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The solution of a system of quadratic functional equations

by J. A. LESTER (Waterloo)

Abstract. For a set G with binary operation *, and an algebraically closed field F,
the solution of the system of quadratic functional equations

N
ge(asp) = D' TIi¥gi(a)g;(B)
1

,i=

satisfied by the N functions g;: G — F,is determined in terms of additive and multi-
plicative funetions from G to F, under certain assumptions on F, @, and the 1’,‘;" eF.

1. Introduction. We consider the system of N quadratic functional
equations given by

N
(1.1) gc(axB) = D' T'lgi(a)g,(B).

1,j=1

The domain of ¢,, ..., g is a set G upon which is defined the operation x,
while the range is an algebraically closed field F ('Y € F).

Equation (1.1) has been studied extensively under various hypotheses
on (G, »), F and the functions g,: for examples and further references see
{1], [3}-[7]. In this note, we shall assume the following:

I I'¥ — I%.
N ., N . .
I 3 T¥rim — 3 rimrs,
k=1 k=1

III. There exist e,,..., ey € F such that

N
i=1
IV. F has characteristic 0 or > N.

V. The operation » has identity 0, and all « e G have inverses.

Assumptions I, IT and III are not completely arbitrary, being conse-
quences of the following (see [6]):



114 J. A. Lester

LeMMA 1.1. If (1.1) has a solution consisting of linearly indepenient
functions, then

(i) ¢f = <8 commutative, I holds,
(ii) if = i8 associative, II holds,
(iii) ¢f * has identity 6, III holds.
Proof. Let §7,,..., 7, be the linearly independent solution. Then,
if % is commutative

0 =g(axp)—g(f*a), a,felq,

N N
= Y Ifiga)gB— D I¥5(8)§a)

2,j=1 i,j=1

N
= D UT =T 5(e)1g(B)-
=1
Two applications of linear independence give I; the proofs of (ii) and (iii)
are similar (in (iii), e, = g,(0)). O

We could consequently replace I, II, IIT and V by the assumptions
that (1.1) has a linearly independent solution and that (@, ) is an abelian
group. However, as we shall see later, for some ¢ and F, (1.1) has only
linearly dependent solutions.

Equation (1.1) and its solution may be stated in a somewhat more
algebraic form. Let (FV, 4, ) denote the vector space of N-tuples over F,
and define multiplication on FY as follows: for a = (ay,..., ay),
b = (byy..., by) e FV,

N
(aob), = ZP,?aibj.
i,j=1

We may thus consider each N-tuple of F¥ to be the components of elements
of an algebra (¥, +,0, ), and the I'’s to be the multiplication constants
of F, all with respect to some given basis. From assumptions I, IT and ITI, 7
is commutative, associative, and has an identity with components
(é1y ..., €y), which we denote by e. The functions g¢,, ..., gy may now be
considered as components of a mapping g: @ — F satisfying

(1.2) g(axf) = g(a)og(ph).

The main result of this note is the solution of this equation:

THEOREM. (i) There is no loss in generality in assuming that (F, +,0)
18 a local ring (i.e. that it has a unique maximal ideal).

(ii) If (F, +,0) is a local ring, then the general solution of (1.2) is
given by

g(a) = m(a)exp[a(a)],
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where
(a) 7n: G — F is multiplicative, i.e.

n(a*f) = n(a)n(f),
(b) a: G- F is additive, i.e.

a(axpf) = a(a)+a(f),

(¢) for all a €@, a(a) is nilpotent, i.e. [a{a)]* = 0 for some positive
integer k < N (and hence the sum

o 1
explafa)] = 3 5 [a()*

is actually finite).
Note. 1° In Section 3, it will be shown that V may be replaced by
the assumption that n(a) 7 0 for all a e G.

2° In Section 2, the set of nilpotents of # is shown to be a (N —1)-
dimensional sub-algebra of #. Thus with respect to some basis (not nec-
essarily the original one) the mapping. a: G —F has as components
(@yy ...y @y_,, 0), Where a,, ..., ay_, are additive functions from G to F.
This solution is therefore an improvement over that in [6], where the solu-
tion to (1.1) is expressed in terms of an N x N matrix A of additive fune-
tions from G to F satisfying A (a)A(f) = 4A(B)A(a) for all a, f €@, the
characterization of which is itself an unsolved problem.

2. Decomposition of elements of F. Much of the algebra used in
this section can be found in [2]. The author is indebted to a referee for
considerable condensation and modernization of the following discussion.

