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Introduction*

The concept of weak isomorphism was introduced by A. Goetz and
E. Marczewski [4]. A weal isomorphism of an algebraic structure onto
itself will be called a weak automorphism. Goetz has shown [4] that if @
is a group whose center contains the square of every element of @ then
every wealt automorphism of & is either an automorphism or the product
of an antomorphism and the weak antomorphism « > 2~ The same result
is true also for free groups but not for groups in general (see also [4],
p. 166). The weak automorphisms of Boolean and Post algebras have been
computed by Traczyk [9]. For Boolean algebras, the only weak auto-
morphism which is not an automorphism is the product of an antomorphism
with the weak automorphism x> z'.

However, the set of all wealk automorphisms of an algebra forms
a group under composition, and the general theory of weak automorphism
groups, unlike the theory of automorphism groups, has remained unde-
veloped. We advance here some methods for investigating these groups.

The first main observation in this study is that the automorphism
group of an algebra is a normal subgroup of its weak automorphism group;
this observation is utilized in much of what follows. The main results of
Section 2 include a description of the- structure of weak automorphism
groups of algebras having a finite bagis; and, as an application of these
results, we find in Section 3 that all groups oceur as weak automorphism
groups of finitary algebras. At the same time, we establish that all groups
occur as the factor groups of the weak automorphism group of an algebra
by its automorphism group.

Since the weak automorphism group of an algebra U with carrier
A is a subgroup of the group of all permutations of A and contains the
automorphism group of A as a normal subgroup, it is natural to wonder
if there exist algebras having the largest possible weak automorphism
group, that is, if there are algebras whose weak automorphism groups
are the normalizers of their automorphism groups in the symmetric group

* Presented as a dissertation, under the direction of Abraham Goetz, to the
University of Notre Dame in partial fulfillment of the requirements for the degree
of doctor of philosophy.



8 On weak automorphisms of universal algebras

on their carriers. We have termed such algebras pseudo-saturated. The
main result of Section 4 provides us with a very positive answer to this
query. Indeed, it is shown that if a subgroup H of the permutation group,
P(4A), of a set A is the automorphism group of an algebra on A, then there
is a pseudo-saturated algebra on 4 having H for its automorphism group.
A simple sufficient condition for pseudo-saturation is also obtained.
Section 5 containg a computation of the weak automorphism groups of
nnary algebras constructed from groups, whose automorphism groups
were deterniined and studied by G. H. Wenzel [10], and a necessary and
sufficient condition for pseudo-saturation for these algebras.

- Weak isomorphisms have more ‘freedom’” than isomorphisms in
their usual sense. For the notion of isomorphism is relative to a fized
set of fundamental operations and to a prescribed correspondence between
the operations of each algebra in question (usually effected by naming
the operations of each. algebra with a common set of names and allowing
only operations having the samne name to correspond). In Section 6 the
concept of restricted weak automorphism is introduced. It is shown that
many of the results of Sections 1 and 2 hold for groups of restricted weak
antomorphisms and that a stronger representation theorem holds for
groups of restricted wealk automorphisms of finite algebras. The concept
of restricted weak isomorphism is very useful in understanding the differ-
ences and similarities between the usual notion of isomorphism and
that of weak isomorphism.

Finally, Section 6 includes the generalization of weak automorphisms
to finitary relational systems, and the representation theorem that for
every pair of groups H, @ with H <] G, H can be realized as the auto-
morphism group, and @ as the weak automorphism group of some finitary
relational system.

SkEcTioN 1

The group of weak automorphisms

1.1. Our working definition of a universal algebra (or simply, algebra)
is the following. A universal algebra is a pair A = (4, F') where A is a non-
empty set and F is a set of finitary operations on A4, that is, each f ¢ F
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is & mapping £: A" - 4 where » is a non-negative integer called the arity
of f.
For n> 1, the n-ary projections on A are the n operations €7, ..., &
defined by '
Ty oo Bp6) =,

for all @y, ..., z,¢A. Given n-ary operations p,, ..., p, on 4 and a k-ary
operation g on A4, (p, ... p;)q will denote the n-ary operation ¢ on A defined

by
By oo B[(Pro0 P)Q] = (@1 o0 ByPy) oo (By . 2,D1)

for all @y,...,®,e4d, and is called the composition of py,..., P, by q.

An n-ary operation % on A is called an n-ary derived operation of U
= (A, F) if there exists a finite sequence fi,...,f, with f, = h and
where each f; is either an n-ary projection on A4 or, for some non-negative
integer k, f; is a composition of & of the preceding f’s by a k-ary element
of F ([6], p. 37; [7]). The set of all n-ary derived operations of U will be

denoted by D, F, and DF = | D, I is called the set of derived operations

n=0
of A. It iy clear that if g, ..., g,eD,F and ¢ «D, F, then (g,...g;)ge D, I"
We shall call a set @ of finitary operations on 4 a fundamental set of
operations for A if D@ = DF; in particular, F is a fundamental set of
operations for 9.
An endomorphism of the algebra W = (4, F) is a mapping ¢: 4 - 4
such that for every operation feF,

(@ ... mnf)‘»v =% p... mn‘Pf

for all z,. ..., x,eA, where n is the arity of f. An automorphism of U is
a bijective endomorphism. The set of all automorphisms of A, A4 (%),
forms a group under composition; this group will be denoted by A (%)
= (4(%), {o}). We note that A(A) = 4((4, DF)).

