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On a linear functional equation of second order
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In the present paper we shall extend some results from [1] con-
cerning the solution of the linear functional equation of the second order

1) o[ (@)]+A (@) [f()]1+B(2)p(r) = F(2),

where ¢ () is the required function and f(x), F(x), A (), B(2) are given
functions. We shall denote by f*(x) the k-th iteration of the function
f(=), i.e. we put

@) =x, [ = fI/* )],
f—k_l(m) =f_l[f_k(w)]’ k=0,1,2,...

According to the results obtained by Kuczma [2] concerning the
reduction of the order, the investigation of equation (1) may be replaced
by the study of suitable equations of lower orders.

Let A(z) be a solution of the functional equation:

(2) Alf(@)]A(2)+A (2)A(x)+B(z) =0,
and let us put:
3) p(@) & —A(x)—2[f(2)].

LevmMA I. Equation (1) is equivalent to the system of equaiions of the
first order with the unknown functions ¢(x) and y(x):

i)  elf@]—Ai(x)e(2) = p(a),
i)  y[f@)]—p@)y(@) = F(2).
The proof of this lemma may be found in [2], p. 260.

The next lemma will concern the solution of the linear equation
of the first order:

(5) olf(@)]—A(x)p(®) = G ().

(4)
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Let us make the following assumption about the function f(x):

Assumption 4 — f(x) is a real-valued function of the real variable x,
continuous and strictly increasing in an interval (e, b), and f(b) = b,
f(x) >z in (a, bd).

According to the notation used in [2] we have feR}[(a, b)].

LeMMA II. Let f(x) satisfy assumption A, and let A{x) and G(x) be
complex-valued functions of the real variable x, continuous in the interval
(a, b). Then equation (5) possesses in the open interval (a, b) a continuous
solution depending on an arbitrary function. More precisely, for any x,<(a, b)
and for anm arbitrary function ¢(z) continuous in the interval {(x,, x,) and
Julfilling the condition

(6) lim ¢ () = G (@) A (20)p (%)

r—m
1

there exists exactly one solution (x) of equation (5) continuous in the open
interval (a,b) and such that ¢(x) = ¢(x) in {xy, x;). This solution is
given by the formula

v (), 2 elZyy 2y),
(1) ela) = GLf @)+ AL (@)]e Lf (@)1, we(wm:?nﬂ'),
¢lf(z)]—G (=) Ze{B_p,@_py1)s
A(z) ’ v 1.2, ...

where z, ¥ f*(z,), n = +1, +2,...

If, moreover, the functions A(x) and G(zx) are continuous in the
interval (a, b), then:

(a) In the case |A(b)] >1 equation (5) possesses exactly one solu-
tion continuous in the interval (a, b>.

This solution has the form

Y GLf ()]

(8) p@) = — Y
r=0 al[f‘(w)]

(b) In the case |A(d)] <1 every solution of equation (1) in the in-
terval (a, b) continuous in (a, b) is also continuous in the interval (a, b);
in view of the first part of the theorem case (b) says that equation (5)
possesses in the interval (a, b)> a continuous solution depending on an
arbitrary function.

Lemma II is an immediate consequence of the results found in
book [2], chapter II.
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The following fundamental theorem concerning continuous solu-
tions of equation (1) has been proved by Kordylewski and Kuezma [1]..
Their proof, however, contains an inaccuracy. In the proof given below
this inaccuracy has been removed and we push forward the investigation
of the number of continuous solutions of equation (1) in case II, 3° below..

Let d, and d, be roots of the equation

(9) @E+AB)a+B(b) =0.

THEOREM 1. Let the function f(x) fulfil asumption A, and let A(z),
B(x) and F(x) be complex-valued functions of the real variable x, continuous-
in the interval (a, b>, B(x) =0 4n (a,b). Under these hypothesis:

I. Equation (1) possesses in the open interval (a, b) a continuous solu-
tion depending on an arbitrary function. More precisely, for any xz,e(a, b)

and for an arbitrary function @y(x) continuous in <{x,, x,) and fulfilling
the condition:

(10) lirn_‘Po(m) = F(,) — A (%) 90 [ [ (20)]— B () o ()

:D—»:tz

there exist exactly one solution ¢(x) of equation (1) continuous in (a, b):
and such that o(x) = @,(2) for welzy, x,).

II. Let us suppose, moreover, that |d,| # \d,|. Then:

1° If |d)| > 1 and \d,| > 1, then equation (1) has exactly one solution.
continuous in the interval (a, b).

2° If |d,| <1 and |d,| <1, then every solution of equation (1) in (a, b)-
that is continuous in the open interval (@, b) is also continuous in the in-
terval (a,b).

3° If |dy| > 1 and |d,| < 1) then equation (1) possesses infinitely many
-solutions that are continuous in the interval (a, b>.

Proof. It has been proved by Kuczma and Vopénka [3] under

the hypotheses of the present theorem that equation (2) has a continuous
solution in the interval (a, b) fulfilling the conditions

(11) M) #£0, i) # —A[f @®)] for ze(a,b).