Since (¥, 4,0, ) is finite dimensional, (#, +,c) is an Artinian
ring, and thus may be decomposed into a finite direct sum of local Artinian
rings. Then g may be decomposed into a corresponding sum of mappings,
each satisfying (1.2), which proves part (i) of the theorem. We assumo
from now on that (F, +,0) is local. '

The unique maximal ideal N of (I', 4, o) is its radical, and so consists
of all the nilpotents of (¥, +, o). The algebra (¥, 4,0, ) may be decom-
posed as F = H+ N, where H is a subalgebra of F isomorphic to F|IN,
and HNN = {0}. But since F is algebraically closed and N is a maximal
ideal, /¥ is a field isomorphic to F, and so the subalgebra H consists
of all F-multiples of e. Then any «# € F' has a unique decomposition of the
form x = A(z)e+n for some n e N and A(z) € F.

It is clear that the subalgebra (N, +,0, ) has dimension N —1
and that i(x) = 0 iff # € N. We now derive some further properties of
the function i: F — PF.
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LEMMA 2.1. For all z,ycF,a,beF
(i) A(@oy) = A(x)A(y),

(ii) A(az+by) = ad(z)+bA(y),

(iii) A(e) = 1.

Proof. We prove (i) only; the proof of (ii) is similar, and that of (iii)
trivial. There exist n,m,kecN so that z = A(®)e+n,y = A(y)e+m,
and zoy = A(xoy)e+ k. Consequently, zoy = A(m)l(y)e+l(y)n+l(w)mj—
+mon, and so [A(zoy)—Ai(z)A(y)]e = A(z)m+A(y)n+mon—keN,
which yields (i). O

We note that since (#, +, o) is a local ri.ng, its only idempotents
are 0 and e. Also, since any n € N satisfies n* = 0 for some integer ¥,
the minimum polynomial m (¢) of » must divide ¢t*. Thus m(t) = ¢ for some

integer r. Since 7 < N, it follows that n" = 0 for some integer » no greater
than N.

3. Solution of equation (1.2). We first note that (1.2) has the trivial
solution ¢g(a) = 0 for all a € G, which is of the required form with n(a) = 0
for all a € . We exclude thls case from further consideration.

Define the mapping =n: G—->F by =n(a) = A[g(a)]. Then from
Lemma 2.1, (i) and equation (1.2), n is multiplicative, i.e. 7(axp)
= a(a)n(p). _

Equation (1.2) shows that g(0) is idempotent; thus either g(0) = 0

-or g(0) =e. If g(6) = 0, then g(B) = g(6)og(f) = 0 for all § €@, which

is the case we have excluded from consideration. Hence g(6) = e, and so
for any ae@, n(a)n(a!) = n(0) = A[g(6)] = A(e) = 1. Thus =(a) # 0
\for all ae@.

Note. Since this last statement is the only consequence of V we need,
we may replace V by the assumption that »(a) # 0 for any e € G.

For any a €@, define b(a) = [n(a)] '[g(a)—A{g(a)}e]; then
(3.1) g(a) = n(a)[e+b(a)]
and b(a) e N. The sum

(_ )k+1 .
a(a) = In[6+b(a)] = Z [b(a)]

k=1
is well defined (for k> N , [b(a)]* = 0, and since F' has characteristic 0
or > N, we may divide by all k < N). Also, a(a) € N, and the sum

o0

1
expla(a)] = ' —[a(a)*

k=0

is also well defined (for ¥ > N, [a(a)]* = 0, and because F has character-
istic 0 or > N, we may divide by all k¥ < N, and hence by k! for k < N).
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But exp(a(a)] = cxp|In(¢e+b(a)}] = e+b(a), which, together with equa-
tion (3.1), implies that

g(a) = n(a)expla(a)].

It is easily verified that a: @ > N is additive. Conversely, if #: @ > F
is any multiplicative function, and a: @ — N is any additive function,
then g: @ — F, defined by (3.1) is a solution of (1.2).

Finally, we give an example of a set (@, *) and a field F for which (1.1)
has no linearly independent solution. Assume N > 2, (@, x) is finite with &
elements, and F is a field of characteristic > k. For any fixed a € G, some
two of ¢, 2a = axa,...,(k+1)a are equal, i.e. pa = ¢qa for some 0 < ¢
< p < k+1, and hence, if f: @ — F is any additive function, pf(a) = ¢f(a).
But 0<p—¢q<¥% and (p—¢q)f(a) =0, so since F has characteristic
> k, f(a) = 0. Thus the only additive function from G to ¥ is the zero
- function, and the only solutions of (1.2) are (subject to I-V) g(a) = 0
for all a e@ and g(a) = n(a)e, both of which are linearly dependent.
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