,b;_, for
some a;,...,a;_eK;

(iii) the point t,A7'*b, + ... + 1,47 '*b, lies in B whenever
2 It;] < 1.

=1
Proof. Let

¥ =An(2,+1)*(B,x B).

Then & is finite, since the body (4,4 1)*(B, x B’) is bounded. Also,
by the definition of 1,, & contains at least one »-tuple of points which
are linearly independent over K.

For each non-zero e, there is a unique positive number ¢ = t(x)
such that xet* (B, x B'), but x ¢t'* (B, x B’) if t’ < t. Since & is finite, we
can choose b,¢¥, b, # o0, with t(b,) < t(¢) for all non-zero ¢¢%. Then,
for j =2,3,...,n, having chosen b,,...,b;_;,, we can choose &;e¥
with b; linearly independent of b,,..., b;_, and such that t(b;) < {(¢)
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for all ce¥ which are linearly independent of b,,..., b;_;. It is now
easily checked, using the definition of i,,...,4,, that #(b;) = 4; for
all j. Hence {b,, ..., b,} is a baxsis for 4 which satisfies (i).

Using the openness of B it is straightforward to show that 2;*B
contains at most j—1 linearly independent points of A; (ii) then follows
easily.

Part (iii) of the lemma follows immediately from (i) and the fact
that B is convex and symmetric.

6.2. The product of successive minima; an upper bound. We now
prove

THEOREM 5. Let B be a bounded, open, symmetric convexr body in &,
A a lattice, and write A; = 2;(B, A) for L < i < n. Then

(13) (A1ds ... A)" p(B) < 2™ A(4).

Theorem 5 is an analogue of Minkowski’s second inequality in the
geometry of numbers, and our proof of theorem 5 is modelled on the
first of the proofs of this inequality given in Bambah, Woods and Zas-
senhaus [1].

Reduction of the proof of theorem 5. Let 4¢% and let B
be as in theorem 5. Then

(i) A(B) is a bounded, open, symmetric convex body,
(ii) u(A(B)) = 4l|lx(B),
(iii) A(4(4)) = 4] 4(4),
(iv) A,-(A(B), A(A)) = A;(B, 4) for 1 <j< n;
(iv) follows since A (t*x) = t*Ax for every real ¢ and every xeo/, and A
is one-to-one and preserves linear independence over K. It follows that

(13) is invariant under any lattice transformation of 7, and so we may
assume that 4 = 2 and that the basis {b,,..., b,} of lemma 6 is just
{es, ... e}

Notation for the proof of theorem 5. Each xes can be
regarded as an n-tuple of one-dimensional adeles; we ghall write

T = (mlv ---1mn)

to indicate that &,,...,&, are the m one-dimensional adeles making
up «. As usual, &/; denotes the space of i-dimensional adeles of K and
A = A,.

We can now begin properly the proof of theorem 5, subject to the
reduction explained above.

The numbers D(T, 2;). Let T c </, be bounded and measurable
and G = &, be discrete. For ke¢Z*, ge @, define

@, = {xeT+g| weexactly k—1 sets T+ with £ @ ~ {g}}.
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Then each &, is an intersection of measurable sets and is therefore measur-
able. Also @, = O for large k (as G is discrete and T is bounded); let

v = max{keZ*| @, + O}
and define

(14 D(T,6,9) = w(@)+53(B) + ... +-u(®).
Since u is translation invariant, we have

(15) DT+ G+y 9+y) = D(T,G, g)
for all @, yes,. If A%, then it is clear from lemma 3 that
(16) D(AT, AG, Ag) = |A|D(T, G, g).

For i < n let &/; be the subset of ., consisting of those adeles
(®,, ..., ®,) with &; equal to the zero (one-dimensional) adele for i+ 1
< j < n. We give o/, the relative topology. Then clearly .=; is algebraically
and topologically isomorphic to ;.

Let T[®;.,y-...,&,] be the subset of T consisting of those adeles
Yy = (Y,..., 9, of T with 9, = &; for i+1 < j < n (i. e., a section of T).
Any section 8§ = T[&®;,,,...,®,] of T is a Cartesian product

B X {(@iyry - eey )}

for some 8; ¢ ;. When we talk of 8 “regarded as a subset of «,”, we
shall mean the subset §; of ;.
Now suppose G c &; and geG. We define

Dy(T[@s51y -5 %), Gy @)

by regarding each of T{&;,,,..., &,] and G as subsets of </;, and then
using a definition exactly similar to (14), but applied to <, instead of
&,. Now if @ c &; and ge@, then

(T+9)[5=¢+1, én] =T[®iy1y -y T]+ G-
Using this fact, together with Fubini’s theorem, we have

(17) @< =>D(T,6G9) = [D(T[ &y, Tal, & §)dpy_s.
Hp—i
Now let

2; = Ke, @ ... ® Ke,.

Then 9; regarded as a subset of & is just 2;. Since 2;+d = 2; for
every de9; it follows from (15) that D(T, 2;, d) is independent of de2;;
thus we write D(T, 2;) instead.

Let #; be a fundamental domain for 2, in ;. Then F; = F,; X &,

n—i
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is a fundamental domain for 2; in #,. Denote by T/2; the set of all points
of T reduced modulo Z; so as to lie inside &#;. Then

(18) D(T, 2;) = p(T]2s).

Proof of (18). Each point of T is congruent modulo 2; to at most
a finite number of other points of 7 (< »— 1 in number), since 7 is bounded
and 2; is discrete. But k points of T are congruent modulo 2; and con-
gruent to no other points of T if and only if each of the % points lies in
the part of T which is covered by exactly k—1 sets T+ d with d<2;,
d # o. Thus each such point is counted % times in T/2;; the factor 1/k
for this part of T in D(T, 2;) gives the result.

From (18) it follows that

(19) D(T,, 2;) < D(T,, 2)

whenever T,, T, are bounded measurable subsets of & with T, = T,.

The transformations W;. Since B is convex and symmetric
we have
(20) B c t*B+ (x—t*x)
for every xe¢B and every ¢t > 1. For given {>1 we define the mapping
W o,— &, by
Wi(x) =y,

where

g =& (1<j <),

Y = @ (t+1<j<n).
Clearly W;e¥ and

Wi(B[&iy1y ooy Bn]) = (WiB)[@ip1y ey Byl

and so, using (20), the convex body (W;B)[&,,,, ..., &,] can be translated
into a position in the same section so as to contain B[&; IRTREEY x,]. By
(15) and (19) we therefore have

Di(B(&41y vy &)y D5) < Di((WiB) &4y -0y &), D3y
and so it follows from (17) that
(21) D(B, 2;) < D(W;B, 92;).
LEMMA 7. If t = 1 then
D(1*B, 2}) > "9 D(B, 2).
Proof. Define a lattice transformation H,_; of <, by

Hn—i(m) =Y,
where
Yy =& (1 <.7 < 'i)’

-

g =tr,  (i+1<j<n).
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Then |H,_;| =t™" " and t*B = H,_,W,B. From (16) and (17) it
follows that
D(t+B, 9)) = D(H,_ W.B, H, ;9}) (since H, (2= 9))
= ”Hn—i“D(WiB’ @;)
> (|H,_ | D(B, 2;)
= ™"~ D(B, 2;).
LEMMA 8. If B contains no point of 2, ~ D; then
D(3+B, 9,) = D(3*B, 2,_,) = ... = D(}*B, 9).
Proof. If x¢2, ~ 2; then
((3*B)+x)) N (3*B) = B,

or else @eB (using the convexity and symmetry of B). The result now
follows from the definition of D(}*B, 2;).

