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On some applications of Bogoliubov method
for hyperbolic equations

by MicHAL KISIELEWICZ (Zielona Gdra)

Abstract. In this paper thereis given a method of construction of approximate
solution of a partial differential equation of the form

(1) 0.'.»,',,(9:- Y) = geaf(z, ¥, 2(2, 9)),

where f is a given continuous funection and &, & are small parameters.

The idea of the method of construction of these approximations is connected
with a theorem of Bogoliubov type concerning (1). This theorem was presented by
the author of this paper in [2].

1. Introduction. The idea of the method, which is due to Bogoliubov,
was expressed by him in 1945 in monograph [1]: On some statical methods
in mathematical physics. In this monograph a particular problem con-
cerned with the properties of the solutions of the equations in standard
form on an infinite time interval is considered. However, the idea and
the methods of proofs of a number of theorems are vere effective as well
as versatile, and can be applied to investigate a sufficiently wide range
of problems.

The purpose of this paper is to present some application of Bogo-
liubov method for hyperbolic equations. A Bogoliubov type theorem
for hyperbolic equation was presented by the author of this paper in [2].
This theorem will be used in this paper. '

‘We consider the equation of the form

(1) z.'rly(m: y) = Elszf(ma Y, (2, y)))
where g > 0, & > 0 are small parameters. Let J denote a bounded open
interval of R. Assuming that for every z¢ J we have
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simultaneusly with equation (1) the avereged equation

(3) 'w;ly(m’ Y) = €160, ('w(m7 y)’
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2 M. Kisielewicz

is considered. The solutions of equations (1) and (3), corresponding to
g, >0 and & > 0, will be denoted by 2°"2 and w12, respectively.

In paper [2] the following theorem was proved:

THROREM 1. Let the function f(x, y,2) occurring on the righi-hand
side of equation (1) satisfy the following conditions:

(a) f(=, y, 2) 1s uniformly bounded and continuous tn z uniformly with
respect 10 (z,y) Such that 0 <x<< 00, 0L Y<< o0, 2ed,

(b) the limit (2) ewisis for every zed,

(c) there exist a > 0 and b > 0 such that equation (3) has, fore, = ¢, =1
a unique solution w defined on D = {0 < o< a, 0<y < b} and such that

. w(0,y) = ©(y) for ye<0,D),
@ w(z, 0) = a(®) for ze<0,a),

where 7, ae C.

Then for every p > 0 there exists 6 > 0 suchthai for 0 < ¢; < 6,0 <ep, < 4
the solution 2°1°2 of (1) with boundary conditions

2120, y) = 7(y)  for ye 0, b),

(5) g€
212(x, 0) = o(x) for ze (0, a)

satisfies for 0 < w << afey, and 0 <y < bje, the inequality
|22 (@, y) — w12 (@, y)| < p.

2. The construction of approximations of the solution of (1). Assume
that the conditions of Theorem 1 are fulfilled. Let = be the solution
of (3) with boundary conditions (4), i. e., = = w1°2, The function = will
be called the first approzimation of the solution 21*2 of (1) with boundary
conditions (5). Let us denote this function by 2,. Setting in (1)

2@, y) = E(x, y) +v.(, ¥) + iy (2, ¥),

where
z y
(@, y) = &ea [ [ [F(& nE(E, n) —folE(E, n))]déan,
0 0
we have
g Sw@y) _ _
(6) Tay— = E4€3 [f(m’ Yy E(@y y) +01(2, ¥) +uy(, ?/)) —f(ﬂ}, Yy 2 (z, y))] .
Let ’
62 y b Y] F
(7) _’U»l(%‘—"/) = £,8,f (E(J)’ ?/)) g (2, y) +

0% oy
+ €162 [f(ﬂ';', Yy E(@, y) 4 vy (2, 2/)) —f(ma Y, E(a, f’/))]
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be the averaged equation corresponding to (6), Suppose that uy is ar
solution of (7) with boundary conditions «] (@, 0) = uy (0, y) = 0fora, 4 > 0.
The function z, = Z-+v,+u; will be called the second approwimation
of the solution 2°1%2 of (1) with boundary conditions (5). Setting now in (1)

(@, y) = 22(2y y) +05(2, ¥) + ua(@,y ¥),
where

va(2y y) = &ty [ [ [F(& m 2el& ) =T (& 5 2 (& m) +01(& 7)) —
00

—fJ(E(Ey 77)) '“’T(E) "])] dédn,

we have

02Uy (@, Y)

