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PROBABILITY, CREDIBILITY, POSSIBILITY *

' The subject of the present work is associated with the name of Tho-
mas Bayes(t). It is an essential association because Bayes not only
discovered a way of calculating the probabilities of causes whose conse-
quences are being observed but also was the first to have doubts rega.rd-
ing his own d1scovery :

1. Let us recall Bayes’ classical formula. Let 4,B,0,...,N be
a series (set) of occurrences excluding each other. We call them the cau-
ses of a phenomenon Z which we have observed. We are coneerned with
the posterior probability Pz(A) that it was actually A (and not
B, 0, ... or N) that had preceded Z. Let us assume that the prior
probabilities P(A), P(B),..., P(N), i.e. the probabilities of each of
the occurrences 4, B, ..., N, had been known before the consequence Z
was observed, and that P,(Z),Pg(Z),...,Py(Z), the so-called condi-
tional probabilities, had also been known beforehand. Here P ,(Z) denotes
the probability of the fact that Z follows A, Pg(Z) — the probability
that Z follows B, etc. In Bayes' postulate P,4(Z) is expressed by the
well-known prior and conditional probabilities:

P(A)P4(2)

(1) P24 = 55 PA(Z) +P(B)Pp(2)+...+P(N )PN(Z

* Niniejsza praca byla ogloszona w naszym piémie po polsku w tomie 1 (1954),
str. 169-172. Obecnie oglaszamy ja po angwlsku, aby jej tre&é uczynié dms’o@p111eya;zad
obecym eczytelnikom. Redakcja.

HJanxan pabora Omma -ony0aMKoBaHA B HaHieM XYpHale Ha HOJIBCKOM sg3BIKe
B Tome 1 (1954), crp. 159-172. B macrosilee BpeMs myGamxyeM 'ed Ha aHrIMHACKOM
ABHKe TAA TOro, YTOGH conep:kanme pabors cAenarh FOCTYOHHM 9HMTATENAM He BHA-
KOMBIM ¢ IOIBCKOM HBHKOM. Pedaryus.

This paper appeared in our periodical in Polish in vol. 1 (1954), pp- 159-172.
We are now publishing it in English in order to make it easier for foreign readers
to get acquainted with its contents. Hdilors.

(*) T. Bayes, An essay towards solving a problsm in the doctrine ofi chances,
Philosophical Transactions 53 (1763), p. 370.
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Formally formula (1)'is correct, but it ig rarely applicable to practi-
cal problems, since prior probabilities are seldom known. The legal estab-
lishment of paternity is an interesting exception. Owing to Hirszfeld’s
investigations of more than 2000 cases, the prior probability that the
man sued for alimony is really the father has been found to bhe about
709/, (in pre-war Poland)(2). Here, prior probability refers to the moment
after instituting serological investigations but before reading their result
Z. When the result is known, we can compute from formula (1) the poster-
ler probability P;(A) that the man sued is the father of the child in whose
name he has been summoned. It is precisely this postemor probability
that interests the court.

However, here we are not concerned with the exceptions, but with
everyday - situations in which we do not know the prior probabilities.
Sueh situations arise in practically any technical or scientific investiga-
tions, so that the question of retaining formula (1) or replacing it by
another one is a fundamental problem. of scientific induction and statis-
tical inference. N

Such typical questions as: how many TB cases there are in a loeality
where of 10 random persons examined 2 were found afflicted ; or how many
‘steel rods in a warehouse are suitable for building if of 10 checked 2 were
too weak — differ only superficially; their mathematical substance is
identical and may be properly classified among the' problems dealt with
in the present paper.

In such .cases Bayes employed a postulate which we shall call by his
name and denote by #. Namely, he assumes that the distribution of prior
probabilities is wniform, i.e. that the numbers P(4),P(B),..., P(N)
are equal. In the instance of the paternity claim, there are only 2 possi-
bilities, A and B (the defendant either is or is not the father). The Bayes
postulate would thus state that P(4) = P(B) = 0.5.