Conclusion of the proof of theorem 5. From the definition
of 2,,, and the assumptions about the basis vectors ey, ..., e, (i. e., that
they satisfy lemma 6), no point of 2, ~ 2; lies in 4;,,*B for 0 <4 < n—1.
Hence by lemma 8,

D(‘L‘zi+1*By 9;+1) = D(%A{H*B’ 9:’)’
and therefore

D(‘}*By gn) = D(%ln*By g;-—l)

A \™ p .
> (/1 i ) D(32,_,*B, 2,_,) (using lemma 7)
n—1

2 n—-l\m
>( 5 (l')(l_) )D(%AI*B, %) (where 2, = {o})
An—1 \ s Ay ‘

= (Mdp ... )" p(}24,*B)A7™  (using(18))
= (4142 ... 4,)" 2™ u(B).
But, by (18),
D(}4,*B, 2,) < 4(2,) = 4(2).

Hence
A(D) > (ks ... A)"2~™ u(B),

and theorem 5 is proved.

6.3. The product of successive minima; a lower bound. Our next
theorem gives a lower bound for the product 4, ... 4, of successive minima,
but the theorem only applies to convex bodies of a particular kind.
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Suppose that v is a complex prime divisor of K and that B, is a convex

body at v. We call B, ¢-convez if, when B, is viewed in C", we have
' zeB, = izeB,.

This condition means that if the real point (¢,,0,...,1,,0) belongs to
B, (viewed in R?") then the real point (0, t,, ..., 0, ¢,) also belongs to B,.

An example of a ¢-convex body is the set

{z‘(’ml |Az| < 1},

where A is a non-singular (complex) linear transformation of C™.

THEOREM 6. Let B be a bounded, open, symmetric conver body in o/ of

the shape
B = n B,,

“where B, is a convex body at v for each v, and B, i8 ¢-convex if v is complex.
Assume also that B, = O} for almost all v¢8,. Then the successive minima
Ay oouy Ay of B with respect to the lattice A satisfy

(22) (Ay .. 2)™u(B) = 2™+ (n)~™|dg| ™% A(A).

Proof. The general shape of the body B we are considering and the
inequality (22) are both invariant under any lattice transformation of
&/. Hence we may reduce the proof to the case 4 = 2, and we may assume
that the basis {e,, ..., €,} for 2 satisfies the conditions of lemma 6.

From lemma 6 we know that the set of points t,*e,+ ... 41, *e,

n
with )’ 4;t;| < 1 is contained in B. Hence, if
7=1

n
D4l < 1},
i=1
then we have E < B, for each veS,.

Consider a complex prime divisor » of K. Since B, is c-convex it
follows that ¥ < B,, where we have viewed B, in C". Viewing B, in
R*™, we therefore have the points (¢,,0,...,%,,0) and (0, %,,...,0, u,)
belonging to B, whenever

(23) Dhl<1 and D Alul < 1.
=1 .

i=

E = {(tl,...,tn)em

But B, is convex, so the point
(1,0, .y 2, 0) (0, Uy ooty 0, %)} = F(Byy Uny oeey byy y)
is contained in B, whenever (23) holds. In other words,
vy(3EX }E) < B,,
where y is the permutation of variables
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Thus we have
E c B, (v real),

v(3EX $E) c B, (v complex).

Now the linear transformation y of R’ has determinant one, and so by
taking measures we obtain

[T #(B) = (37 (ee (B

veSq,
n

L T

= 2"(n!)"™(Ay ... A)"™,

where y, is Lebesgue measure on R".
For each v¢S,, the local factor B, of B is an ¢@,-module and
€1y ...y 6,¢B,, so that 0} « B,. Hence we have

#(B) = [ [ n(B)

> 27 ()™ (Ay - A [ [1e(05)
"S5
=2"(n!)"™(Ay... A)™
= 2™+ (1) G T (A, ... 2,) ™ A(D).
This proves theorem 6.

6.4. Applications to algebraic number theory. We now apply our
results on successive minima to some arithmetic questions in K. The
first application concerns ideals of K. It is well-known that every ideal
of K is a free Z-module of rank m. By a basis for the ideal I we shall
always mean a module basis for I over Z.

The main result of this section is

THEOREM 7. Let i be an idele of K with || = 1, and let I be the corres-
ponding ideal of K:

I = {eecK]| |al, < li,l, (v¢8)}.
Then there exist a,, ..., a,el which are linearly independent over Q and
satisfy .
2 a . .
oo < (2) 18 iy (ve8)

for each i =1,2,..., m.
The crux of the argument used to prove theorem 7 is the application
of theorem 5 on successive minima so as to obtain points of the ideal 1
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which are linearly independent over . Since we are interested in linear
independence over Q, and not over K, we need to consider adeles of Q
rather than adeles of K. We link the two sorts of adeles as follows.

We are interested in two fields K and Q at once, so we index objects
associated with the various adele spaces by a superscript indicating the
field and a subscript indicating the dimension. Thus we write &/X, 9%
uE and K instead of «, 2, u and ¥, and similarly for Q.

Let {w,, ..., w,}. be a field basis for K over Q, and let {w}, ..., wn}
denote the complementary basis. For each prime divisor p of Q, define
K, as the direct product

E,=[]E.,

vp
and define a mapping ¢,: K, - Q7 as follows. For each z = (w,),,¢K,
define

(24) ?o@) = (D Sup(@,0), -0y D) Bup(@,0m),
vip vip
where 8, denotes the local trace at v. We now use g, to define a mapping

p: S > 42, For * = (2,)e#% we define ¢(x) to be the adele of &2
whose p-component is given by the right-hand side of (24). Then (see,
for example, 5—6—3 of Weiss [16]) ¢ is a topological Q-linear isomor-
phism of «F onto «2.
Each ae¢K is uniquely representable in the form
e =& o+ ... +é&0n,

where £, ..., £,¢0, and clearly

pp(@) = (&1, ..., £,) Q™
Viewing « in 92X we see at once that
(25) 9(27) = 23.

Since ¢ is a homeomorphism the set function uX¢~! is a non-tjrix’rial
Haar measure on &2, arid hence there is some constant ¢ > 0 such that

s (e~ (T)) = op2(T)
for every measurable T xg. But if & is a fundamental domain for
the lattice 2X in &K then ¢(#) is a fundamental domain for ¢ (2%) = 22
in 2. Since
WE(F) = A(FF) = 27 |ag|™
and u2(p(F)) = 4(22) =1, we have
g =27 |dgl™.
As a final observation about ¢ we note that

(26) p(irx) = trp(x)
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for every teR, xe<s/F. It follows that if B is convex in «F then ¢(B)
is convex in «2. If in addition B is bounded and open in #X, then ¢(B)
is bounded and open in 2.