By A(DF) = (A(DF), {o}) we will mean the group on the set A(DF)
of all bijective mappings o: DF — DF satisfying

(L.1) (D, F)eo =D, F for = =0,1,...
and -

(1.2) for all non-negative integers » and %, if f,, ..., fy ¢ D, Fand f ¢ D,F,

then
((f: ... f)f)o = (fro ... fo)(fo),

with composition, o, as the group operation. An element of A (DF) will
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be called a clone automorphism of DF ([ 3], p.127). We note that if ce A (DF),
then e} ¢ = ¢} for all » and ¢ with 1 <7 < n.

TFollowing A. Goetz [4], & weak automorphism of the algebra %A = (4, F)
is a bijective mapping |cD: A — A such that the induced mapping ®: f
> f&i given by

f@ =g if and only if (2...2,)P =u,0...x,Pg

for all #,, ..., ®, ¢ A maps D, F onto D, F forn =0,1,...

1.2. It is clear that every automorphism of Y is also a weak automor-
phism of 2. Many algebras have weak automorphisms which are not
a,utomorphisms, however., Ifor example, every non-trivial Boolean alge-
bra (B, {A,’,0,1}) has the proper weak automorphism b — b’. Simi-
larly, every non-abehan group has the proper weak a,utommphlsm S
Along these lines one can generally say the following:

THEOREM 1.1. Let W = (4, F) be an algebra. If fis an invertible unary
derived operation of W, and if ' « DF, then f is a weak automorphism
of A

Proot. If geD, F, then gf e D, F because f,f e D, F and z, ... x,(gf)

= (o f... ¢ 2, f~'g)f. Similarly, » = g(f™) ¢ D, F, and hf =g. The1e-
fore f is a bijection of D, F onto D, F proving f is weak automorphism
of .

CorOLLARY 1.2. If A 1s finite, then every invertible unary derived oper-
ation of A is a weak automorphism of A.

Proof. If f ¢ D, F is invertible, then because A is finite, for some &
>0, =f°¢ D,F and the theorem now applies.

1.3. It is immediate from the definitions that the set of all weak auto-
morphisms of an algebra ¥ = (4, F), denoted by W (%), forms a group
under composition, o, denoted by W () = (W (), {o}). It is also clear
that if @, ¥ ¢ W (%), then @o¥ = Go¥. Furthermore, as noted in [4],
the bijection @ of DF is in fact a clone automorphism of DF. Finally if
1, denotes the identity mapping on 4, then E = lpp. Thus the mapping

DD is a group homomorphism of W() into A(DF) and the auntomor-
phisms of U are precisely those wealk automorphisms ¢ for which ¢ = 1p5.
Collecting these facts we have the following:

TeHEOREM 1.3. The mapping @ — o defined above is a homomorphism
of W(N) into A(DF) with kernel A(U).

CorOLLARY 1.4, A(A) is a normal subgroup of W(A).

CoroLLARY 1.6, W(A)/A(A) is isomorphic to a subgroup of A(DF).
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SECTION 2

Weak automorphisms
of finitely generated free algebras

2.1. To deal with finitely generated free algebras we use the concept
of independence of E. Marczewski [7]. The elements a,, ..., a, of an al-
gebra A = (4, I') are called independent in YU if the identity

@y oee @uf =@y ... 0,0

for some n-ary derived operations f and ¢ of U implies that f is identically
equal to g on A.

The elements ay, ..., s, are said to generate A if for every element
a ¢ A there is an n-ary derived operation f of %« such that a, ... n,f = a.

The elements a,, ..., a, are called a basis of A if they are indepen-
dent in U and generate A. Marczewski proved that a,,...,a, is a basis
of A if and only if every mapping of {ay,..., a,} into 4 is extendable
to an endomorphism of . Therefore the elements of a basis of A can be
considered as free generators of ¥ in the smallest variety containing %:

2.2, We examine now the structure of W () for algebras having a ba-
sis of finitely many elements. We nse a generalization of a matrix to
describe an automorphism of such an algebra.

Let W = (4, F). A vertical n-tuple,

T
I

is called an n-ary matriz of operations of A. An m-ary matrix of
operations

where f; e D, F for 1 =1,...,n

fi
f n
of U is called nmon-singular if there is an n-ary matrix of operations
g1
gn
of A such that

(fl "'fvr.)gi = 6‘?
and

(g1 - g)f; = &
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fori,j = 1,..., n We define a multiplication on the set M, (W), of n-ary
matrices of operations of A by

[ f1:| [ 91] [(gl g'n)fl}
.fn g-n (gl ':‘ gn)fn

This operation gives the set 3£, (U) the structure of a monoid with identity

element
er
In = [ ] .
€n

We shall denote this monoid by M, ().
It is easy to see now that X e M, () is non-singular if and donly if
there is & ¥ ¢ M, (%) such that

(2.1) XY = ¥X =1I,.