* Somie anthropologists have indeed been using formula (1), assuming
P(A) = 0.5 but they have not realized the fact that they are employing
the Bayes rule, and they are even less likely to have realised the essential
nature of the problem. '

The Bayes postulate applied to the paternity question is downright
false, because P(4) = 0.70, as. we have mentioned before.

In the steel rod case the Bayes postulate would presume the occur-.
rence with equal frequency of sets of rods of quality 1°/,,2%,,3%,, ...,
100°/,. Such a hypothesis iy undefendable either theoretically or exper-
imentally.

L (2 H. Steinhaus, On establishing paternity (in- Polish). Zastosowania Mate-
matyki 1 (1953), pp. 67-82.
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Let us concede that the Bayes postulate would not be opposed if it
were only applied to cases where uniformity is empirically or theoreti-
cally justified, or where that postulate can be used as & working hypothe-
8is until the moment, when the actual prior distribution is found by
experience. '

Instead, this postulate is usually accepted as a dogma — it is most
needed in the very cases where there is no hope at all that it will prove
either in agreement with or in opposition to reality.

Let us take a new drug as an example. What would be the meaning
of agsuming a uniform distribution of the drug’s efficacy 2 It would mean
that drugs of 10°/, or 15°/, efficacy are produced in laboratories. just
a8 frequently as those of 55°/, or 60°/, efficacy. Such a hypothesis would
never be either disproved or verified, because there are too few drugs
(statistically) for a given disease; what is more, each belongs to a differ-
ent scientific age, which makes it artificial and unreasonable to deduce
the efficacy of modern synthetic drugs, based on entirely new theories,
from the quality of the old serum medicines.

2. The dogma of uniformity, i.e. the Bayes postulate, has been
vigorously opposed by thé English §chool (R. A. Fisher, K. Pearson).
R. A, Fisher the renovator of statistics, introduced the idea of fiducial
Probability and the Polish scientist Jerzy Splawa-Neyman, who propa-
gated new ideas in statistics in the USA, introduced the concept of “con-
fidence interval” (which is & literal translation of the Polish term: “prze-
dzial ufnosei”). Even before the second world war it was generally accept-
ed that only these new concepts, free from the Bayes postulate, are correct.
Hence W. Feller, a celebrity in the field of the ealculus of probability,
tompares the adherents of the Bayes rule and formula (“who are using
it for the reason of its logical admissibility and its agreement with our
way of thinking”) to “Plato, who used the same type of arguments
to prove the existence of Atlantis...”. And he concludes: “...the con-
temporary theory of statistical tests and estimations is less intuitive but
Inore realistic. One can not only defend it but also apply” it (3). It is
characteristic that in Feller’s text-book the Bayes rule is printed in bre-
vier type.

Obviously the dilemma of “pro or contra Bayes” is not a negligi-
ble one; it comprises a wide field of applications from geodesy to mathe-
matics. Do not let us forget that both the question of outlining a geode-
tic area for a future city and the question of giving permission to use
Deniciline of Polish manufacture require drawing conclusions concern-

(*) W. Feller, An Introduction to Probability Theory and 4ts Applications, New
York 1950, p. 85. ‘
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ing real quantities from data burdened with errors (in the first instance
such quantities are the true coordinates of the orientation points, in the
second — the strength of the peniciline). What makes the chaos in this
. field still greater is the fact that scientists, doctors and engineers were
forbidden to use the Bayes rule before they had time to learn how to
apply it. Many of them are under the impression that it is just an argument
about mathematical terms without any practical significance. Wald’s
sequential analysis in the field of statistical quality control disregards
the Bayes rule entirely, and the advantages of his method have been
attributed precisely to this rejection and consequently used as an argu-
ment against the Bayes rule(?).

