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MINIMAX ESTIMATION OF THE PARAMETERS
OF THE MULTIVARIATE
HYPERGEOMETRIC AND MULTINOMIAL DISTRIBUTIONS

In this paper the problem of minimax estimation of the parameters
of the multivariate hypergeometric and multinomial distributions is
considered. As a loss function the sum of the square errors of estimation
and the cost of sampling are used.

1. Introduction. We define the minimax estimation problem as
follows. Let X be a random variable, with values in the space &, whose
distribution depends on a parameter § € . On the basis of the observed
value X we want to estimate the value of the parameter 6. In the sequel
we assume that X and 6 are vectors. Let L[f(x), 6,] be the loss to the
statistician if he applies the estimator f(x) when x is the observed value
of X, and 6, is the value of the parameter 0. If we establish the function
f(x) and 6, we can find the risk

E(f, 8) = B{L[f(#), 61 6} = [ L[f(@), 61dF (x| 6).
x

It is our aim to determine a function f° such that

supR(f° 6) = infsup R(f, 6).

0e® f 0e€0

Let the prior distribution of the parameter 6 be given by the distri-
tllltion function G (6). The expected risk r(f, @) is

7(f, @) = Bo[R(f, 0)] = [ R(f, 6)dG(6).
6

The estimator fg(x) which minimizes the function (f, G) for a given ¢
is called a Bayesian estimator for G. The distribution @°, for which

infr(f, G°) = supinfr(f, @)
f G I

holds, is defined to be the least favourable distribution.
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In this paper we make use of the theorem which has been proved
by Hodges and Lehmann [1].

THEOREM 1. If there are a set O, of values 0 and an estimator f° such
that R(f°% 0) = C for 6 € ®,, and R(f° 0) < C for 0 € ®—6,, and if there
is a distribution G° of the parameter 6 on O, such that the estimator f° is Bayes-
ian for G°, then f° is a minimax estimator and G° is the least favourable dis-
tribution.

2. Minimax estimation of the parameters of the multivariate hyper-
geometric distribution. In practice we often meet the following situation.
A lot consisting of N units of product has been produced. The units are
classified into k¥ various categories. Let us assume that the category 1
contains U, unmits (¢ =1,...,k). To estimate U,,..., U, a sample of
size » is taken from the lot in which m,, ..., m, units of categories 1, ..., k
are observed. Let us suppose that the examination of a unit of the i-th
category causes the cost &; (¢ =1,...,k). We have such losses when,
for example, a correct classification of the examined wunit destroys it
entirely, and d; is the value of the unit of the i-th category. We are looking
for minimax estimators of the parameters U,,..., U, on the basis of
values of the sample m,, ..., m;. This leads to the estimation of the para-
meter U = (U, ..., U;) of the multivariate hypergeometric distribution.

Thus
(2.1) P(X, = Myy.ee, X =my) = — L.

Define the loss function by

k

(2.2) L(f, U) = D {eilfilmy, .y my) — U2+ dimi},

i=1

where f = (f,, ..., f;) is the estimator of the parameter U = (Uy, ..., Uy).
Let us suppose that ¢, > 0 and n < N. In the case N = »n we know the
contents of the population and m; = U,. We can determine the risk for
L(f, U) defined by formula (2.2):

R(f, U) = E{L[f(X), U]|U}
o)~ ()
)

Z Zk: {e;[fi(myy ...y my)— U2+ d;m;}

Myseees myp 1

where m;+ ... +m;, =n and m;>0,...,m, = 0.
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THEOREM 2. Let us assume that the random variable X has a proba-
bility density function of form (2.1) and that the loss function is defined by
formula (2.2). Let

n N-1 g
2.3 == .
(2.3) 9 = 3 (l/nN_% —|—1) d;

If the constants c; and g; (+ =1, ..., k) are ordered according to the
formula

(2.4) C1+01=> 0+ ge = ... =Gyt Gy

and satisfy the conditions
(2.5) €1 FC>01—0s ¢>0(i=1,...,k),

then the minimax estimator f° of the parameter U is of the form

X;+27(1—s) V(N —n)/(N 1)
n+Vo(N—n)/(N—1)