Remark. Before proving theorem 7 we make some observations
about linear transformations and convex bodies in &%,

We suppose here that {w,, ..., w,} is an integral basis for K over 0.
For each prime divisor p of Q, we define

Kﬂ

»=J]x

vip

and define ¢,,: K > Q7" as the n-dimensional analogue of ¢,, obtained

by using ¢, n times. Since {w,, ..., w,} is an integral basis it follows that,
for p # oo,
(27) o ([ ] O2) = O™

vip

Now let u, and u, be the local measures on K} and Q;™, normalized as

in 2.2, and consider the product measure [] u, on K. Since g,, is a topo-
vlp
logical isomorphism the set -function u,¢,, is a non-trivial Haar measure

on K7, and from (27) it follows that

(28) BpPnp = n My

v|p

for all p # oo. The maps ¢,, lead at once to an n-dimensional analogue
Pt ZE > 2 of @, which is a Q-linear topological isomorphism of X
onto .M,‘,fn

Now let H = (H,)e%y. Then we can write H = (H,), where H,:
K7 — K3 is defined by

Hp: (wu)o!p g (Hemu)um'

For each p, the mapping
Hp- = ‘Panp‘p;pl: Zm _>ng

is @, -linear and can therefore be represented by a non-singular mn X mn
matrix (which we also denote by B’ ) over Q,. Thus the mapping

-

H: 22, — /2 defined by
H(2) = ¢, Hp;" ()

is just the lattice transformation (Hp) of o2, . Thus each He¥5 deter-
mines a corresponding H %2, .

It is not true, however, that every A %2, arises as an H for some
H %X For suppose that K is a Galois extension of Q which is not totally
ramified at some prime divisor g of @, so that all the inertial degrees
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f(v|q) are equal to some f>1, and let A be the principal lattice trans-
formation of ¥2_ defined by

A = diag(g, 1,...,1).
If we had A = H for some He%E, then in particular

as linear transformations of Kj. But @ H, multiplies measure in K; by
vig

n |det H,|, = (¢')° (some acZ),

vig

whereas (28) shows that ¢,; 4 ¢,, multiplies measure in K7 by
|det A|, = ¢~

This proves our contention.

It is now easy to see that not every bounded, open, symmetric convex
body in /%X is of the shape
(29) B, x || 4.(0)

with 4,¢9, and A,eU, for almost all ». For example, let K, 4, and ¢
be as in the last paragraph and consider the convex body

B=Alc.x [] o]
P# O

in A2, where C,, is the cube max |r;| < 1 in R™. Then ¢,’(B) is bounded,
open, symmetric and convex in &%, but is not of the shape (29). On the
other hand, it is easily seen that every open symmetric convex body in
#E has the shape []C, for some sets C,, = K.

D
Proof of theorem 7. Let B be the open box in .:x’f determined

by i (that is, the interior of the closed box determined by €); then
pE(B) = 2™ 7"
From (25) and (26) it is clear that
A (B, QF) = A ('P(B)y 92)7

where 4, denotes the first minimum. By the product formula ¢*B contains
no non-zero element of 2% if 0 < ¢ < 1. Hence

AdB, 2F) = 4 (p(B), 29) > 1.

But ¢(B) is a bounded, open, symmetric convex body in «% and hence,
writing 4; = 4;(p(B), 22), we have, by theorem 5,

pa @B (s ... Ay) < 2™ A(2T) = 2™
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But
p2(@(B)) = o7t pif(B) = 2°|dg| 7227 7%,
so it follows that

k]

2 8
I <( ) Ay ... Ay )"

2 8
< (;) ldg|'® = 1y, say.

This last inequality implies that for every ¢ > 0 there exist m points,
S8y @, ..., a,, of 92 which are linearly independent over Q and lie
in the body (f,+ ¢)*@(B). But this means that there exist m points
o Ndy), ..., ¢~ (d,) in ¢ '(29) = 2% which are linearly independent
over O and lie in the body )

@ {(to+ e)*@(B)) = (t,+ )*B.

Using the discreteness of 2X and the boundedness of B it is easily seen
that there exist a,,...,a,e2= which are linearly independent over Q
and lie in the body t,*B. Viewing a,, ..., a,, in K gives the result.

COROLLARY. Let i, I be as in theorem 7, and denote by M the field
constant ‘

2 8
(30) M= ﬁ(—) ldg V2.
2 \=
Then there exists a basis {w,, ..., w,} for I such that
]wilu < Mliu[ui

m .
|wi|u < 7 M |7’v]u!

for each i = 1,2, ..., m.
Proof. We view I as a lattice in R™ (see 2.2). For ae K define

1/m,,
F(a) = max( Ijul_”) ’

veS

where m, = 1 or 2 according as v is real or complex. Since K is dense in
R™, F can be extended to convex distance function F, on R™. Since
Fi(a;) = F(a;) <1 for each of the q; given by the theorem, the lemma
follows at once from lemma 8, chapter V of Cassels [3].

In the first theorem of [11], Mahler proved a result of the same form
as the corollary to theorem 7, but with our constant M replaced by C for

real prime divisors, and our constant % M replaced by C* for complex
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prime divisors {rememn:bering that Mahler does not use normalized valu-
ations), where C is the field constant defined by (26)in [11]. Form = 2, 3, 4,
Mahler’s result is better than ours. For large m, Luthar [6] has shown
that Mahler’s C can be replaced by

0 = m!ymml—mn—s2—(r+s/‘m)|dK|1/2,

where y,, i8 defined in section 1 of [11]. Since y,, < 2m! (see (2) of [11]).
(' is at worst
01 — 2(m! )2m1>—mn—-32—(r+a!m)ldKII/z’

M
and —, —5—
o T a
this comparison is unsatisfactory because of the probable weakness of
our estimate of v,,.

Corresponding to theorem 3 of Mahler [11] we have

THEOREM 8. Let a be any one-dimensional adele of K and t an idele
of volume one. Then there exists ye K such that

are certainly much less than 1 for large m. However,

h’_ au[u < MHV‘u (’U TG(ll),
y—ade <5 Mlidy (v complea),

b"— aulv < I’ivlv (U#IS&),
where M is given by (30).

Proof. Using theorem 2 it is easily shown that there exists feK
such that

|ﬂ_aulv < Iiu|u ('DESm)-
By theorem 7 there exist y,, ..., y, ¢ K which are linearly independent
over Z and satisfy

2V my
pils < (—n—) )15,y (veSw),

: [Pile < 1, (v¢8s),
for 1 <7 < n. The inequalities
E—ayly < [0y (ve8y)
are satisfied by all elements
§ =F+oy1+ ..o + Tr¥m
of K with #,,...,2,¢Z. ‘

Let upper indices denote conjugates over Q. Since y,,..., %, are
linearly independent over Q, the discriminant

Ay ooy vm) = (det[]])?
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is real and non-zero. Now use exactly the same argument as in section
11 of [11], but using y,, ..., y,, instead of Mahler's ay, ..., a,.

Theorem 8 can plainly be proved for n-dimensional adeles of K;
this is also true of the corollaries which follow, though we only prove
them for the one-dimensional case.