(8) way [ (v, 2a(2y ) + 02(2, ) + a2, ¥)) —
—f (@, ¥y us (2, ?/))]
Let
0%y (%, 4 ,
®) T:D(a;./—) - Eleafo (21(w, "J)) ) ’lt'; (@ 4) +€180 [f(m’ Yy 2a(®y ) +

+ 022, ¥) —f(a"; Yy 2a(, ?/))]
be the averaged equation corresponding to (8) and let u; be a solution
of (9) with boundary conditions wu; (%, 0) = u;(0,9) =0 for z,y>0.
The function z, = 2,+v,+u; will be called the third approwimation

of the solution 212 of (1) with boundary conditions (5). In a similar way
we obtain the k-th approximation of the form

*
R = Zp_1+ U+ Up_a,

where
T v

Vp-a(®y Y) = 5192f f lf(f, M 2 (6 ﬂ))“f('L:’ M 2oy )+ Vp2(&, 77))""

0o 0

“‘f(;(E('fa 7)) Up_o (&, ﬂ))dfd"h
and uj_, is a solution of

ug_,
ox 0y

(10) = e152.fl; (zk—l(ma ?/)) : ult—l(my ¥)+

+ €46 [f(m’ Yy Ze—1(®y Y) + V1 (@, Y) _f(m; Y, 2(, ?/))]
with boundary conditions wy_;(#, 0) = %;_,(0,¥) = 0.
3. Convergence of the approximation sequence. The proof of the
desired approximation theorem is preceded by two lemmas.

LEMMA 2. Let the functions f, fo, f. and f, fulfil, for o,y >0, zed,
the following conditions:
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(@) f and f, are dondinuous with respect to x,y > 0 and Lipschitzian
with respect to z with a constant N ;

(b) For every ze J there exists the limit (2) such that
T, T
(2) = lim f f . z)dx d
fo(2) rioee T T2 f2(%, 9, 2) Y3

T q-)DO

e) fo and f, arve Lipschitzian with the constant N and such that

(IS, 1f(E)I<N

Then for every &> 0 there ewist v, and v, such that
x W

lewer [ [ [£(& m E(& m)—fo(5(& n))|agdn| < ¢
0 0

and
z ¥V
| esea [ [ 106 m, 28 m) — 12 (E(&, )| dsan| < 6
0 0

for e,e<v, and &, & < v, respectively.
Proof. Let 25e¢dJ for ¢ =1,2,..., », j =1, 2,...,m and let z be
the function defined by #(x, y) = 2; for (=, y)e Dy, where
-Du = {mi—1< w< ;5 yj-—l< Yy gyj};
=5<n<..<2, =4, 0 =9<ph<..<Yp=DB;

where 4, B are sufficiently large numbers. Suppose %5 is such that

for 0 < <—— <
Bay Toriseso 0sys<o-

and such that 2,(z, y) =2(z,%). For 0 <2< A4,0<y<B and every
>0 we have

r ¥
| 260 [ [ [£(& n, 5(& m) —fo (E(& m)]dkdn|

|E (=, y)—ées(% N<

< 3132‘ f f [f(f: 7 ,8(&, 77)) _f(E’ Uk 25 (&, 77))]'5“177' +
+3132|f f [f(Ei My éa(fy "7)) —J (éa(*f; n))]dfdnl +
+esg, f f |fa (3 & m)) —Fo (B (&, m)) |@&an

<286, f f B (&, n) —25(£, n)|dédn +-ee0d (2, ),
0 o0
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where
T ¥
Ay y) = [ [[7(& n 2(& m)—fEE, n)] dgdy .
0 0
For (@, y)e Dyyy,141, Where k< n—1, I < m—1, we have

Az, y) < Z 2\ f [F(& s 20) —FolB)lagan | +

= R A T

T

! v
+1f vt gt +

i=1 TE Yi-1

+I f f [F(&) M Brrrd) —folBisn, I+1)]dfd77| -|-

T U}
+Zl f[f Ea P "’i1+1 fo ”+1)]d‘5dﬂl<ZJi’
i=1 Z; ¥ =
where v
k !
Jl ZZ‘II f [f 5’ K u)_fo Zﬁ)]d&'d'n—
=1 j=1 @

Q

1

[£(&, 1, 25) — fol2y)188dn |,

I

f f U(E’ yh zi; fo( ]df(ln_—

Ti-1 Yy

'l f[f(e,n,zu —fulE))dgdn|,

I Zﬂ‘j

Io = D\ [ [ U (& 0 B —FolBrgn) 108 Ay —

Z Y1

- = f f [F (& 7y Zrr,1) —Jo (Brn,g) J0EdY |’