(2.6) fX)=N G =1,..., k),

where
L
L—2—|—.Zlgj/cj 0
= — 2 (i=1,...,1L)
2.9 e L ' (v ’ ’ ’
2.7) % ¢; M1 G
j=1
1 (¢t=L+1,..., k),
and L < k is the greatest positive integer such that
L L g
2.8 S~ [— N T
( .) (cL+gL)ch>L 2+Zc,-
j=1 i=1
The prior distribution defined by the formulae
P(Ups, = Uppe = ..o = U,=0) =1,
r ) ... I'(lag+u
(39)  PB(U, =, ..., Uy = up) = K a8 e Tt i),
ul. e uL.
where
1 — —1
(210) o; = —(1—s;) NVn(N —mn)/(N—1) (¢ =1,...,L),
2 N—n—Vn(N—n)/(N—1)

s the least favourable distribution.

Proof. The risk for the estimator f* = (f?, ..., fy), where f} is expres-
sed by formula (2.6), is of the form
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k

N N
2.11)  ER(f, — S' 1—s;)2+
@11) R U (1+l/n(N 1) /(N —n))? { < a(l—s

—I-Z[cs +( T )2—1%01,.]}.

It is convenient to write

N-1 n
s =( ¥ +1) STt
We can change the numeration of constants ¢; and ¢; in such a way
that
C+gi1=C+gs = =6t Gy

If Lk is defined by (2.8) (assumptions (2.4) and (2.5) guarantee
that such an L exists and equals at least 2), then

L
L—2+ 2 g;lo
(2.12) ¢;+g; > = (t=1,...,L).

;1/01

We show that

L
(2.13) e+g; < = (t =L+1,...,k).

2 1/e

Because of (2.4) it is sufficient to prove inequality (2.13) for i = L 1.
It follows from definition (2.8) of the number L that

L+ L+1

1 9;
(Cre1+9r41) 2"— 1+2"‘
0 = Cj

or, equivalently,

Fly

' 1 95
(¢L+1+9r41) ? <L-2+ 2 ’
i=1
which gives (2.13).
Now, we substitute (2.7) into formula (2.11). It follows from (2.12)
that s; < 1. We can observe that s; are dependent only on {c;} and {g;}.
The risk R(f° U) takes then the form
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L
N L—2+jZ:g,-/c,
R(f% U) = —{N 1= +
(V 0 (N —1) /(N —n)+1) Sl
L 2
TZ? GrHT I T
i=1 2 1/e; }
j=1
5 )
‘ L2+ Sgl
+ Z C;i+9:— 2 = U;.
i=L+1 21/0,'
j=1
Let us notice that, for Uy, = Uy, =... = U, = 0, the risk
L
2 L—-2+ Zgjlcj
R(f, U =l =+
, .
T (Va0 —n)+1) S'1se,
i=1
ZL1 2
L L—24 g./c.
1 1 < VA
+ZZ—— C;i+g;— 7 = =0
et C;
i=1 Zl/cj
i=1

is a constant and, because of (2.13), R(f°, U)< C for any set of non-
negative integers U,,..., U, such tha.t

k

DU, =N

i=1

We prove now that f° is a Bayesian estimator for the distribution
defined by (2.9) and (2.10). The expected risk takes the form

L

r(fyp) =K Z 2 {Zci[fi(mla'°'7mL’07"-7_0)_“i]2+
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where u,+ ... +uy =N, u, =>mq,...,ur=>mg, and m,+ ... +m; = n,
m;=0,...,mp=>0.

The expected risk is a positively determined quadratic form of the
variables f;(my, ..., mg, 0, ..., 0). In order to find its minimum it is
sufficient to solve the system of equations

or(f, p) _
Ofi(Myy eeeympy 0,...,0)

L
Mmy=0,...,my> (),Z’mjF —n(i=1,..., k).
j=1

The Bayesian estimator f for distribution (2.9) is then of the form

(2.14) fi(myy...,mz,0,...,0)
Z " I'(a;+%,) ... I'(az, +ur)

_ Uy ur, ¢ (’ul——’”h)! ces (uL—mL)! (1: — 1’ ...,L),
2 I'(ag+uy) ... I'(ay+ug)
(uy—my)! . ('“L my)!

ul,...,’uL

Whel'e u1+ e +uL =N, ’u1>m1,...,uL>mL, alnd.
(2.15) filmyy ...ymg,0,...,0) =0 (¢ =L+1,...,k).