COorROLLARY 1. Let M be the constant given by (30) and i an idele of
volume one. The closed box B* with sides of length

Mli,|, (vreal),
imMli,|, (vcomplex),
bl (v€8u),
is a 2-covering of /. B* has measure

m8
o (—— ) M+,
“(2)

COROLLARY 2. Put

(31) W = (ﬂ) Mf+s|dK|112
T

where M s the constant givenm by (30). Then any closed box determined by
an idele j of volume not less than W is a 2-covering.

Proof. For any idele i of K, we denote by B(i) the closed box deter-
mined by i.

Let I be an idele which determines the box B* of corollary 1. Then
the idele jI=! has volume

2 8
1> (2 st
and hence B(jl~!) has measure not less than
r_8 _2_8 1/2 __ om
2" |dg]? = 2™ A(D).
k1

Hence there exists ae 2, a # O with a¢B(jl™!).
Now let # be a fundamental domain for 2 with # < B*. Then

o c B(d) < B(j).

But a% is a fundamental domain for «2 = 2.

Our next corollary is a quantitative form of a well-known density
theorem in algebraic number theory.
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COROLLARY 3. Let © be an idele of K, and W the constant given by (31).
Then the number M (i) of field elements bounded by € satisfies

W 1/m\m
M (i) <27 n|dg |~ (1+(|—|;"-) ) 18]

1/m
Proof. Let 2 =(W) . Then ||A*i|| > W, and hence by corollary
2, the closed box B(A*i) determined by A*i contains some fundamental
domain &, for 2, = K. Then

U (a+F,) « Bi)+F,
ae K~ B(i)
< B(i)+ A+B(i)
< (14 2)*B(i).
Hence, taking measures, we have
M () p(Fo) < (14 2)™|[8)| 277
Substituting u(#,) = 27°|dg|"?, 4 = (W/|/§|)™, we obtain the result.

. From the inequality of corollary 3 it is easily deduced that there
is a field constant g (in fact,

b = 27| dg| W (1+ W™ —1]
will do) such that
M (8) < 270’ |dg| 7V lE]| + Sglld)t ™

for every idele i of K; the second term on the right-hand side here is
of the same order when ||i|| > o as the error term in the asymptotite
result

| M () — 27wl | 2]} | = O(Idl~™)  ([lil > o0)

proved in chapter V, section 2 of Lang [5].
Our last corollary is a quantitative version of the very strong approx-
imation theorem.

~ COROLLARY 4. Let t be any prime divisor of K, a any adele and i
any idele. Then there exists ye K such that

Iy— avlv < livlu (U # T)'
Furthermore, y can be chosen so that
h’_ a‘llt < WO)
where W i8 the least element of |K .|, such that

Wo 2 L ]
[,

AT
where W is given by (31).
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Proof. Let the idele j be defined by

j’o = ‘iv (U # T)’
13:: = W,.

Then ||j| > W and so by corollary 2 the box a+ B(j) centered about «
is a 2-covering and therefore contains a field element.

7. T-adeles

We now discuss briefly now our analogue of the geometry of numbers
can adapted to the T-adeles considered by Cantor [2]. As Cantor points
out, by taking K as Q and T consisting of oo and a single p-adic prime
divisor of Q we arrive at the set-up of Lutz [7] as a special case. To con-
clude our discussion we derive some classical results, and connect our
point of view with that of Rogers and Swinnerton-Dyer [13].

7.1..The general theory for T-adeles. Let T be any subset of Q. If
xe, the T-part (x)p of ® is defined by

(w)T = (mv)veT .

If @ = o, the T-part is defined similarly:
(32) (G)r = {(®)] TG}

The space 4T of (n-dimensional) T-adeles is just the T-part of «:
AT = (of)p. Similarly we define #7 and %7 as the T-parts of # and
% respectively.

The definitions just stated are valid for any T < 2, but from now
on we assume that T'> 8, and T # Q.

Clearly &7 is a locally compact additive group, since it is just the
restricted direct product of the groups K7 (veT) with respect to the sub-
groups O"(veT,v¢S,). A metric for 27 is defined by analogy with (7)
in the obvious way. Boxes in .7 are also defined in the obvious way.

The vector space K" is naturally embedded along the diagonal of
T as a subgroup 2 of &7, but since T # 2, 2 is dense in 7. Let K7
denote the ring of T-integers of K:

KT = {aeKl lal, <1 (v¢T)}.

Then (KT)", viewed as a subgroup 2T of 2, is discrete in &7, If &, is
the fundamental domain for 2 in & given by (9), then (&), is a fundamen-
tal domain for 27 in «7. It follows that «7/27 is compact.

The Haar measure u” on 7 is normalized so that

pT{@estT| |ml, <1 (vel)} = (2"n°)
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Then if Ae%T and X < &7 is measurable, we have

W(AX) = ] [ 1det 4] 47 (X).

veT

From the remarks above about fundamental domains we have
A(DT) = 27" |dg|™2.

A conver body in /T is defined as the T'-part of a convex body in <.

The obvious definition for a lattice in /7 is a set of the shape A (27)
with A4 ¢%7, but this definition turns out to be unnecessarily restrictive.
A more satisfactory definition, which includes the 7'-ideals of K (for
T X)) as special cases, is given below. We note that the meaning of «~T
(~ means set-theoretic complement) is clear from the general definition
(32). Boxes in «~T are defined in the obvious way; the box

[l

v¢ T
in @~7 is denoted by 0~7.
DETINITION 6. A lattice in T (a T-lattice) is a subset of /7 of the
shape
(T x.B~T) N A)p,

where B~7 is a box in &~T and A is a lattice in .
It -is easily shown that every T'-lattice AT ean be written in the
form
(33) AT = (dp O\ A)y,
for some lattice A in &/, where
Ay = AT x 0T,

It then follows easily that every T-lattice AT is a discrete K7-module
which contains n points which are linearly independent over KT and
has compact quotient =#7/A%. Unfortunately, T-lattices need not be
free over K7, that is, of the shape A (2T) with 4 ¢%7. But if K7 is a prin-
cipal ideal domain then every T -lattice is free.

If #7 is a fundamental domain for the T'-lattice AT in &7, and we
write A7 in the shape (33) for some lattice A in «, then #T x ¢~7 is a fun-
damental domain for 4 in «; in particular,

A(AT) = A(4).

We now have the following version of Minkowski’s convex body
theorem for 7.

THEOREM 9. Let AT be a T-lattice and BT a convex body in 7. If
uT (BT) > k-2™" A(AT)

3 — Dissertationes Mathematicae LXXXVIII
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for some keZ* then there exist at least k distinct pairs +o, (1 <i<k)
of mon-zero points of AT which lie in BT.
Proof. Write -
AT = (dp N A)p

for some lattice 4 in . Then 4(A) = A(AT). Now put
B = BTx 0~7.

Then B is a convex body in . and u(B) = u%(BT). The result now follows
from the convex body theorem in «/ (theorem 2).

Theorem 9 is easily extended to the case when B is compact.
We now give a sketch of the theory of successive minima in 7.