Using now (2.1), it is easy to see the following is true.

ProrosITTON 2.1. The set of mon-singular elements of I, (W) forms
a group under the given multiplication.

We shall denote the set of non-singular n-ary matrices of operations
of A by G, (A), and the group formed by this set under the given multi-
plication. of n-ary matrices of operations by G, ().

If the algebra U has a basis of n elements, we have the following
equivalent form of (2.1):

PROPOSITION 2.2. Let W = (4, F) have o basis ay,...,a,. The n-ary

matriz of operations
f
X =|:
I

of A is non-singular if and only if @, ... a,f,,..., @, ...0, f, is @ basis for-U.

Proof. Let b, =a,...a,f; for i =1,...,n. If X is non-singular,
there is an n-ary matrix of operations

91
T =]
gn

of A suech that XY = ¥YX =1,. To show by,..., b, is independent,

vy Yn

suppose p,q ¢« D, F and b,...b,p =b,...b,q. Then

@y« a‘n[(fl"'fn)p] =a... a"nfl"‘ @y ... a’nfnp = by... bn.p =by...0,¢
= al"'a"nfl'“ LSRR a’nfnq =y ves a’n[(fl"'fn)g]’



2. Weak automorphisms of finitely gencrated frce algebras 11

and since a,, ..., a, I8 an independent set, we conclude that (fre--Fo)p
= (fy...f»)q on A. Therefore,

p = (8? fee 6;:)1} = ((gl e gn)fl “ee (gl e gn)fn)p
= (g1 I(f1--- L)P] = (g1 .- @) (1 .. f) dl
= (g1 g1 (01 g )T = (&2 ... g =4, -

proving by, ..., b, independent. To see that by, ..., b, is also a generating
set for U, let ¢« A be arbitrary. Since a,,...,a, generates A, there is
a feD,F such that a,...a,f =¢ But then, b,...0,[(g:...9,)f] =¢
adso.

Conversely, suppose by, ..., b, is a basis for . Then there exist n-ary
derived operations g,, ..., g, such that b,...b,9; = a, for i =1, ..., n;
that is,

Oy [(fro o f)gl =ag...a,ef for i=1,..,n.

By independence, (f;...f,)q: = ef for ¢ =1,...,n On the other hand,

by i 0,[{g1 ... gn)f]] =0y ... a’nfj = b;' =b... bne}b’

$o by the independence of b,,...,b, we conclude (g,...¢,)f; = ¢} for
j =1,...,n Therefore, X is non-singular.

As mentioned in 2.1, if Y = (A, F) has a basis a,, ..., a,, then each
n-tuple of elements of A, (oy,...,¢,), uniquely determines an endomor-
phism ¢ of U such that a;¢p = ¢; fori =1, ..., n. Again because a,, ..., a,
is a basis for U, for each ¢, there is a unique ¢; ¢ D, F such that ¢;
=ay...0,¢; for + =1,...,% Thus the mapping

(2.2) pr>|
P

where each ¢; is the unique element of D, F satisfying
(2'3) a;p = Gy oee By @y

is a bijection from the set of endomorphisms of A onto M, (A). Moreover,
1, 1I,. If ¢ and y are both endomorphisms of U, we have

a;(pp) = (a;0)p = (1 ... 0, @)Y = @19 ... G PP,
=y een By WPy oo Ay ons QP @ = (g -0 an[("l’l V’az)q’i]!

so that (py); = (¥1... v,)@; for 4 =1,...,n. Therefore the mapping
defined by (2.2) and (2.3) is 2 homomorphism of the monoid of endomor-
phisms of U onto M, (). Finally, it is clear that an endomorphism ¢ of
A is an automorphism of 9 if and only if a,¢, ..., a, ¢ is basis for %. Apply-
ing Proposition 2.2 and summarizing, we have:
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THEOREM 2.3. If A = (4, F) has a basis ay, ..., a,, then the mapping
which assigns to each endomorphism o of U the n-ary matriz’ of operations

P1
‘pﬂ.
satisfying a;p = 0;... a,@; for i =1,...,n s an isomorphism of the
endomorphism monoid of U onto M, (N). The restriction of this mapping
to A(N) 18 an isomorphism of A(WN) onto G,(YA).
We are now prepared to describe the structure of weak automor-
phism groups of algebras having a finite basis.
THEOREM 2.4, Let A = (4, F) be an algebra with basis a,, ..., a,.
Then W(A) is a semidirect product of A(A) by A(DF). More precisely,

W () is isomorphic to the group on the set A(DF)XG, (W) . with multipli-
cation )

fi 91 f1 1 Ji. fir
o,| T,| =|or,| + | 7| : where | * v =] : [.
.f)l gn fn gﬂ fn fnT

Proof. Let @eW(A). Then as we have seen, @ ¢ A (DF). Putting
by =a;0 fori =1, ..., n, we show b,, ..., b, is a basis for .