In effect practically all serious mathematicians have left Bayes’
camp (5); the only ones that have remained are those who have not under-
stood the objections of the new school. Let us for short call this new
doctrine “the theory of - credibility”. Only Norbert Wiener(®) has
“had the temerity to call it “a terminological trick”. Tndependently,
J. Oderfeld has called attention to the similarity of the rules of proce-
dure in the statistical quality control arising from the Bayes rule and
postulate to those of the new theory(?). This has induced me to study
the prineiples of the statistical quality control; I have found that none
of the existing methods is definitely superior to the others -~ they only
differ in a more or less effective masking of arbitrary .hypotheses(?).
In the present publication I wish to discuss the relation between the Bayes
rule and postulate and the corresponding methods of the new theory.

Here a difficulty arises from the fact that text-books use various
terms, such as: “likelihood”,. “verisimilitude”, “fiducial probability”
“confidence interval” ete., none of which is precisely the right one. The-
refore we shall have to dispense with the exactness of translation or the
agreement with the accepted terminology and ourselves define the con-
cept of credibility, which quantity in Fisher’s theory replaces the prob-
ability of causes and constitutes the fundamental idea of the new doectrine.
We shall explain it with the aid of an example.

() H. Steinhaus, Quality control by sampling, Colloquium Mathematicum
2 (19561), pp. 98-108. See §7 on pp. 105-107.

(®) One of those who remained in it is the well-known astronomer H. Jeffreys,
author of the Theory of Probability, Oxford 1948.

(*) An expression of Wiener, cited in H. Steinhaus’s Quality conirol by sampling,
Colloquium Mathematicum 2 (1951), p. 104. It is taken from Wiener's book Cyber-
netics, New York 1948, pp. 109-110.

() J. Oderfeld, On the dual aspect of sampling plans, Colloquium Mathema-
ticum 2 (1951), pp. 89-97.

(®) H. Steinhaus, The principles of statistical quality comtrol (in Polish), Za-
stosowania Matematyki 1 (1953), pp. 4-27. .
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Let us assume that a certain typical reaction of a guinea-pig depends
on an unknown content x of a certain substance in 1 em? of blood, taken
from the veins of a patient, and injected to the guinea-pig. Let us further
assume that the expected reaction does occur and that it rises with the
increase of x. If the reaction occurs in m guinea-pigs out of a total of »
guinea-pigs while it does not oceur in »—m guinea-pigs, then ex defi-
nitione the probability that the content a of this substance in the patient’s
blood will in n experiments yield the above reaction more than m times
is what we shall call the eredibility of the hypothesis that for the patient
in question # < «. This is the essence extracted from various texts of the
ruling school of thought — and not easily extracted at that.

3. Let us discuss first the concept of credibility ‘on another example
where observation may give any real quantities (and not only a finite
number of them as in the above experiment). Sueh an example is the
position of a material point on a marked material straight line. The true
position of the point corresponds to mark » on the scale, but « is unknown
and the observation gives the result £; £—w is the error of observation.
We know the probabilities of errors, namely the function p(», &), which
enables us to calculate the probability that position x gives observation
& belonging to the interval (&, &-A4¢&>; this probability is

p(@, So)A§+0(A§)()

We could make this exa.mple more striking by & specialization of
function p(z, £), assuming for instance

1
(2) p(w7 E) = e“($“5)2/2a2’

0V2w‘

which corresponds to the normal distribution of errors. This specia.ﬁza—
tion is unnecessary; for our aims it is sufficient to assume that density
P is a non-negative and continuous function of the error &—g,

(3) 2o, &) Ff(E—a),
and that

(4) [ pl@, pag =1
for every «. -

Assumption (4) is a mathematical equivalent of the certainty that
for every quantity « we shall obtain some observation £, which is obvious.

—

(*) The symbol o{x) denotes a ma,gmtude which, when dxwded by =, tends
to zero together with =,
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Notice that density (2), corresponding to the normal distribution
of error (the mean error being independent of the x measured) satisfies
the above assumptions. They are also satisfied by the density correspond-
ing to observation E, which is the mean of %k independent observations
§ (¢=1,2,..., k) if to each of them corresponds one and the same p
sa,tlsfymg the a.ssumptmn

A typical problem now is this: if the observation of # has glven E =b,
what is the probability that # << @ ? We shall denote this probability by
P(r < a; &£ =b). In order to apply the Bayes rule (1) one ought to know
~ the prior probability F(a) that # < a, i.e. the probability of this inequali-
ty at the time before the observation. F(a) may be called the prior dis-
tribution of the random variable .