DEFINTTION 7. Let BT be an open subset of &7 and let A7 be a lattice
in &7, For ¢ =1,2,...,n, the i-th T-minimum AT = AT(BT, AT) of BT
with respect to AT is defined to be

AT =inf{t > 0|(t*BT) N AT contains ¢ points which are
linearly independent over K7}.

Consider now a bounded, open, symmetric convex body B? in 7,
and a lattice A% in «7. Then

AT = (L N A)p
for some lattice 4 in </, and

A(4) = A(AT).
Also B = BT x 0~7 is a convex body in & and

u(B) = u"(B").

Suppose that &7, ..., ®7 ¢ AT N (t+BT) are linearly independent over
K7™, Since AT = («p N A)y, there exist @,,..., X;exp N A such that

= (x)p (1<j<i);

certainly @,,..., &;eAN ({*B). Suppose that x,,..., x; are linearly de-
pendent over K. Then
alétl + ves +ai$i.= (/]

for some a,, ..., ¢;e K. Using the strong approximation theorem we can
find a non-zero aeK such that all of aq, ..., ag; belong to K. But then

it follows from that
ag; &7 + ... +aex] = o0,

which contradicts our assumption about x7,..., 7. Hence we must
have ®,, ..., ; linearly independent over K, and so

X (BT, ATy > 4(B, 4).
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Conversely, suppose that &,, ..., ®;ed N (i*B) are linearly indepen-
dent over K. Then it is easily seen that (®,)p, ..., (®;)peAT N (1+B7).
Now let A = A2, where A ¢%. Then

®, =Ad, (1<j<i)
for some d;¢2, and hence
(®))p = (A)pd; (1 <j<i).

Using this, together with the fact that A is a lattice transformation, it
is easily shown that (®,)y,...,(®;)r are linearly independent over K,
and hence over K7. Thus we must have A7 (B, A7) < 4,(B, A). It is now
clear that

A (B”, AT) = %,(B, 4).

Using theorem 5 we obtain immediately
THEOREM 10. Let BT be a bounded, open, symmeiric convex body in

T, Then the successive T-minima AT, ..., AT of BT with respect to the T-
lattice AT satisfy

(AT... ATy T (BT) < 2™ A(AT).
Similarly, theorem 6 leads to

THEOREM 11. Let BT be a bounded, open, symmetric conver body in
7T of the shape
B" =[] B.,

vel

where B, i8 a convex body at v for each veT, and B, i3 ¢- convex if v is complex.
Assume also that B, = 0O} for almost all v ¢S_,. Then the successive T - minima
Ay ...y Ay of BT with respect to the T-lattice AT satisfy '

(4. ATy T (BT) > 27+ (n )™ dg| =24 (4T).

Remarks. Theorems 10 and 11 can be applied to arithmetic ques-
tions in &7 exactly as was done with theorems 5 and 6 in .«¢. In particular,
from theorem 10 we obtain quantitative versions of lemmas 2.6, 2.7 and
2.8 of Cantor [2].

We note also that our theorems on successive minima (both in &
and «7) can be applied to convex bodies determined by local distance
functions (c.f. theorem 4), and lead to results about the number of linearly
independent solutions of certain inequalities (see chapter 7 of [12] for
the details). These results contain as special cases (when K = Q, T = {oco,p})
meany of the theorems in chapter 2 of Lutz [7].

- 7.2. Two special cases. We first consider the case K = Q, T = {oo}.
Thus &T ~ R" algebraically and topologically, so we are in the situation
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of the classical geometry of numbers. Since K7 = Z is a principal ideal
domain it follows from the remarks about T-lattices in 7.1 that a subset
L of R* is a T-lattice if and only if L = A(Z") for some A ¢%7T, that is,
if and only if L is a lattice in the classical sense. Clearly the notions of
convex bodies in /7 and R" are the same. Hence theorem 9 yields the
classical version of Minkowski’s convex body theorem, and theorems
10 and 11 specialize to R™ giving the classical estimates for the product
of successive minima (with the obvious notation):

n

2
— A(4) < My ... Ap(B) <2 A(4).

Finally, we look at Rogers and Swinnerton - Dyer [14]. Let {w,,..., w,,}
be an integral basis for K over (). Then the algebra

K*=Row, + ... + Ro,,

of [13] is clearly isomorphic to K., and so (K*)® is isomorphic to
K = ofSe,

Let 0 = K=, A subset A of (K*)" is a lattice in the sense of [13]
if and only if A is discrete in (K*)*, (K*)*/A is compact, and

A = Ob, + ... + 0b,

for some b,, ..., b,eA which are linearly independent over K* (and so
certainly over 0). It now follows that if I" c (K*)" is a lattice in the sense
of [13], then I', when viewed in &/, is of the form A (¢") for some
A e%So, and so certainly I' is an S8, -lattice.

Hence the situation in [13] is a special case of our T-adele theory
when T = 8,,. Theorems 2 and 3 (applied to convex bodies) of [13] can
now be derived from the corresponding results in 7.1 for 8, -adeles.



Part 11

1. Introduction

In part I (henceforth GNI) I set up the basic tools for an analogue
of the geometry of numbers for adele spaces, and carried the analogue
as far as a discussion of successive minima. This paper carries on from
GNI, and deals with compactness for lattices and related topological
questions. The notation of GNI is used freely here.

Recall that a lattice in & is a subset of the shape A2, where A
is a lattice transformation (i.e., A<¥) and 2 is the image of K" along
the diagonal of /. We shall see that the lattice A2 can be identified
with the coset AZ? of # in ¥, where Z is the group of principal lattice
transformations. Hence we call the left coset space ¥/Z the lattice space
of s/. My main object in this paper is to study the topological structure
of /2 and thereby obtain analogues of Mahler’s compactness theorem
for lattices in 7. '

In section 2 I look at two naturally arising topologies on ¢ and the
relationship between them. In section 3 I take quotient topologies on
%/# and determine conditions under .which a subset of %/# is compact;
these results are essentially analogues of Mahler’s compactness theorem.
Section 4 deals briefly with the connection between the topologies already
introduced on ¢¥/# and the topology used in Chabauty [4]. Finally,
in section 5, I consider the T'-adele case and the connection with the
classical version of Mahler’s theorem. The proofs of the main results in
section 3 are independent of any earlier analogues of the geometry of
numbers, but the proof of theorem 3 is based directly on section 16 of
-Cassels [17].

In sections 4 and 5 several details have been omitted, but can be
found in chapters 8 and 9 of my thesis [12]. |

2. Topology in ¢

2.1. Two topologies on ¥. We recall from 2.2 of GNI that for each
prime divisor v of K, %, is the ring of all » X » matrices over the comple-
tion K,, with the topology determined by the metric D, given by (3) of
GNI. For each finite », #, denotes the subring of %, containing those
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matrices with (v-adic) integer components. Te restricted direct product
of the .#, with respect to the ./, (as topological rings) is denoted by #;
# is a locally compact topological ring with metric D’ (see (8) of GNI).

The group of units of ¥, is denoted by ¥,, and, for v finite, the
subgroup U, of 9, is defined by

U, = {des,| |det A}, =1}.

The restricted direct product of the ¥, with respect to the U, is denoted
by %. There are two obvious ways of topologizing ¥: one by regarding
it as a subset of £, the other by taking a restricted direct product topo-
logy.