I Vi1

1
ZI f f [f(E’ & ék+l,1‘) _fo(élc+1,j)]d§dn—

j=1

Xy Uj
—f f [f(& n, él.-+1,j) "‘fo(ékﬂ.j)]dfd‘i?],
0 0

k  x; ow
= Zlf f [f(& 7, 2, 040) ~fo (21041 )AEdy —
i=1 0 0
5 U0

—f f [F(&, m, éz',z+1)—‘fo(z"i,m)]df‘l’?|’

0 o
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k Ty 1}
T —§|oflﬂfl [F(8 m Fue) ~o(Fuan) 148 —

i1

~ f [F (&) s Bra) —fo (B

Iz = |f f LA (& 1 Brpid) —fo(Bupr,i0)1dEdn —
e 0

T Y

_f f[f(E, By s rier) —Fol e, ,H]d,gd,,l

Tk z’l

To =| J U frsnid) ~folfusnan1agan -

zp ¥
— [ U 0 Zr i) —Fo e 188D .
0 0

In virtue of (2), for every ¢ > 0 there exists I such that
Ty Ty

fff(m,J,z)dmdy —Jfo(2)

< 9Kab(21—1)

for T,,T,> KL and every zed.

There exists »;, > 0 such that for 0 < & < », and 0 < s, < v, We have
aje; > K and bfe, > K. Let us now take @y, @, ..., #;,,¢ (K, afe;) and
Y1y Yoy ooy Yrga € (I, bfe,). Since

. € i
[ f JU& my Bg)Agdn—fy(2y) | +
2/.0 0

13 15 1
ne ) Sa
i=1 {=1 Ly

k l T; Wiy
;’ D il J ] st mazan—riy),
for g < v, and e, < v, we have
b 0 1 4
Ji< k-2 (21—1) =2,
&8, 9Kab (21 —1) g€, 9
In similar way we obtain
1 6
J,. < — forr =2,3,...,8.
€1€9 '

Then for 0< e, <9,0<eg<v and 0 <o<ale, 0 <y<ble, we
have

[eea [ [ 116 m 506 m)—~fo(5(&, ] dgan| < 6.



Bogoliubor method for hyperbulic equations 7

In a similar way we obtain the existence of », > 0 such that for &, ¢,
<y, and 0K o< ale, 0<<y<ble

I 5182f f [fz'(':ty 1y E(&, "))) —fo (E(E, 7]))]115611; | < 6.

LeMMA 3. Let @ and W fulfil, for @,y > 0, the following conditions:
(a) @z, ) =0, W(z,y)=0 for o,y=>0,

(b) Q is non-decreasing with respect to x and y,

(c) for every ¢=0 and x,y>=0

T Y
Wi y) <Qayy)+c [ [ Wis,t)dsar.
0 0

Then for a,y >0
TV (@, 3) < @ (@ y)exp(cay).

THEOREM 4. Assume that the conditions of Lemma 2 arve fulfilled and
let

|fL(E@ )<V, [flE@)|<N.
There exists gg > 0 such that for e, < gy and &, < &

lim |21%(w, y) — 2 (2, )| =0

k—oo

uniformly for 0 <z < afey, 0 <Y < bfey, where 2, is the k-ih apporowima-
tion of the solution 2°1°2.of (1) with boundary conditions (5).
Proof. Substituting 2(2, ¥) = 2.(w, y)+ h(x, y) into (1) we have

z ¥
W@y y) = egy [ [ F(& m2l& n)+h(E, 9)dgdn—z(w, y),
0 0
Since

2e(%,Y) = 2,_1(2; Y) + €160 ff[f(&, N 2p-1(& 1)) —F(& 1 26—a(£ 1) +
+vp_a(& M) —To (E(& ) - wh_o(& n)] dEdn +
+ 18, of Dfu [fo(Z(& m) - wims (& 1)+ (85 M 26a (& 1) +
+opi (& 1) —F (& 0 2 (& M) dEdn
=2, _,(® Y) + &8s OfI 0fu[f(l:‘, 1y Zua(& ) —F (& M 2e—s (&) 1)+

+ Vg (& M) —Fo(E(& M) - ug—s(& n)] dédn +
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+ &6 ofz ofy [Fo(Z0& m)- wia (&) m) £ (& m 2ialy a) +
+ o &y M) —F (& 0, 2palé m))]dEdn +
—}-elszfdfy [7(& 7 2108 M) —F(& 1 2ol € 0) 0o (&, 7)) —
—fo(E(& ) we—a(& m)]dEdn+
wein [ [ 11206 0] sl 1416 20l +

+ 1 (& ) = (& 0 2o (& m))|dédy

=eies [ [ [Fo(E(& 0) - wioi (& 0)+5(E oy 2ea (& 1)+ s (& m))] @Edn,
0 0
therefore
(11)  R(x,9) = &5, f f [£(& m 28 m)+R(E, m) =