Let us notice that

2 (N—mn)! I'(by+vy) ... '(bp+v)
vyl ... 0! I'(N —n+ )b
i=1

Ul,...,UL
by—1 by—1 ( — )' v
—f fpl X S 2 7,—,1’ . pE) dp, ... dpg
DPys .. Ulg;;]:‘:f’f:é;—(—)n 1o
_ I'(by) ... I'(by)
—f fp"l L1dp, ... dpy = £,

r(z:b)
j=1
where v,4+ ... +v, =N-—n, v, 20,...,v,>0, and p,4 ... +p, =1,

P120,...,p.=0.
Substituting v; = u; —m; into formula (2.14) and using the a.bove-

mentioned identity we obtain (see [3])
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Ji(myy .o.ymg, 0,...,0)
Z F(a1+u1)...mi+ui+l)...F(aL+uL)

R U 4 (g —mq)! ... (U, —mg)! e
Z I'(ay+uy) ... I'(ag +myg)
g, Sy, (U —ma)! oo (ug, —mp)!
Z (N —n)! I'(0,+a,+my)...[(0;4+a;+m;+1)...(vg +ag +my)
e Ot e 0! ryv+ ZL o;+1)
=\E—(‘N—n)! I'(vy+a,+my) ..J._}’(vL+aL+mL) X
2

(54 S a) e
i=1

F(al+m1) e I’(a,-—}-’mz-}—l) e F(aL—I—mL)

z
I'(Yae+n+1) L
= j=1 - (N—}—Zaj)——aj.
I'(ay+my) ... I'(ag,+myg) i=1
L
I( X a+n)
j=1

L
a; 4 m; )
- T (N‘*‘Z aj) —ay,
n+ Ya; =1
i=1

where w4 ... 4uy =N, uy=my,...,u,>=mg, and o+ ... fo =

=N —n, ,20,...,9,=>0.
Thus

L
(¥ + Na)m;+ (N —n)a;
fi(ml,..-’mL’O,...,O)z j=1

L

=1

For «; defined by (2.10) we have
(2.16)  fi(myy ..ymp, 0,...,0)=f(Myy...ymp,0,...,0) (i=1,...,L).

Besides, from equations (2.15) and the definition of the estimator f°
it follows that formula (2.16) holds also for ¢+ = L+1,..., k. The esti-
mator f* = (f7, ..., f}), defined by formulae (2.6), (2.7) and (2.8), is a mini-
max estimator for N > n+1, which ensures that a;> 0 and, therefore,
the prior distribution defined by (2.9) and (2.10) exists. For this distri-
bution, f° is a Bayesian estimator. If N = n41, then f° is a Bayesian
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estimator for the prior distribution defined by
P(UL+1 = ese — Uk = 0) = 1’

N u
P(U]_ = ul’ ey UL =’ML) =_'—'p11...p1£L’
u .. ug!

where p; = 3(1—s;) for ¢ =1, ..., L. In this case the expected risk takes
the form

(f,9) = Z]‘ZlZRMWWMmMmmmbmwk

v UL, My, ...mp,  t=1
k

+ ) afimy, ey mg, 0,0, 0) 4
i=L+1

L1 Z-"' }(ul) (:zi) Nt

Pi' e DL
R e
n

where 4,4+ ... +uy = N, 4y = Myy ..., U, > my, a0d my;+4 ... +mg = n,
m;>0,...,m;>0. The Bayesian estimator for ¢ =1,...,L is then
defined by the formula

j_:i(m]_, &.., mL, O, ooy O)

2 Us (N —m)t p p"L
uy Sy, (W —ma) L (up —my)! 1 e DL
B (¥ —mn)! = M;+ Piy
Upy -eerUT, (uy—my)! ool (ug —my)! pl . pL

where u; + ... +uy, = N, u; > My, ..., U, > my, and for s = L+1,...,k
by

filmyy...,mz,0,...,0) =0.
Thus for N = n+1 we have

fimyyocoymz, 0,...,0) =f2(myy...,mz,0,...,0) (5 =1,...,k).
Since

L
P;>0(i=1,...,L), D>p=1,

such a prior distribution exists. We can easily verify that the estimator f°
satisfies the condition
k
Q=N