Hence, by Lemma I, we infer that equation (1) is equivalent to-
the system of equations (4), where the functions A(x) and u(z) are con-
tinuous and different from zero in (a, b). It follows from Lemma II that
equation (ii) has in the interval (a, b) a continuous solution depending
on an arbitrary function. This solution, as the right-hand side of equa--
tion (4), (i), gives rise to a new family of continuous solutions depending
on an arbitrary function. Simultaneously these are solutions of equation (1).

We shall show that this family depends on an arbitrary function.
@o(x) defined and continuous in the interval {z,, z,) and fulfilling condi-
tion (10). Indeed, let ¢ () = @,(x) for z(x,, 2,), where @,(x) is this arbi-
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trary function. From equation (i) of system (4) we then obtain a func-
tion y,(x) determined and continuous in the interval {z,, x,). We have

Lim y,(2) = lim @y [f(2)]— 4(2)@,(2)

T 1 T 1

= lim_% (@) — ALS (o) 9o Lf (2,)]

z—»a:z

= F (29) — A (%) o [ f ()] — B (@) @o (0} — A Lf (@) 190 [ f (%)

= F(20)—A (%) o tf(-’”o)] + {4 (20) A(@0) + AL f () ] 1 (@)} o () —
— ALf (o) I@o Lf ()]

= F(x)+ (—A( &) — 1[f(wo)]) (% [ (@)1 — A(@o)o (mo))

= F (%) + u (%) o (%) -

Hence and from Lemma II it follows that equation (ii) of system (4)
determines the function y(z) in the whole interval (a, b). Having defined
‘the function y(z) in this manner, we return to equation (i), which also
has a solution depending on an arbitrary function ¢(z) — determined
and continuous in the interval {(z,, z,) and fulfilling the condition

im g () = () ¢ (o) + ¥ (@)

:—»:z:l—

If we put ¢(2) = ¢o(x) for (w,, x,), then this condition obviously
follows from the continuity of the function ¢y(x) in the interval {z,, x,).
Thus equation (i) determines the function ¢(x) in the whole interval
(a, b). The uniqueness follows also from Lemma II.

II. If |d,| # |d,|, then equation (2) has a continuous solution in
{a, b) fulfilling conditions (11). This theorem is to be found in [3]. But
~the proof of this theorem was carried out under the following essential
‘hypothesis:

(12) |d,| > |d,|, where d, = A(b).

Putting # = b in equation (2), we infer by (3) that A(b) and u(b)
-are the roots of equation (9). Thus, if we want to use that theorem, we
must complete the hypotheses by condition (12). Then equation (1) is
-equivalent to the system of equations (4), where the functions i(z), u(x)
.are continuous and different from zero in (a, b); also u(b) #0 and
A(b) # 0, but this follows from the fact that B(b) # 0 in equation (9).
Now, we shall deal with three possible cases.

1° Since |A(b)| >1 and |u(d)| > 1, solving system (4) we may use .
Lemma II — part (a). In virtue of this lemma equation (1) possesses
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exactly one continuous solution in (a, ). This solutions is given by the
formula

oy — — ST - — S FL@)

v=0 i[= Iol [f*(2)] v=0 Q;‘u [f'(@)]

2° By an analogical argument we find that every solution of equa-
tion, (1) in (@, b) which is continuous in the open interval (a, d) is also
continuous in the interval (a, b).

In view of the first part of the present theorem this case says that

equation (1) has a continuous solution in (a, b) depending on an arbi-
trary function ¢,(r) defined and continuous in the interval of the form
{xy, %,) and fulfilling condition (10).
3% As the third case the authors of [1] considered the situation
|d;| <1 and |d,| > 1, where d, = 1(b), d, = u(b). Unfortunately, in this
case we cannot refer to a theorem from [3] concerning the continuous
solutions of equation (2) in the interval (a,b) for the condition that
|[A(b)| is greater than |u(b)] is not fulfilled.

Thus it is necessary to consider the case where |d,| > 1 and |d,| < 1,
as it is stated in the assumptions of the theorem. However, in this case
the theorem results also immediately from Lemma II.

In the sequel we should like to obtain additional informations about
this infinite family of solutions. On the ground of the equivalence of
equation (1) and system (4), we shall deal as before with the system.

Let us denote by y,(z) the solution of equation (ii) continuous in
(a, by and depending on an arbitrary function; a is an index connected
with the function ¢(x) defined and continuous in the interval of the
form <z,, z;) generating this solution.

For every a equation (i) has exactly onhe solution ¢,(r) continuous
n (a, b); it is given by the formula

(13) oo () = _2 valf (@]

= i]__'p[f"(w)]

Thus we obtain a family of solutions of equation (1) continuous
in the interval (a, b) and depending in some manner by relation (13) on
an arbitrary function. But is it the dependence of the solufion of the
functional equation on an arbitrary function according to the definition
in [2], p. 45.