If ¢ € A, then because @ is surjective, there is a b ¢ A with b® = c.
Now a4,...,a, generates 4 so for some h eD, F,b =a,...a,h Then

¢ =bD =(ay...a,h)P = a,D ... a,D(hd) = Db, ... D, (h®d)

showing by, ..., b, generates 4. To check inﬂependence, suppose b, ... b,f;
=Db,...b,f, for some f,,f, ¢ D, F. Because @ ¢ W (A), there exist g, g.
¢ D, F such that g;& =f; for j =1, 2. Then,

(@y ... 3,01)D = by ... b 1 = Dby ... b0, 2 = (81 ... 0,0,)D
whence
@y os By = Gy .o By fp
by the injectivitz of @. The independece of dl, covy @, NOW gives g, = g,

showing f; = ¢,? = ¢, P = f,. Therefore b,, ..., b, is a Dbasis for 9.
Consequently, there exist uniquely determined @,,...,d,¢ D, F
such that

a.,;d" == azl e ﬂ_nQ.i
for i =1,...,n, and by Proposition 2.2, we have
b,
: e G, (U).
P,
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We therefore have a mapping

roufs[2)

of W (%) into A (DF)XG,(A). Now every element a « A has an expression
a8 @ = ay ... a,f for a unique f ¢ D, F. Thus, if & « W(A).

a® = (a1... GNP = 0, D ... 0, (fB) = (ay... a,B,) ... (ay... a,8,)(f®)

from which the injectivity of J is clear. J is also surjective, for if

7
(a,[ ]) ¢ A(DF)x@, (%),
fa |

again using the unique expression of an eclement a ¢ 4 as a,...a,f, we
define 2 map &: 4 - A by

(2.4) (01... 0,f)P = (ay... a,f) ... (a1 ... @, 1) (fo).

Because
l: Ifl}
c ] e G, (A),
f n

Proposition 2.2 shows ay... a,fi, ..., @ ... a,f, is a basis for A from
which it follows that @ defined by (2.4) is Dbijective.

We now show (2.4) defines a weak automorphism of 9. Let g ¢ D,, F;
it will be shown that

(@y+ 2ng) @ =2,D ... 2, P(g0)

for all #,,...,2,<A. For given x,,..., s, there exist unique g,, ..., gn
e D, F such that 2, = a,...a,g, for 4 =1,..., m. Therefore,

Byooe B = Qg s an[(gl cee g:n)g]

with (g; ... g)g € D, F. By (2.4), writing ¢; = a; ... ¢, f; for i =1,..., n,
we have '

(@1 )P = (a1 8,[(01-+- 9)91) P
= (a3 .- Guf2) oo (@1 oo 0 f) ({92 -+ Gm) 910
= (@ .er Ouf1) ooe (@1 oo @S} (020 1.0 gm0} (g0)]
=6y v+ 0,(10)) +- (01 .. ¢, (9 @) (90)
=ux,P...2,P(go).
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'Because, by the above, & = ¢ have that @1V (). Finally
a’-::@ = (a’l e a’ney)cp = (al vee a'nfl) bee (a’l te a’nf‘n.) (6?0').

= (a’l A a’fnfl) e (a’l L anfn)e:‘} = al e anf'i

for-i =1,...,n so that &, =f; for 7+ =1,...,n. This establishes the
surjectivity of J. ’

At this point, the group structure of W(U) can be transferred to
A(DF)x@G, () in such a way that J is an isomorphism. Let W tempora-
rily denote the group obtained in this way. First of all, we see the identity

of Wis
er ]
Ipry| : |-
2

L

To compute the product

in W, we need only find the image in W under J of the product of the
pre-images in W(¥). Assume therefore, that

1] = 2]

As in the proof above, we have

(Gree ) B = (@y e @fy) .. (0 ... Bnfy) (fO)
and similarly for ¥. Now

(@1 ... B, )(PY) = (ay... a,[(f1 ... f,) (f)) ¥
= (Gy.-- @, 01) -+ (G1 ... G, 9,) ([(f1 fn)(fO')]‘r)
= (@10 O 1) oo (Q1 oo B @) [(f17 o f7) (for)]
=0y, @ [(g1 ... ) (F1T)] @yl 4,191 - -+ 90)(FuT)1(foT)

L)
(O¥)J = |or,| : .
Fnt 1| 9n

Finally, since the image under J of A () is the normal subgroup
{1pp} X @, (A) of W, we have that W (%) is a semidirect product of A4 (%)
by A(DF).

whence
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2.3. As an example, we shall apply Theorem 2.4 to the computation
of the wealk automorphism group of a finite dimensional vector space
V over a field K. Thus V = (V, F) where F consists of the binary ope-
ration, +, of addition, and unary operations {s,| @ ¢ K} of scalar multi-
plication, that is, zs, = ax for a « K and xe¢V. We sghall assume that
V is non-trivial, that is, that V is not a one-element set.

We shall compute first A(DF), the group of clone automorphisms.
of DF. It follows from the vector space laws that if ge D, F, then there
exist @,,...,a,eI{ such that

n
(2.5) By g = D 04,

=1

for all z,, ..., 2,¢V; moreover since Vis non-trivial a,. ..., a, are uniquely
determined by g¢. In particular, all the derived unary operations s, are
" distinct. Hence if oe A (DF), then because o permutes the unary derived
operations, ¢ induces a permutation ¢, of K by

ap, =b if and only if s,0 =s,.