=1
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3. Minimax estimation of the parameters of the multinomial distri-
bution. As N — oo, the distribution of the random vector X is convergent
to the multinomial distribution with the probability function

k

n! m m

- _ 1 k _

P(X, =my,..., X, =my) = ' — P e Pi E m; =n.
my! ... my,! -

Let us assume as before that the cost of the observation of the i-th
category unit is d; (+ =1, ..., k).
We consider the problem of minimax estimation of the parameter
P =(pyy...,p,) of the multinomial distribution for the loss function
k
(3.1) L(f,p) = 2{02' [fi(myy ooy my) — P12+ dymy},

i=1

where f = (f,, ..., f,) is the estimator of the parameter p. Let us suppose
that ¢;> 0 for s =1, ..., k. We can determine the risk as

R(f, p) = BE{L(f, p)|p}

) f{c[f(m i) — BT dmg ——— gl P
LT (Myy ooey My} —DP; i My mll...mk!pl cee Pry

my, ..., mp t=1

where m,+ ... +m, =n, and m,>0,...,m, > 0.
Let us write

g; =n(Vn+12d;, (i =1,...,k).

. Without loss of generality we may assume that the sequence {e; ‘|‘gi}
I8 non-increasing, i.e.,

(3-2) C1+91=0+g= ... 2 Otk
Suppose also that
(3.3) € +C:> g1—9.-

Let L < k& be the greatest positive integer such that

L L
Y 1 g;
(0L+9L)Z—C;>L_2+ 2_01—
j=1 j=1

(L equals at least 2). Then (cf. (2.12) and (2.13))

L
L—2+4 X g;le;
(3.4) Ci+g; > =

L
21/
=1

(=1,..,L)

2 — Zastosow. Matem. 16.1
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and

L
L—2+ 3gle;
(3.5) ¢;i+9; < 1= (t =L+1,...,k).
2 1e;
j=1

THEOREM 3. If the constants ¢; and g; (i = 1, ..., k) are ordered accord-
ing to formula (3.2) and satisfy condition (3.3), then the estimator f° =
= (f?r 5f12) of the form

X, +2 ' (1—s)Vn

(3.6) fg(X) - — (t=1,...,k),
n+Vn
where
L
L—2+.Zg,-/c,- g
(3.7) 5, = P -t (i=1,..,1),
t ¢; 2, 1/e; ’
i=1
1 (¢t =L+1,...,k),

i8 a minimax estimator of the parameter p = (P, ..., ;) of the multinomial
distribution for the loss function determined by formula (3.1). The prior

distribution G(p) of the parameter p = (pyy ..., Pi) 8 determined by the
equations

(3-8) P(pL+l=pL+2="'=pk =0)=1,
d@(p) = Kp,' ... pirdp, ... dpy,
where

1
r, = ?(1—31.)1@—1 G =1,...,L),

8 the least favourable distribution.

Proof. Let us evaluate the risk R(f° p) for f° determined by formu-
lae (3.6) and (3.7):

( L L 2
. L=2+ 2gle 1 &1 L—2+ Xgle;
R(f% p)= Ve 1)2 — +ZZO_ C;+0i— 71 = +
(Vn+ 21]e; i=1 21/e;
j=1 j=1
L

j=1

Pif-

k
5
+ X C;+9i— 7
md
i=L+1 2’ 1/e;
i=1
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We can see that, forp; ., = pp.. =... =p, =0,
R(f% p) =
L L 2
L Eer X & L—2+ D'g;le;
== i=1 +— e c.+g— i=1 = 0
— L T 1 F 7 =
(l/’n-i-l)z 3'1/e; 4 = G X'1/e;
j=1 j=1

and, on the basis of (3.5), R(f°, p) < C for each system of numbers p,, p,, ...
.y Py Such that

k
Npi=1, p>0 (=1,..,k).
=1

In order to prove that f° is a minimax estimator it is sufficient to
check that f°is a Bayesian estimator for the prior distribution determined
by formula (3.8). That distribution exists, since condition (3.4) ensures
that s, <1 (4 =1,..., L). Let us determine the expected risk for this
distribution. We have

B9 rif,@ Kf il Z {Zcz—[mml, Mg, 0, ..., 0) =T+

SPr, Mp,..Mp, 3=

k
+ Z cif?(mly cerymp, 0,...,0) +

i=L+1

l/n T2 2 gsm } ,pl”‘“‘ e 9L, .. dpy,

where p,+ ... +p, =1, p,=0,...,p.=>0, and m,+ ... +my =,
my=0,...,m,>0.