The additive topology. We call the relative topology induced
on % from & the additive topology. Clearly % can be identified (additively)
with /", and the topology on & agrees with the product topology on o™
Under this identification the group # of principal lattice transforma-
tions (see 3.2 of GNI is identified with a subset of 2. It follows that #
is discrete in ¢ under the additive topology.

The multiplicative topology. For each v, 4, is a multiplicative
topological group under the relative topology induced from %,, and (for
v finite) U, is compact and open in ¢,. Hence under the corresponding
restricted direct product topology ¢ is a locally compact multiplicative
topological group. We call this restricted direct product topology on ¢
the multiplicative topology.

For each » we have a metric D, for the group ¢, which is invariant
under right multiplicative translations (see lemma 1 of GNI). For A, Be¥%,

define .
_D A B _ 'D0 (‘AU’ ‘BU)
(4, B) = s?p loglog Nv* ’

where No* is defined by
loglogNv* =1  (veSy),
No' =DNv (v¢8,).

LEMMA 1. D is a metric on 4, and is invariant under right multiplicative
translations:

D(AM, BM) = D(4, B)

for all A, B, Me¥%. The D-topology on % coincides with the multiplioative
topology.

Proof. The pattern of the proof is similar to that of the corresponding
proofs for d and D’ (c. f. lemma 2 of GNI). The details are given in theorem
5, chapter 3 of [12].
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2.2, Comparison of the two topologies. The additive topology on ¢
is weaker than the multiplicative topology since, roughly speaking, 4%
is close to Be% under the multiplicative topology if and only if A is close
to B and A~ is close to B~! under the additive topology. Moreover, the
two topologies are distinct; this is well-known for # = 1, in which case
% is the idele group of K, the multiplicative topology is the standard
idele topology, and the additive topology is the topology induced from
the adele ring 7, (see, for example, section 16 of Cassels [17]). Note that
since £ is discrete in ¥ under the additive topology it must be discrete
in ¢ under the multiplicative topology.

Recall that for each 4 «¥% we define

4] =[] idet 4,l,.

The following theorem gives us more precise information about the rela-
tionship between our two topologies. The proof of this theorem is based
on section 16 of Cassels [17].

THEOREM 1. Let 4 > 6 > 0, and define

€(8) = {A<G|[4] > &},
€(8, 1) = {Ae@| 8 < 4| < 4).
Then
(i) each of €(8) and € (6, A) is closed in Z;
(ii) the additive and multiplicative topologies coincide on both € (4)
and €8, 4).
Proof. Let A% and suppose that ||A|| < 6. Then we can choose

SeX such that 8 contains all finite v for which A, is not integral, and,
furthermore, such that

n |det 4,], < 8.

veS
Put

W = {Be#|. |4,— B, < e(ve8), B,es, (v¢8)}.
Then W is a neighbourhood of A in %, and if ¢ is small enough we have

” |det B,|, < &
veS

for all BeW. Thus W N €(8) = D, so €(4d) is closed in Z.
Now suppose that [|[A|l = 4, > 4. Then we can choose Se¢X such

that § contains all finite v for which A4, is not integral, and, furthermore,
such that if v¢§ then '

lof, <1 = jal, <3457 (weKD);
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this is possible as the finite v are discrete. Now choose ¢ > 0 so that if

l4,— B, <e (veS)
then
4< ” |det B,|, < 2 4,.

veS
Then

W = {BeZ|||4,— B,|l, < ¢ (ve8), B,es, (v§S)}
is a neighbourhood of A in % satisfying
W Nne€(, A =0.

It now follows that € (4, A4) is closed in &, and (i) is proved.

Certainly the additive topology is weaker than the multiplicative
topology on €(d). To prove (ii) for ¥(9) it is therefore sufficient to show
that if 4 ¢%(8) and we are given a neighbourhood 4" of A of the multipli-
cative topology then there is a neighbourhood 4" of the additive topology
with

N Nn€(6) c N NE(I).
This we now do.

Take A% (4) and a multiplicative neighbourhood A" of A. Then A4
contains a multiplicative neighbourhood of the shape

[X,— Al <e (veS),
' X,eU, (v48),
for some ¢ > 0 and some SeZ2 such that
vé¢S=> A,eU,.
Now choose 8§, © § such that

1

(1) v¢8, ael,, |al, #1 = |a|,(|4]+1) < &

. this is possible by the properties of the discrete prime -divisors. Now &§,
is finite. Using this, the continuity of |det |, for each v, and the discreteness
of the v¢8,, we can choose £, > 0 such that
(i) & <e¢;
(ii) [X,— A, <& (veS ~8)
=> X, eU,;
(i) [|X,— Al < & (vely)

= l I’ idetxvlv_n ldetAviuI <1.
”‘Sl veS;

Now consider the additive neighbourhood

' ”Xu—Au“u < & (UESI))
t 'Xve',v (v¢sl)1
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and the corresponding multiplicative neighbourhood
. ”'Xu_-A-v”v <& (UGSI)’
" X,eT, (v¢8y),

of A. Using (i) and (ii) abave it follows that 4", ¢ N,. We complete the
proof by showing that

2

Ni NE(8) = N, NE(S).
Clearly
Ny, NE(8) c N, NE(S).

Now suppose that XeA, N€(8) but X ¢A", Nn€(5). Then there exists
¢S, such that |detX.|, < 1. Then

1X|| < [ ] ldet X,],-|det X,

veS;
< (|44 1)-|det X,|, (using (iii) above)
< 6 (using (1)).

This contradicts our assumption that X ¢#(d). Hence we must have
Ny NE(8) = A, NE(F).

We have thus shown that the two topologies coincide on the set #(4).
But €(9, 4) is a subset of €(d), so the two topologies must coincide on
% (96, A). This proves (ii).

3. Compactness for lattices

3.1. Two topologies on the lattice space. Suppose that Ae¥. Then
clearly A9 = 2 if and only if 4 2. It follows that the lattices A2, B9
are equal if and only if the cosets A%, BZ coincide. Thus we can identify
the lattice A2 with the left coset AZ of 2 in ¥. We shall use the symbols
A% and A% interchangeably; it will always be clear from the context
whether we are thinking of a lattice as a point set in & or a coset of #
in 4. We call the left coset space ¥/# the lattice space of .

The way to topologize the lattice space of . is now clear: we take
quotient topologies on ¥/# corresponding to the additive and multi-
plicative topologies on ¥.

The additive quotient topology. Consider ¥ with the additive
topology. We call the corresponding quotient topology on 4/# the additive
quotient topology. A fundamental system of neighbourhoods of the lattice
A = AZ for this topology is given by {I(4; ¢}| ¢ > 0}, where

I(4;8) = {MPe%|? | D' (M, A) < £}.
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Intuitively, the lattice A, is close to the lattice

A=Ka @...DKea,
under the additive quotient topology if a basis {b,,..., b,} for 4, can
be chosen so that b, is close to @;in &7 for 1 < 7 < 7.