Since o preserves compositions and (s,)s, = 8., we have

(2.6) (ad) @, = (ag,)(by,)
for all a,b ¢ K. Since ¢;0 = ¢; we also have
(2.7) 1p, =1

where 1 is the multiplicative identity of the field K. Since (s;)s, = 8, 0¢
= (0g,)(agp,) for all a; taking a so that s, = s,, we obtain

(2.8) 0p, =0.
Suppose ge D, F is such that +o = g. By (2.5) we may write
wlng‘= O o1 2
for some a,, @, XK. But then,
8, = 8,0 = ((So81)+)0 = (5081)9 = Sa,
so that a, = 1. Similarly, ¢, = 1 and we have 4-¢ = +. And now,

S(a+n) 0 = ((-S'aSb)—I-)O' = (8,08, 0)(+0) = (850850) 1+
whence
(2.9) (a+b)p, = ap,+by,

for all a,be K. By (2.6), (2.7), (2.8) and (2.9), ¢, is an automorphism
of the field K.
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Since the operations in F are fundamental for ¥V, and since ¢ is a clone
automorphism, we see that if the n-ary derived operation g is given by
(2.5), then go is given by

(2.10) Ty ... @y (go) = 2

k:

n
v a:,i @u,w.i .
=1

Conversely, if ¢ is an automorphism of K, then defining ¢, on the derived
operations of ¥ as in (2.10), we have ¢, is a clone automorphism of DF,
with ¢, = ¢ and ¢, = o. Moreover, the mapping

P a

g,

is easily seen to be an isomorphism of 4 (DF) onto the group of antomor-
phisms of the field K; we shall denote here the set of automorphisms of
K by Ag. '

Suppose now that ¥ hag finite dimension ». By (2.5) an n-ary matrix
of operations

.f/.1
gn

can be uniquely represented by the » by » matrix [a;] where

n
Byeoe By = 2%’931

f=1

for + =1,..., n. In fact, it is easily seen that the mapping

g1
: — [aw]
gﬂ
s an isomorphism of G,(V) onto GQL,(K). By Theorem 2.4 we conclude

that W(V) is isomorphic to the group on Ax XQL,(K) with multipli-
cation given by

(g, 4)(¥, B) = (¢, (4¥)B)

where AY is the matrix obtained from A by applying ¥ to each entry.

In particular we see that W(V)/A (V) is isomorphic to the group of auto-
morphisms of the field .(1)

(*) The author has learned that J. Dudek, in a forthcoming paper has indepen-

dently shown that the quotient of W (V) by A (V) is isomorphic to the automorphism
group of the field K.
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SEorioN 3

Representation of groups
as weak automorphism groups of algebras

3.1. The example of Section 2.3 above shows that every finite cyclic
group is isomorphic to W(N)/A(W) for some finitary algebra A for, as
is well known, every finite cyclic group is isomorphic to the automor-
phism group of some field. We now take up the general problem of when
a given group is isomorphic to W(U)/A(A) for some U, and when it is
isomorphic to W(A) for some 9.

Lemma 3.1. Let M = (M, {'}) be a monoid with identity element 1.
Let L(M) denote the set of left translations of M, that is, L(M) = {I,| s M)}
where 1, is the mapping of M into M given by al, = s-». If U = (M, L(M)),
then A(DL(M)) is isomorphic to A(M).

Proof. Let ' = L(M). Because M hag an identity, I is in one-to-one
correspondence with M by s « I,. Moreover, because I}, = I, and 1, = €},
we have F =D, F. Consequently, if sed(DF), ¢ determines a permu-
tation =, of M by

sw, =1 if and only if ‘ lio =1,.

Again using the identities I}, =1, and I, = e, we find that (s't)m,
= (8)m,(t)w, and 1z, =1 and therefore m,eA(M).
We hswe now a mapping K: ¢ — n, of A(DF) into A (M) such that

Lo = lg; .

In fact it is clear that K is a group homomorphism of A(DZF) into 4(M),
and is injective because F is fundamental. We now show that K is surjec-
tive.

Since ¥ = D, I is fundamental, every n-ary derived operation of
A is of the form (e¥)l,, that is, if g ¢ D, F, then there exists on s ¢ M and
an integer 4 such that
(3.1) Byoer B = 8°Wy .
for all »,,...,2,¢ M. Thus, given meA (M), define a mapping ¢, on
DF by

‘ By-ee mu(gan) = (87) %;
where g is given by (3.1). Clearly then o,eA(DF) and
(0.) K = o = 7.

Therefore, K is an isomorphism of 4 (DF) onto A(M) completing the
proof.

2 — Dissertationes Mathematicae LXXI
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LEMMA 3.2. Let M = (M, {:}) be a monoid with identity 1. Let N be
the set of all elements of M having a two-sided inverse relative to 1. If A
= (M, L(M)), then A() is isomorphic to N = (N, {-}). Moreover, W (%)
is isomorphic to the group on A(M) XN with multiplication

(o,8)(7,1) = (cn', (s) 7).