Let us try to transform formula (13) so as to eliminate the depen-
dence of ¢,(r) on the value of the function y,[f"(z)],» =1,2,... Using
repeatedly the formula

v[f(@)] = p(@)p(@)+F (o)

Annales Polonici Mathematicl XXIV 4
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derived from equation (ii), one can prove by induction the formula

. [f"(@)] F(z)  F[f(2)]
p(@) ... ulf* )] = v+ #(w)+ p(@)ulf(2)] et

Ff*! ()]
p(@). .. [ 7 @)]

Putting

-1

n—1
) =[] 6lf'@],  Lu@ =[] ilfi@)]

:

o
Il
)

we can write the last relation in the form

[f Ff'(

v ’+Z o)
Hence
pIf@) _ wlr@) o M@ M) 5P @)
- i L, (2) ¢ L, () L, (x) o M. (2) )
[131f'(@)]

In view of the above representation formula (13) takes the form

_ o) ”{ M(2) | M) ¢ F[fi(w)]}
7@ = =~ 2 O Tt L@ 2 @

or the equivalent one

| M, ()
(14) qju(m) = _'p“ (l(a;) + Z L,,.H,(w))

v—1 .
_ 2 FLf' (@]
Lv+l(w) i=;’ M., ()
The left-hand side of this equality is a continuous function, but we

cannot infer hence anything about the convergence of the series from the
right-hand side. Let us consider the series

(15) 2 L+1( ) in (a,b).

v=1

. "We shall look for a numerical majorant of this series. It has been
proved in [2] that

lim f*(z) = b.
k—00
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In view of the continuity of the function A(x) in (a, b)> and by the
fact that |A(b)| > 1 it follows that for an arbitrary number ¢ > 0 we can
find an index K, such that for ¥ > K, and z<{a-+¢, b) we have |1[f*(z)]|
> R > 1. Similary, since |u ()| < 1, we have |u[f*(z)]| < ¢ < 1for k > K,.

Putting K = max(K,, K,) we have for ze(a+¢,b) and k¥ > K

M@ >R >1, i@l <e<l.
Moreover, |uz(x)]< N, |AMz)|=L >0 for wela+¢,b). Thus the
geries
K o
_N” 1 N K+1 ) v—K-1
2t 2 f(f) (E)
v=1 v=K+1

is the numerical majorant of series (15).
Consequently, series (15) uniformly converges in (a4 ¢, b) for every
¢ >0, and thus its sum is a continuous function in (a, b).

Let us put
a (1 |V M@
he)= (uw)J“; L,H(m))'

The function k() is continuous in the interval (a, ). Now, the con-
vergence of the second series in the right-band side of relation (14) follows
from the above considerations. Let

M) QO FIf@)

ar __ ]
Y= 2T @ L M)

The function g(x) is also continuous in the interval (a, ). Thus we
finally infer that the continuous solution of equation (1) in (a, b) is given
by the formula

(16) @a(®) = ya(@)h(x)+g(2),

where y,(x) is the continuous solution of equation (ii) in (@, ) depending
on an arbitrary function, i.e., in view of (7) and (6)
(17)
-Vja("”)’ T e{Tyy 3y),
_JEL T @14l @)]pa[f 1 (2)],  @ed@n, 2h4),
v.[f(@)]—F ()
u(z)

) we(w_,,,w_,,+,),n=1,2,...,
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where y,(z) is an arbitrary function continuous is the interval (z,, ;)
and fulfilling the condition

(18) lim y,(2) = F (@) + ()P4 (,)

T ;

Now, let us calculate the value of the function A(x) at the point
T =b:

(1 N Mm ) (1 pky
w0 =~ (53 +2 rw) =~ w2 )

v=]1

p(b)
o R Ly 00
S (T b A I
0N TON R TOL ) 1)
A(b)
1 A(d) 1

TR0 A0 —p®)  w®d)—A(d)

Since u(b) # A(b) by hypothesis, #(b) is defined and different from
zero. Moreover, & (x) is continuous in the interval (a, b); so there exists
a positive number # such that

h(z) +0 for ze(b—n,bd).

Making use of these facts, we formulate the theorem in case. 3° as
an independent theorem.

THEOREM 2. If the functions f(z), A(x), B(x), F(x) fulfil the hy-
potheses of Theorem 1, and d,, d, are roots of equation (9) such that

| >1, |do <1, where d, = A(b),

then equation (1) possesses in the interval (a, b) a continuous solution depend-
ing on an arbitrary function given in the interval of the form (z,, x,).

Proof. Let the function ¢,(r) be defined and continuous in the in-
terval of the form {z,, z,), where x, is an arbitrary point belonging to
the interval (b—#, b), and let ¢,(x) fulfil the condition

I e ] KICAERTEN)

z—-vzl—
To this function one can assign the function

— - g.@)—g(2)
q’a(m) - h(a:)

fulfilling condition (18). Accordingly, the function v, () defined by (17)
may be considered as a function depending on an arbitrary function
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@.(%) given and continuous in the interval (x,,,) and fulfilling condi-
tion (19). Formula (16) then gives the solution of equation (1) continuous

in the interval (a,b) and depending on an arbitrary function, which
completes the proof.
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