The multiplicative quotient topology. Suppose now that ¥
has the multiplicative topology. We call the resulting quotient topology
on ¥/? the multiplicative quotient topology; this topology is stronger than
the additive quotient topology. We now use the translation invariance
of the metric D of lemma 1 to define a metric for the multiplicative quo-
tient topology.

Let A, = A,2, A, = A,% be lattices, and define

D* (A1y Ap) = Inf{D(Ly, L,)| Lyed,, LyeA,}
= inf{D(A,P,, A, P;)| P, P,¢Z}.
THEOREM 2. D* is a metric on 4[P and the D*-topology coincides with
the multiplicative gquotient topology.
Proof. Since £ is a group and D is right invariant we have
D*(A#, B#) = inf{D(A, B?)| P %}
= inf {D(AP, B)| P}

for all A, Be%. Hence if A?, B#<%|# and D*(A#, B#) = 0 then for
each ne¢Z™* there exists P, ¢# such that

~

1
D(4, BP,) <—.

Hence, under the D-topology on ¥, lim BP, exists and is equal to A,
and so limP, = B™'A. But P,e# for all » and 2 is discrete, so
limP, = B~'A4 e#. Thus

D*(AZ?,B?) — 0 > AP = BZ.
Now let A, B, Ce%. Then
‘D*(A?, B?) — inf D(AP,, BP,)
P, Pyc?

< inf (D(4P,, 0)+ D(C, BP,))

Pl,szg

= inf D(AP, C)+ inf D(C, BP)
PeF

PeP

— D*(AP, C#)+ D*(CP, BP).

Hence the triangle law holds for D*. The other properties needed for D”
to be a metric are obvious.
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Let y: 9 > ¢%/# be the natural mapping and denote by & (4; )
the open D-sphere of radius ¢ >0 about 4<%, and by $*(A%;p) the
open D* -sphere of radius ¢ about AZ¢¥%/#. Then it follows easily from
the definition of D* that

F*(AZ;0) = y(Z(4;50).
This establishes the equality of topologies.

3.2. An important lemma. Our general aim is to give simple condi-
tions on a subset of ¥/# which ensure that it (or its closure) is compact,
or, more specifically, to determine conditions under which a sequence
of lattices has a convergent subsequence (under either topology). Our
treatment depends on the theory of successsive minima developed in
section 6 of GNI in much the same way as Mahler’s original compactness
theorem depends on the classical theory of successive minima. The results
we need from GNI are contained in

LEMMA 2. Let B be an open box in & and A a lattice. Denote by

Ary Aoy ooy A, the successive minima of B with respect to A. Then there exist
contants 0., 6, (depending only on K and n) such that

0. 4(A) < (444s ... )" u(B) < oz\A (4).

Proof. See theorems 5 and 6 of GNI.
The vital lemma for our purposes is

LEMMA 3. Let B be an open box and L a collection of lattices. The Sollow-
ing two statements about L are equivalent.
(i) There exist ¢ < co and y >0 such that A(A) < ¢ and

(y*B) n 4 = {0}
for all AeL.

(ii) There exist Ay >0 and B < oo such that A(A) > Ao and the box
B*B contains a basis for A, for all AeL.

Proof. Let A¢L and let 4,,..., 4, be the successive minima of B
with respect to 4. Clearly (i) and (ii) are equivalent to

(i) 4(4)< e, 4,2y >0 (AdeL),
and

(ii") 4(A4)= 4, >0, 4, < B (AdeL),
respectively. .

Suppose that (i’) holds. Then by lemma 2,

A(A) = u(B)(A;4, ... 4,)" 0;
= u(B)y™ 07" = 4,, say.
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Again by lemma 2 we have

[ 4) )""‘
An < (A4hgee Ay y
n s ) (ezu(B)
mt1 é 1/m
S (m) = b, say.

Thus (i’) implies (ii’).
Suppose now that (ii’) holds. By lemma 2,

B elA(A>)”"‘
A (Aghy ... A) {20
(%2 ) (#(B)
8,4, \!™
> gl _Ii) = .
P (M(B) 4

Also
A(4) < 07 (4 4y ... 4)" p(B)
< 67 ™ u(B) = c.
Thus (ii’) implies (i’).

3.3. An analogue of Mahler’s compactness theorem. Our main result
is

THEOREM 3. Let B be an open box, Y and y positive real numbers, and
suppose that the subset M of ¥ satisfies

(i) |1 M|< XY for all MeAH;

(ii) (y*B) N M2 = {0} for all Me.#.

Let w: 9 — 9[P be the natural mapping. Then M|P ='y(#) i8 bounded
in 9|2 in terms of D*. Equivalently, ./7/9’ = 1/)(./7) i8 compact under the
multiplicative quotient topology, where M denotes the closure of M in &
under the multiplicative topology.

Proof. The equivalence of the theorem is immediate from the defi-
nition of the quotient topology, so it is enough to prove that ./7/9’ is
compact.

We note first that 4 satisfies (i) and (ii); this follows easily from
the continuity of || | under the multiplicative topology. From lemma 3
we have: there exist 4, > 0 and f < oo such that

(iii) | M| > 4, for every Me.#;

(iv) the box f*B contains a basis for M 2, for every Me A.

Hence, by (i) and (iii), # < #(, 4) for some 8, A with 4> 8>0,
and so by theorem 1 (ii) the additive and multiplicative topologies
coincide on .4.

The mapping y is continuous and so the result will be proved if we
can find an additively compact subset ¥ of £ such that p(.# N ¥)
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= Jl_/_.@, that is, we must find an additively compact subset %~ of & such
that if M ¢.# then MP ¥ for some P 2. But this is equivalent to finding

a compact subset # of o« such that any lattice M2 with M e .# has
a basis in #”. The existence of such a set #” follows from (iv) above.

COROLLARY (analogue of Mahler’s compactness theorem). Let {4;}
be a sequence of latlices such that

(iy 4(A;) << Y for some constant ¥ < oo and all 1;

(ii) 4; N A = {0} for some open neighbourhood AN of 0 in o and
all 1.

Then there exists a subsequence {A;} of {A;} and a lattice A such that
A~ A as r— oo under either topology on ¥[P. Also A(A)< Y and
A nA = {o}. '

Proof. Theorem 3 gives the result at once for the multiplicative
quotient topology, and this in turn implies the result for the weaker
additive quotient topology.

We remark that if the hypotheses of the above corollary are replaced
by the equivalent condition (ii) of lemma 3 then the result of the corollary
can be established for the additive quotient topology without mention-
ing successive minima — the proof uses only properties of compact
subsets of metric spaces and part (i) of theorem 1. But in order to estab-
lish the conclusion of the corollary either with the hypotheses of theorem
3. or for the multiplicative quotient topology it seems necessary to use
successive minima.

Our analogue of Mahler’s compactness theorem can be used to furnish
results about the existence and properties of critical lattices and also
leads to a method for the effective determination of the lattice constant
of a convex body. The ideas involved are exactly similar to those in the
classical case (see V. 5, V. 6 of Cassels [3]).

4. The Chabauty topology

In [4] Chabauty defines a topology on the space of all discrete
subgroups of a locally compact, o-compact, unimodular topological
group. In the present context we can describe this topology as follows.