Proof. Since M has a unit 1, % has the one element basis {1}. By
Theorem 2.3, the automorphisms of U are representable by the non-sin-
gular unary matrices .of operations of . As in the proof of Lemma 3.1
above, D, L(M) = L(M). But [[]<G; (W) if and only if seN. Moreover,
it is clear that G, () is isomorphic to N under the map [I] —> s since

[Foed = [Lls] = (k][]
and ¢} = 1,.
We apply now Theorem 2.4 using s in place of [I ], together w1th Lemma
3.1 using m,eA4 (M) in place of oed(DL(M)) to obtain the last assertion
of the lemma.

THEOREM 3.3. For any group G there is a unary algebra W such thai
W(N) is isomorphic 1o @ and WA has no non-trivial automorphisms.

Proof. Looking at Lemma 3.2 above, having been given @, we only
need find a monoid M such that A (M) is isomorphic to G and such that
M has no invertible elements other than the identity.

. But G. Birkhoff [2] has shown that given & there is a distributive lattice
L =(L,{A, v}) with a 0 and a 1 such that A(L) is isomorphic to G.
Now the automorphism group of a lattice is the same as the automorphism
group of the semilattice obtained by discarding one of the fundamental
binary operations A, v ([8], p. 41); that is, if L' = (L, {A}), then A4 (L)
= A(L). Now the semilattice L' has an identity 1 and no other elements
of I’ have two-sided inverses relative to 1. For if aeL is invertible,
then there is an element be L such that a A b = 1. Then

a=aAl=ar(and)=(@Ara)rAb=aAb=1.

Thus, M = L’ is the required monoid, completing the proof of the
theorem.

3.2. Theorem 3.3 also shows that for each group @, there is an algebra
A such that W(U)/A (W) is isomorphic to G, but in a rather unpleasing
manner —since A () is trivial. The next result shows that A(A) can be
made to be isomorphic to any group H, without changing the quotient
W(A)/A (), by taking a slightly dlfferent algebra for .

TarorEM 3.4. Let G and H be any groups. Then there is an algebra B
such that W(B) is isomorphic to G X H by an isomorphism which maps the
subgroup A(B) onto {1} X H,
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Proof. Let G and H be given. Again employing Birkoff’s result [2]
let L = (L, {a, v}) be a distributive lattice with 0 and 1 such that 4 (L)
is isomorphic to @, and as in the proof of Theorem 3.3 above, let K
= (K, {v}) be a semilattice with 0 and 1 such that H is isomorphic to
A(K). '

Now if @ is the trivial group, then the algebra 8 = K shows the con-
clugion of the theorem to be true. Therefore, we may assume for the re-
mainder of the proof that G is non-trivial. Take

B = (LXK, {r,] aeL} U{v})

where the operations A, are the unary operations given by
(@y 1) Ag =(8 A ©,1)
and v is the binary operation defined by
(,t) v (¥,8) =(x v y,tvs).

First, the set of derived unary operations of B is simply {A,| aeL}.
Next, the binary derived operations of B are functions of one of the follow-
ing forms:

(@, )y, 8)f ={(@an@) v (bay),tvs
or

(2, 1)(y,8)g = (& A z,1)
or
(@, 8)(y,8)h = (b A y,58)
for some a, bel.
Now let @« W(B). Noting that the unary derived operations of B
are in one-to-one correspondence, a «> A,, with the elements of L, @
induces a permutation o, of L given by

acp, = b if and only if Aﬁ = Ay
so that
((ma t) ,\a)@ = (z,1)P Aaog

for all (#,?)eL XK.
Because A, 0 Ay = Agpy, We have

(3.2) (@ A b)og = aoy A bog
for all a,beL. Since (z,t)P = (&, 1)P) Ay, for all (z,t)eLX K, and
since @ is surjective,
(3.3) los =1.
Next,
(3.4) (@, )@ = ((1,8) AP = (1, 1) D Ay,
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Define mappings @,: K - L and @,: K - K by
(1,09 = (1P, 1P,).

By (3.4),
(3.5) (2, 1) D = (wap A 1Dy, 1D,)
for all (z,t)eL X K. In particular,

(0,8)D = (064 A 1Dy, 1Dy).
But since (0,t) A; = (0,1) for all & ¢ L,
(0,2)@ =(0,)D Ay, = (%o A 00p A 1Dy, 1Dy)

so that
20g A 00 A 1D, = 00, A 1D,

for all 2¢L and teK. o, is surjective, so choosing # so that zo, =0,
we have 0oy A 1D, = 0 for all ¢ ¢ K. Thus
(3.6) (0,0)P = (0,1D,).

Now @, is surjective because @ is, and (3.6) implies that &, is injective;
for if s®, = 1P, then (0,s)P = (0,%)P by (3.6), whence (0,s) = (0,1)
by the injectivity of @, showing s ={.