_f(£7 7y 2 (&, "7 )]dfd’] + {2, ¥),
where

T Y
0, y) = exee [ [ [F(& m 2(& 0) —F(& 7 2o (& M) +

+ Vg1 ( 5’77)) fo( (& ’7)) %Z-l(fyn)]dtfd"?—

By the mean-value theorem there exists a number ie(0,1) such
that

T v
(12)  ve(2,y) = 3132f f If;(fy 0y 2rr (& 1) +2p_1 (&, 1) + Az, (6, ’7))_
o 9
_f;(‘fs 7, (&, 77))]"”';:—1(5; n)dédn+
T U
+ees [ [ [F2(6 m 58 m) —Fo(8(& m)|wii (& m)agdn.
0 0

Since

| & M 2ea (&5 1) + 01 (& 1)+ Ak s (& ) —Fa(€, 0, Z(& )]
< | f:(& zg(E, n) —fil& my ECE )|+ |Fo (& n, 2a(& n)+ve(& m)) —
fz(S, M 2 (& 7 ('57 7y 23( &, M) — fz(f, Ny 2(&y ) + o (&5 1) |+
+ |fz(£7 1y %3 51 1)+ v3{&, 7 ) fz(‘fy 7, 23 (&, )H'f‘

+|f;(‘5’ Ny 2—1(&, n))—f;(f, 7y Ze_a (&, 1) +10,.(§, "7)”""
| fol& 0y 21 (8 )+ 0 (& 1)+ Aui_i (& 1) —FolEom, 2l & 1) ],



Bogoliubov method for hyperbolic equations 9
then we have
(13) (@ ) <3132Nf0f [(loa &, ) I 15 (& )+ .+ [ oea (& 1+
+ AL (& m) w1 (€ )] dédn +

tas| [ [ ui_i(& lfil& 0 E& M) —fi(E(E )] dédn|

for 0<2<als, and 0 <<y < ble,.
For any functions ¥, Ge C1(D,,), where D,, = {(§ 9): 0K é<w,
0 < n<y}, we have

x v
ffF (& ) G(& mdkdy = — [ [ F(& n)- Gul§, nddn+
0 0

+ [ Fla, n) G n)an,
A(Dry)

z Y r ¥
[ [ Fy&,m-6& ndean = — [ [ F(& n)- Gy (& n)dédn+
(U]

0 0

+ [ P& y)- G y)dE

_ﬁ(DIU)
g(D,,) denotes the boundary of D,,.
Taking now

G&n) =uia (&),  F(&n) = f[fz(f,m (& ) —F(E(& )] aé

we obtain

[ [ wiate mifale m 506 m)—5(50, nl] agdn
0 0

z v

_ J f{ Dy, 5, 1) f[f (zy my E(zy 0)) —Fo(E (%, 1) )]dr}dfdn-|-

+ f {u}';_l(a:, n)f[fé(é, n, B 1) —FlE& n))]d§}dn.

Taking
Ouy_, (& n)
ow ’

P, 7) = j {f[fz(E, 7, 508 m)—fi(E(& )] ag |an

Q& n) =
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we have

§ n
oy (&, o .
_ff{ “;w;y n)ff[fz(r, o, E(z, 0)) = folE(7, a))]drda}d&dq;+

or

+of {M f f [f2(zs my Ezy ) =folE (7, n))]dtd'r;}

_ff{a’wk.- (& n) f[f(r’,?’ 1;,17) fo(E(r,n)]dr}dEd?]

Hence and by (13) we obtain
x ¥
(14 Iodm )| < el [ [ [{foul6 1+ WECE 1+ +
0 0

+ |vp_i(6, n)l-!—lluﬁ 1(& 77)])'“':— (& n)]dEdH-

+3152f f { f f [fz(""; oy E(7, U'))—

}d&dn-i-

* £
SR nton -

—folE(z, )] drdny ’ }df +

0® 'u'k—l(E) 77
amay

— folB(z, 0))| dxdo

+ 61626{{

’(61 U E(Ea 77))_

"
+ &x8s | Upr (@, Y)

~13(B(&, )| agdn|+

gy (@, 1) 1(94‘» “ff[fz(f, 0, (& o)) —
2

—fo(E(& 0))]|dEda
for 0 < 2 < afe;and 0 <y < b/e,. The solution u;,_, of (10) with boundary
conditions u;_,(x, 0) = u};_,(0, y) = 0 has the form