Suppose that A is a lattice in /. Let C be a compact subset of <7 and
let 4" be a neighbourhood of o in /. The corresponding neighbourhood
H(A; C, A") of A is the set of all lattices A" such that

A NnCcA4+H#, AnCcA+AH.
The collection

{#(A4; C, #") | C compact, .#" a neighbourhood of o}
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is a fundamental system of neighbourhoods of A for some topology on
4[#; we call this topology the Chabauty topology.

The Chabauty topology is weaker than the multiplicative quotient
topology and stronger than the additive quotient topology (the details
are given in theorem 3, chapter 8 of [12]). Also it can be shown that the
Chabauty topology and the additive quotient topology are distinct by
considering the case n =1, K = Q, when lattices are of the form iQ
with 4 an idele of Q. For suppose that the rational primes are arranged
in ascending order: p,, P, ..., .and define a sequence (i;) of ideles of

Q by
ip =95 i p=0p
4p =1  otherwise.

Then % Q —~Q as j— oo under the additive quotient topology but not
under the Chabauty topology (the details are given in theorem 4, chapter
8 of [12]). However, I have not been able to decide whether the Chabauty
and multiplicative quotient topologies are distinct or not.

Since the Chabauty topology is weaker than the multiplicative
quotient topology, our analogue of Mahler’s compactness theorem (coroll-
ary to theorem 3) implies the corresponding result for the Chabauty
topology. Alternatively, we have the following proof which uses neither
the additive quotient topology nor the multiplicative quotient topology,

PROOF OF COROLLARY TO THEOREM 3 FOR THE CHABAUTY TOPOLOGY.
Suppose that {4} is a sequence of lattices satisfying the conditions of the
corollary to theorem 3. Then theorem 1 of Chabauty [4] guarantees
a subsequence of {A;} which converges under the Chabauty topology
to a discrete subgroup A of & with 4(4) < co. For notational convenience,
we suppose that A;—> A. It is easily checked, using the definition of
Chabauty topology convergence, that each xeA is the limit of a sequence
{z;} with ®;e4,, and, conversely, that every convergent sequence {z;}
with @;eA; converges to a point of A. '

We must show that A is a lattice in /. Suppose that xeA and aeXK.
Then @ = lima; for some #;e¢A;, and hence ax = limex;. Since ax;ed;
for each ¢, it follows that axed and so A is a vector space over K. Also,
if m,, ..., m eAd are linearly independent over K, then we can find
a neighbourhood A" of 0 such that if p; em,;+A4" (1 < i < k) then p,, ..., P,
are also linearly independent over K. But there exist {eZ* and p,,...
ory Pred, such that

piemi-l-./f" (1<7:<‘k).

Since A, is of dimension » over K, it follows that 4 has dimension at
most » over K. It is easily seen that if A has dimension less than # over
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K then any fundamental domain for A has infinite measure; consequently
A has dimension » over K, since A(A) < oo. Since A is discrete in 7,
it now follows from remark 2 following the corollary to theorem 4 of
GNT that A is a lattice in /. This completes the proof.

5. T-adeles

We now look at our theory of compactness for lattices in the T'-adele
space /T (see 7.1 of GNI for the definition), restricting our attention
to the case when 7 = Q2 and T > S,. We recall from (33) of GNI that
a T-lattice is a subset AT of &7 of the shape

AT = (MT nA).’l"a
where 1 is a lattice in /. A free T-lattice is of the shape A4(27) with
AT |
Additive quotient and multiplicative quotient topologies for 7-
lattices are only meaningful for free T-lattices. In general we take as
a topology on T-lattices one corresponding to the Ghabauty topology

on ¢/#. Thus we take as a fundamental system of neighbourhoods of the
T-lattice AT the collection

{o#(AT; CT, #'T) | OT compact in &7, #T a neighbourhood of o in 7},
where #(AT; 0%, #'T) is the set of all T-lattices M7 such that
AT NCTc MP+H#T, MT nCT c AT+H7.

We call the corresponding topology on 7'-lattices the Chabauty topology.

LEMMA 4. Let A, (r =1,2,...) and A be lattices in o/, and suppose
that A, — A a8 r — oo under the Chabauly topology on lattices in /. Define
T-lattices AT (r = 1,2,...), AT by

AT = (op N A)g, AT = (sp O A)p.

Then AT — AT as r — oo under the Chabauty topology on T -lattices.
Proof. Let 07 be compact in &7 and 47 a neighbourhood of o

in &%, Then C = CTx0~T is compact in &, and & = A#Tx 0T is
a neighbourhood of o in <. Hence there exists r,eZ* such that r>r,
implies

A, NCcA+N# and A NCcA+H.
By intersecting with &/, and taking T -parts, we obtain

A7 00T =« AT+ 4T, A" N 0T <« AT+ N

for all » > r,. This establishes the lemma.
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We can now prove the following result about compactness for T-
lattices.

THEOREM 4. Let {A]} be a sequence of T-lattices. Suppose that ¢ > 0
i8 a consiant and AT is a neighbourhood of 0 in 4T such that

(i) 4(47)<e (r=1,2,...);

(i) AT a#T = {0} (r =1,2,...).
Then there exist a T-lattice AT and a subsequence {A]} of {AT} such that
Af; —~ AT as 8 — oo under the Chabauty topology on T -lattices.

Proof. Let A, (r =1,2,...) be lattices in & such that
A? = ('MTn Ar)T

for all , and write & = #Tx 0~7, so that 4" is a neighbourhood of o
in &. Then 4(4,) = A(AT) < ¢ and A,n & = {0} for all r. The theorem
now follows easily from theorem 3 and lemma 4.

Let us now restrict our attention to free T -lattices. We identify the
space of free T -lattices with the left coset space ¥7/#T, where 27 is the
image in 97 of the group of n xn matrices 4 over K with |detA|, =1
‘for v¢T. The additive and multiplicative topologies on %7 are defined
by analogy with the corresponding topologies on ¥. We then take quotient
topologies on %7 /2T to obtain the additive quotient topology  * and the
multiplicative quotient topology 4 *. It can be shown that

TteT,cT¥,
where .7, is the Chabauty topology restricted to free T'-lattices. If T is
finite then the additive and multiplicative topologies on %7 are both
a finite product of the same local topologies, so it follows that 7+ = 7,
= *. But if T is infinite then * # 7, (the details are given in theorem
8, chapter 9 of [12]).

Theorem 4 gives at once an analogue of Mahler’s theorem for free
T-lattices; it is easily seen that in this case the limit 7 -lattice is actually
free.

Finally, we look at a couple of special cases. We saw in 7.2 of GNI
that the classical geometry of numbers is simply the T'-adele theory in
the case K = Q, T = {oo}, and that a T-lattice is precisely a lattice in
the classical sense. Moreover, convergence of a sequence of T'-lattices
under any one of our three topologies is equivalent to the usual definition
of convergence of a sequence of lattices in R". Thus in this case theorem
4 is just the classical version of Mahler’s theorem. We also noted in 7.2
of GNI that the situation of Rogers and Swinnerton-Dyer [4] is a special
cage of the 7T'-adele theory for T = §,,. Thus theorem 5 of [4] can be
derived from theorem 4 in the case T = 8.
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