Therefore, by (3.5), for each t ¢ K, @ maps L X {{} bijectively onto
L x {i®,}. Hence, for each z¢ K, there is a yeL such that

(Yoo A 1Dy, 1D;) = (¥, 1) D = (@, 1D,).

Taking = 1, we find

(3.7) 10, =1

for all ¢t ¢ K. (3.5), (3.6) and (3.7) now show
(3.8) 0oy =0,

and

(3.9) (,0)D = (w0p, 1Dy)

for all (@, ?)e L X K. .
Let g be a derived binary operation such that v@ =g. We will
show ¢ = v. First we show ¢ must depend upon both variables. For if
(z,8)(y,8)g = (a A z,1)
for some aeL and all (x,1), (y,s)eL xS, then

((*’” V Y)ag, (T v 3)@2) = ((m, i) v (y’s))(D

=((mat)¢7(y’3)(p)g = (@ A 204, 1D,),
s0 that
(v y)os = a A 20,
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for all ®,yeL. Because G is non-trivial, L has an element x, # 0, 1.
Taking ¥y =1 and # = x, we have by (3.83), 1 = 1o, = a A %,0, 50 that
%0y = 1. This contradiction shows ¢ must be of the form

(@, 0)(y,8)g =((@ar @) v (bAy),tvs)
for some a, belL, that is,
(@, (s )9 = (@, 1) Ad) v (15 8) A4).
Because v @ = g we have
[z, 8) v (4, 8)]P = (@, 1) A v ((y,5)D A,)

form which we obtain

(v y)oo = (a A 265) v (b A yoa)
and
(t v 5')¢2 = t¢2 A\ 8@2.

Thus, P, is an automorphism of K. Now taking # = 0, we find by (3.8)
Yoo =b A Yo,
for all yeL whence b = 1. Similarly, taking ¥y =0, we find .a = 1.
Therefore
(v Y)oa = Bog V Yoo,
and this combined with (3.2) shows o, is an automorphism of L.

We established the existence of a mapping 7': W(B) > A(L) X A (K)
such that if @T = (04, D), then

(2, 1) D = (Bog, 1Dy).

This immediately implies T is injective. It is easily seen that T' is surjec-
tive also, for having been given (o, 7)e A(L) X A(K), define ¢: LXK
- LXK by

(z,1)D = (z0o, l7).
Then @ is bijective and

(3.10) VO =y
and for each ael,
(3.11) Ag® = Agye

Because by (3.10) and (3.11) 3 permutes the fundamental operations
of B, it follows that & is a weak automorphism of B. Clearly, o = o
and &, =7 so that @I = (o, 7).

If &, PeW(B), then

(2, 1) OF = (204, 1D,) ¥ = (#0460, 1P Vs)
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$0 that taking coordinatewise composition in A4 (L) XA (K),
(V)T = (2T)(¥T).

Trivially, (1z,x)T = (1, 1x), so that T is an isomorphism of W ()
onto A(L)x A(K), the direct product of the groups A(L) and A(K).

Now A (B) consists of all those @« W(B) such that @ fizes the fun-
damental operations of B. But

(@,8) Ag® = (2, 1) D A,
for all (z,t)e LXK and all aeL implies
a6y A 0g = (@ A T)0g = @ A X0y

for all a,z ¢ L. But then, ac, = a for all a ¢ L, that is, 0, = 1. Con-
versely, if o, = 1y for some @ W (B), then PeA(B). Therefore, A(B)
is isomorphic under 7' to {1} X A(XK). Since A (L) is isomorphic to &, and
since A (K) is isomorphic to H, the proof of the theorem is completed.

3.3. In all of the examples and constructions mentioned above, W (%)
was always found to be a direct or semidirect produet of A () and a sub-
group of W (). This is not true in general, however, ag will be shown by
an example in the following section.

SEcTrIioN 4

Saturated and pseudo -saturated algebras

4.1. Let G be a group acting on a set 8, that is, each <@ deter-
mincs a permutation s i— sz of § such that

(s2)y = s(zy)
and
81 =&

for all #,y<G and all s¢8 where - is the group multiplication in @ and
1 is the identity element of @. For any subset T of S, we define

NT) ={z G Te =T}
and

C(T) = {ze@| tx =1 for all teT}.
For any subset H of @, we define

M(H) = {se8| sh = s for all heH}.



4. Saturated and pseudo-saturated algebras 23

Finally, recall the definitions of the normalizer and centralizer of a subset
H of @ in @:
Ng(H) = {#e@| aHz™* = H}
and
Co(H) = {ze@| wha~t = h for all heH}.

LEMMA 4.1. For any subset T of S, C(T) and N (T) are subgroups of @,
and C(T) 18 a normal subgroup of N(T).

Proof. C(T) and N(T) are clearly subgroups of @. To see that C(T) <
JN(T), let xeC(T),yeN(T), and teT. Then .

tyzy™) = ((y)2)y™ = (ty)y =11 =1
so that yay—t e C(T).
LeMMA 4.2. N(T) is a subgroup of Ne(C(T)).
Proof. The normalizer of C(T) in- @ is the largest subgroup of G in
which C(ZT) is normal, so the lemma follows from Lemma 4.1.
LeMMA 4.3, CMO(T) = O(T) for every subset T of 8.