Those opposing the Bayes rule say that:

1. We do not know F(a) and we are not allowed to accept as F some
arbitrary function, such as the uniform distribution which, furthermore,
does not exist when the random variable « is not bounded;

2. The Bayes postulate of uniform distribution leads to a contra-
diction;

3. Since x is not a random variable, formula (1) has no equivalent
in the law of great numbers to give it a statistical meaning;

- 4. The Bayes formula is applicable only when the conditional prob-
abilities P4(Z),Pg.(Z), ..., are known, which requires — according to
the classical definition of conditional probability — the knowledge of
probabilities P(AZ), P(BZ) ete., i.e. the knowledge of the joint distri-
bution of the pair of random variables (X, Y), of which X runs over
all the causes, such as 4, B, 0, ... ete., and Y runs over all the effects
(such as Z,Z’,Z"). In that case, however, formula (1) is not necessary,
because the required left-hand side (Pyz (4)) is simply the quotient
P(AZ)| Y P(XZ); |

b. The Bayes formula is erroneouns because if the effect Z takes place
the cause A either has or has not occurred; therefore its posterior proba-
bility Pz(A) can only be 1 or 0, contra.ry to formula (1);

6. The Bayes formula i ig unnecessary, because there are other methods,
universal and free from drawbacks.

One of the other methods mentioned in point 6 is based on the con-
cept of credibility. It gives no answer at all to the question how much is
P(x <a; £=0) but defines instead the credibility C(x < a;.£ =0b)
of # < a if & = b by the relation

(5) Cw<a; E=0b)=P(E> b;o=a).
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The calculation of the right side does not require the knowledge of the
function F(a), because

(6) P& >b; 2 =a) = f p(a,t)dt
b

which follows immediately from the definition of the function p. The
new method thus defines uniquely a certain statistical parameter W
a8 the function of @ and b, as has been seen in (5) and (6)

(7) Clo<a;é=0b)= fpat

We have called this parameter the credibility of # << @ for & = b, This
is not the probability of this fact at all but the probability of another
fact (which has not taken place) under another condition, which is not
said to have been satisfied. It is therefore a conventional parameter
measuring the confidence degree which may be accorded to the hypo-
thesis that v < a if £ =5 has been observed.

This convention can aspire to usefulness only if the function f(a, b)
= P(& >b; & = a) is for each b a non-decreasing function of the varia-
ble a; we want the credibility of the consequence to be at least the
same as the credibility of the reason; because for a, <@, the inequality
@ < a, implies ® < a,, we want to have W(x < ay; £ =b) > W(x < a3
& = b), and this together with (5) compels us to accept the above mentio-
ned condition concerning f(a, b); this condition is not at all an automatic
consequence of P being a probablhty

Now let us compute P(» < a; ¢ = b) according to the classical Bayes
rule with postulate &, i.e. with the uniform prior distribution of the ran-
dom variable #. In view of the infinity of the interval, we shall use approx-
imation; we shall first -assume uniformity in the interval |o| < T and
then in the Bayes formula we ghall pass from 7 to oo. Therefore let the
prior probability that » is in the interval {(m,, 2o+ dz) be g(x)dz and let

12T for |o| <T

® o 9(@) = 0 for [ml>.’i’.

The Bayes rule gives

a

[ 9@pen@-d0 [ g@p@, b
(9) P < a; E=b) =2 : = .
) 9@p@,)dbdo [ g@p(@,b)do
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The limit of the fraction (9) for 7 — oo is — for (8)

[ p(t, byt

[>+] ?

[ p(t, b)at

hence by (4) the expressioh

fp(t b)dt.