+ 3152
0

z
’wi_l(w, y) = 3152f f Vie,y, & n) [.f(f’ Ny 2—1(&y 1) +0_, (&, 77))_
o 0
—f(& m 2x-1(&, )| dédn,
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where V(z,y, & %) is the Riemann function of (10). In this case the
function V(z, y, & 7) is continuous with respect to (z, ) and (&, »), thus
the function r defined by 7(w,¥) =sup{|V(@, ¥y, & 0)|; (§ n)e Dy} is
continuous. Denoting

M = sup{gupr(m, h&EN 0<e<<ale, 0<y <bje,}
zy .
we obtain for 0 <2 << aje; and 0 <y < bfe,
<

|42 (@, ¥)| < MNab|lv,_, |,
where
g1l = sup {lvp_1 (@, ¥)I; OS2 < afe, 0 <Y< /o)
Hence and by (10)

ouh_y (2, y)

o < e N0 Ma||vg_y | 4+ &, N0 10y Il

By (%, y)

2 < &, N*a* b Nvp_1 Il + e Na ”'Ula_—l Il

aau;:—l(m)_?/)

ey | el Mablog [+ exeaN vyl

In virtue of Lemma 2, there exist numbers », > 0, », > 0 such that
fOl' 81 < ].llin(’vl, 1’2)’ Eg < ll].in('”l, 7"2) we haN'e

192(@y 9) | < (Nab) M ([logll+MNab o+ ... +110eli+
+ M Nab|v_, ) 1vg— |+ (M Nab +1)ab 6 ||v,_, || +
+Nb(MNab+1)ad v, | +Na(MNab+1)b6 v, |+ MNad v, |l

for 0< 2 < afe; and 0 <y < bfe,. Then for & < eo., < g and 0K 2
aje,, 0 <y < bfe,, where g = min(y,, »;), we have

k-1
(14)  |og(2, ¥)| < Nab {(1+MNab) [ab3f D] v, ]|+ 36|+ o} Iz -

r=1

Denoting
P = max {Nab, (1L+IMNab), abM, 3, M}

we obtain for &k = 2,38, ...

=1
[0n(@, )| < P*( D) A loes

r=1

where 4, = (2P +1)8 and 4, = P|wv,_,|l for » =2,3,...,k—1.
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Hence
lvg (3, ¥) | < P28* (2P +1),
s (@, ¥) | < P*6*(2P +1)* (1L +P°8),
o, (@, ¥) | < P56* (2P +1)* (1L +P%8)*[1 +P°8* (2P +1)],
Since |
2P+1)>1,  (1+4+P3%*§)>1,...,
then

g (2, )| < P252(1+2P),

lva(m, y) | < P*8°(1+2P)*(1+P%6),

[04(0, 9)| < PS8*(1 + 2P (L +P° 8 (1 +P° 8),
LR

o2, ¥) | < Pp-1) 5"(213 + 1)2’0—2 n (1 4 prt ar)zk—f—z.

r=al
Since (1+P¥+1§") > 1, then for k> 2 and 6< 1/P we have
k-2
k-3
ety )l < PRtk @P 1yt [ [ [ vprion]
' r=1l
k-2

2k—1 gk okt—2 1
SR st D)

7=l

(L+(P a)’P)]H }2“

k-2
. - 1 e—2y 2K —3
crma | S]]
re=l
k—2

2 k—2\2k—3
< Pr—1+(k/2)2k—2 ak_32k—2{ (1 1 Po
h 2 T %—2 1-Ps '

r=l

But 3 <P; then

k2 '
(2k—1)+ —1= gk—2 1 [r—1\ P%6
[op (2, ¥) | < 2 2 6"{1 - -
x(2 ¥) + i—a\ 1 | 1_p%s +

1 k—2)( Pzé 2 1 Pza k—2 2k—
+—— —_—] +...
(k—2)* ( 2 1—P26) Foeee (T —2)*—2 (1—1”6) }

P 1 P \? 1 §pt \k-3)¥?
<P”"‘)a"{1 — 2
S 1o T\t ) T T Gy \ 1o

PA
1—P%§ ) ’

< P*® gt exp (
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where
k—2
2

p(k) = (2h—1)+ = 2",

From (11) we obtain for 0 <o << aje, and 0 <<y < b/g

Ty
(@, 9)| < &1V [ [ (& n)|dédn+ oy (z, ).
00

Hence
k—3p2

th(z, )| < P"™ s%exp ( ) exp (Nab).

1—-P*$
—g(k)

Taking now § <P * we have

lim |2, (@, ) — 22 (2, y)| =0

k=>00

uniformly for 0 <z < afe; and 0 < %< b/e,, where &, < &, &5 << &.
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