Since 7(f, @) is the positively determined quadratic form of the
variables f;(m,, ..., m,, 0, ..., 0), the estimator f which minimizes r(f, G
can be found from the system of equations

or(f, G
0fi(myy ..., mg,0,...,0)

=0,

m;=0,...,m, >0, ij =n(t=1,...,k).

Differentiating the expression (3.9) we see that r(f, @) attains its
minimum for
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3.10
&0 [ [0 o ap, . dp,

- Pis .- pL

i vy 0) = my+r T
fi(myy ooymy, 0, » 0) f fp 1+ L+ Ldpl--'dpL

'm;+r,+1)... I’(m,-+r,-—|—2) I’(mL+rL+1)__

L
Iin+ Xr;+L+1)
j=1
- I'(my+r,+1)...[(m;+r;+1) ... ['(my+r,+1)
- L
I'(n+Yr+I)
i=1
4r.41
=L'+LT‘L G =1,...,L),
n+ Dr;+L
i=1
where p,+ ... +p, =1, p,>0,...,p,>0, and
fi(myy .o.ymy, 0 0)_0 (i =L+1,..., k).

Substituting
1 — .
ri=—2 (1—s8)Vn—-1 (i=1,...,L),

into formula (3.10) we obtain
flmyy ocymg,0,...,0) = f(my, ..., mz, 0, ..., 0).

We have demonstrated that there exists the prior distribution for
which f° is a Bayesian estimator. This completes the proof.
It is easy to verify that fo satisfies the condition

=1

i=1

4. Remarks. The problem of minimax estimation of parameters
of the multivariate hypergeometric and multinomial distributions was
previously studied.

Hodges and Lehmann [1] obtained the minimax estimators of the
parameters of the binomial and hypergeometric distributions when the
loss function is the squared error of estimation.

Steinhaus [2] solved the problem of minimax estimation of the para-
meter p of the multinomial distribution for the loss

k
L(f, p) = Z(fi—pi)z'
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Generalizations of this result are comprised in the papers by Trybu-
1a ([3] and [4]) who has examined the problem of minimax estimation
of the parameters of the multinomial and multivariate hypergeometric
distributions without taking into account the cost of observation.
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M. RUTKOWSKA (Wroclaw)

MINIMAKSOWA ESTYMACJA PARAMETROW ROZKLADU
HIPERGEOMETRYCZNEGO WIELOWYMIAROWEGO I WIELOMIANOWEGO

STRESZCZENIE

W pracy rozpatrzono problem minimaksowej estymacji parametrow U,, ..., Uk
rozkladu hipergeometrycznego wielowymiarowego dla funkeji straty, bedacej suma
le.déw kWa»dratowych estymacji i kosztéow pobierania préby. Udowodniono naste-
Pujace twierdzenie:

Zalézmy, e zmienna losowa X ma rozklad okreslony wzorem (2.1) t© ze funkcja
Straty jest postaci (2.2), gdzie [ = (f1,...,fr) jest eéstymatorem parametrw U =
= (Ui, ..., Up), a d; oznacza koszt obserwacjt X;. Niech g; bedzie okreslone wzorem (2.3).
J(féeli stale c; oraz g; (1 = 1,2, ..., k) sq uporzqdkowane zgodnie z wzorem (2.4) i spel-
najq warunki (2.5), to minimaksowym estymatorem parametru U jest estymator fO =
= (f1, -+ fR) postaci (2.'6), gdzie s; okreslone jest wzorem (2.7), @ L < k jest najwickszq
liczbq maturalng spelniajqgeq (2.8).

Analogiczne twierdzenie udowodniono dla rozkladu wiclomianowego.