Let us denote by PT the left-hand side of the formula (9) and by Pg
its limiting value limit for 7 - oo and we shall obtain according to the
preceding sentence

P(w<a,5—~b fp(t b)dt,
from which, by substituting » = ¢+ b—¢ and owing to (3), we obtain
(10) Pyl <a; £ =0) = f pla, u)du.
b

Comparing relations (7) and (10) we obtaiﬁ o
(11) C@<a; E=b) =Pglx<a; & =0).

Let us call the probability Pg on the right side of (11) “a possibility”.
This new term is to remind us that it is a probability calculated not
without hypotheses but on the basis of the Bayes postulate #. Instead
of the symbol Pg let us use the letter M and we shall have

(12) Mx<a; E=b)=0m<a; £=0).

Hence in the present instance the possibility of ¢ < a for & = b equals
the oredibility of x < a for £ = b. We have defined a new concept, the
possibility M(x < a; £ =10) by

(13) M@z <a; §=b)E Pg(w <a; & =b).

In our theory this is an equivalent of credibility, which was deter-
mined by relation (5). Possibility is-only a term, but its introduction
gives an equal footing to both theories: the classical Bayes theory and the
new theory of his opponents. At present the situation is as follows: We
give up the calculation of P{x < @; & = b) because the opponents of
the clagsical theory are right when they say that without the knowledge
of the prior distribution the probability P is impossible to calculate and
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we do not want to use the arbitrary postulate #. But the expression
“possibility” leads us out of the dilemma because we now call P (calcu-
lated as if the postulate & were satisfied) the possibility M(z < a; & = b)
of the fact that 2 < a for £ = b. '

What course do the opponents of the Bayes rule and the creators
of “fiducial probability” take? They calculate a different probability
from the one they were asked about and they ca.ll it the credibility W (z <
<a; £E=0) of ® <a when & =b.

Relation (12) M = O therefore breaks the myth about freeing the
caleulus of probability from difficulties by the introduction of the cred-
ibility concept and vindicates the Bayes rule and postulate, because it
shows (even if, for the time being, only as an example) that credibility
is simply a probability calculated by the use of this rule and postulate,
all scruples being dispensed with by giving this quantity a special name.
Thus the first accusation mentioned in § 3 is disposed of. ‘

The question arises why we introduce a new name “posmblhty”
if the relation M = C proves that “credibility” is sufficient. We do that
because, though in the example discussed here this.relation does exist,
there are several instances where it does not: there are problems, where
the conditional probabilities do not satisfy assumptions (3) and (4).
In those cases, however, one could just as well apply the method of possi-
bility as that of credibility. The parallelism of both methods is obvious
and in a certain particularly large class of problems we have shown that
they are identical. In that.class the verisimilitude method will still be use-
ful in instances where it is easier to calculate by formula (5) than by the
Bayes formula, which is often the case. E

Just as we have defined the possibility that # < a when & = b,
we may, by analogy, define the possibility tha.t a; <2< a, when & = b
namely

(14) M(a, <w<ay £ =b% Pﬂ(% <ty §=0) (a5 <ay).
Here the symbols are self-explanatory. The left side expresses the

Posgibility of a double inequality under the condition & = b; the right

hand side expresses the probability of the same inequa,lity under the

same condition, calculated from the rule and postulate Q%’ The classical
Probability calculation gives dlreetly

(18) Pg(ay, <@ < a; & =0) =P(x < ay; £ = b)—Pgy(x < a,; £ = b),
and (13), (14) and (15) imply

(16) Mt <& <ty § =) = M(0 < ag; £ = b)—M(a < ay; § —b).
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Property (16) may be taken as a definition of the left hand side instead
of (14). This suggests an analogous definition in the theory of credibility:

(17) Wt <o <ay; E=0)E W(w <ay; & =0b)—W(@ < ay; £ =b)

for a, < a;. This useful generalization of the credibility coneept allows
us to define, for instance, the credibility of the fact that with a certain
result for a sample the quality of the lot lies in the interval (a,, a,); without
the statement that the credibility is the probability (though of another
fact) this generalization would not suggest itself to us.

Let us pass now to a different example, compriging an enormous
field of technical and scientifical investigations.

‘4. Suppose that quantity 'z is not directly measurable and that the
observations consist of independent trials; at each trial let # be the prob-
ability that the phenomenon Z will arise. Thus, for instance, # may be
a characteristic of a drug and Z the test of this drug. Notice that in this
instance the expression “probability” plays one réle more: the gquantity
measured is itself a probability.

We write the result of observations as (£ = m)/n, which is to signify
that there have been n independent trials in which result Z has been
obtained m times (and has not been obtained n—m times); the integers
m, n fulfil the inequalities 0 <m <n.

~ The question is how to calculate Pz < a;( & = m)/n) i.e. the prob-
ability that » is smaller than a, if in » experiments Z has been observed
m times.

- The theory of cred1b111ty gives an evasive answer, calcula.tmg the
ordinary probability P of a different fact in different conditions and cal-
ling it the credibility W of the original fact in the original condition.
We thus have

(18) O’(m<a;§jm),§13(£>m;m_—_a);

n

on the right-hand side, P is the probability that, for = a, Z will occur
more than-m times in »n experiments. One can crificize definition (18)
on the ground that for m = n and for every a we have ¢ = 0. In partic-
ular, we have O =0 for @ = 1. Thus, if for instance in 5 experiments
with a drug all five are successful, the credibility of the hypothesis z < 1,

i.e. the hypothesis that the medicine is not safe, will be zero. This state-
ment will be even stranger with only one successful experiment. One
could avoid this paradox by writing on the right side of (18) the inequal-
ity (£ > m)/n instead of (§ > m)[n, but then another paradox will occur:
the changed definition gives ¢ = 1 for m = 0 with every @, even very
small, because for m = 0 the corrected inequality undoubtedly occurs
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for n = 1 as well as for » = 100; we shall infer hence that the credibility
of the hypothesis that the drug once tried with a negative result is
worthless is 1, exactly the same as the credibility of the same hypothesis
regarding the medicine tried 100 times with a negative -result.

An easy way out of this inconvenience is the change of the denomi-
nator on the right side of (18) from n to n-1:

(19) C(m<a;5:‘m)‘}—_fl"(§>m;w=a)
n n-1
(m=0,1,...,n; 0 <a <1).

Here, there is no paradox elther for m = 0 or for m = n. W assumes the
value 0 if and only if & = 0, which is in agreement with the natural
postulate of the zero credlblllty of the impossible relation # < ¢ when
a = 0. C equals 1 if and only if @ = 1, which is expressed by the no
less natural postulate of a unitary (therefore maximal) credibility of the
relation # < a when a = 1. Whatever the result of a finite number of
experiments, we can assert with the maximal credibility that the medi-
cine is not absolutely efficacious. For 0 < a < 1 we always have 0 < 0<1.

Incidentally, let us observe that even practical physicians have
noticed the difficulties involved in the extreme experiments of m — 0,
m = n, which make it impossible to assume naively that the strength
of the drug is equal to m/n.

Let us now determine the possibility M that x < a if Z happened
m times in n experiments; analogically to (13)

(20) M(m<a;§=m)9—fP(w<a;§=n).
, n n /-

To obtain the relation M = C analogous to (12) it is necessary to prove
the equality of the right-hand sides in (19) and (20) According to the
Bayes rule, we have ,

P(m < a’_f_';“) fw (1— m)“ mdm/fm’”(l—-m)““mdw,

.. n+1 n+1
P 4 = = P M = S By gk —_— n+1fk
| ( PRSI “) k=2m+1 (n+1 39 “) k.zml( e

- fa a™(1— )" ™do / fl w”‘(l—“w)"""dw,

which gives the very equality that is reqmred and allows us to write the
theorem

(21) 'M-(m<a;6=m)'=0(w<a;§=m).
| n n


