Proof. If z<(0(T), then for every reMC(T), rx =r g0 that
2eCMC(T). Therefore 0(T) =« CMC(T). On the other hand, 7 =« MC(T),
which implies CMC(T) = C(T).

We note that the relation R = X8 given by

(y8)e R if and only if sz =¢
establishes a Galois connection between @ and § inducing the operators
C and M, and Lemma 4.3 follows immediately from this fact.

LeMMA 4.4. Ng(C(T)) =« N(MC(T)) for every subset T of 8.
Proof. Let zeNg(C(T)); it must be shown that

[MC(T)]z = MO(T).
Let te MC(T). Now if y<0(T), then ayz~1eC(T) because © ¢ N¢(C(T)). But
then, t(xyx~') =14, or
(4.1) (to)y = iz.

Since (4.1) holds for all yeC(T), we conclude that txeMC(T), which
shows [MC(T)]xz =« MC(T).

Because -1 ¢ Ng(C(T)) also, the argument above shows [MC(T)]z~*
c MCO(T) or MC(T) = [MO(T)]z, completing the proof of the lemma.

THEOREM 4.5. For any subset T of 8, Na(C(T)) = N (MC(T)).

Proof. Lemma 4.2 and 4.4 show for any subset 7' of 8,

N(T) = Ng(C(T)) = N(MC(T)).
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By Lemma 4.2,
N(MO(T)) = Ne(CMC(T)).

Using Lemma 4.3, we conclude from the above that
Ne(C(T)) & N(MO(T)) = No(C(T)),
completing the proof.

4.2. We now apply the above results to algebras. Let A be a non-empty
set. O, will denote the set of all finitary operations on 4. The group,
P(4), of all permutations on 4 acts on O, as defined in Section 1.1,
namely, @<P(A) determines the bijection

f>fo
of O4, where, if f is say n-ary,
(4.2) 2y ... 3,(fO) = (2,07 ... 2,07Y)D

for all #,...,2, € A.
For an algebra ¥, the definitions of antomorphisms and weak automor-
phisms can be expressed in terms of the operators C and N as

(4.3) A(Y) = C(F) = C(DF)
and
(4.4) W () = N(DF).

We shall call an algebra % = (4, F) saturated if for every feO,—
—DF, A(%) + A((4,F v {f})). Equivalently, % is saturated if under
the action defined above, DI = MC(F).

TumorREM 4.6. If W = (A, F) is saturated then
W(A) = Npq(4 Q).

Proof. Using Theorem 4.5, identities (4.3) and (4.4), together with

the hypothesis that 9 is suturated, we have
W) = N(DF) = N(MC(F)) = Np4,(C(F)) = Npiy(4(W).

I ¥ = (4, F), we shall call the algebra MU = (4, MCOTF) the satu-
ration of A. Since DMC(F) = MC(F) = M(CMC(F)), MY is always
saturated, and hence by the above theorem and Lemma 4.3,

W(MW) = Npgy (4 (W).
We have, therefore,

CoROLLARY 4.7. If the subgroup H of P(A) is the automorphism group
of an algebra on A, then there is an algebra on A with automorphism group
H and with weak automorphism group N, Py (H).
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B. Jonsson [6] has characterized those subgroups H of P(4) for which
there is a finitary algebra % = (4, I) such that 4 (%) = H. In particular,
it follows from his results that if A is finite, then all subgroups of P(A)
are automorphism groups of finitary algebras on 4, a result which had
been previously obtained by Armbrust and Schmidt [1].

4.3. It is an easy matter now to provide an example of an algebra U for
‘which -W(%) is not a semidirect extension of 4(W). Let 4 = {1, 2, 3, 4}
and F = {f;, fo} where '

lfl. = 1, 2f1 = 1, 3f1 = 4’ avnd. 4f1 == 4:
and
1f2 - 2, 2f2 = 2, 3f2 = 3, &nd 4f2 = 3 .

Then letting A = (4, F), it is easy to check that A (W) = {1,, «} where
1, is the identity mapping on 4, and « = (14)(23). Letting B = MY,
we have A(B) = {14, a} and W(B) = Np 4 ({14, a}). Now f = (1243)
W (B), and since p = a, W(B) cannot be a. semidirect extension of
A(B) by a subgroup of W(B).

4.4 As might be expected, an algebra need not be saturated in order
that its group of weak automorphisms be the normalizer of its automor-
phism group. For example, let G = (@, {:}) be a group and consider the
algebra U = (G, F) where F = L(@) is the set of left translations of @.
As Birkhoff has shown, A (%) = R(G), the set of right translations
of G. By (4.4), W(W) = N(DF). Because F is fundamental for DF,
we have N(F) = N(DF). Since F c P(G), we have N(F) = Npg(¥)
= Npg(L(G). Now L(G) is a subgroup of P(G) satisfying

Or@ (L(G) = B(G)
and

Therefore, Npg (L(G)) = Np@(R(@). Thus, W(A) > Npe(d (9[)2, and
since the reverse inclusion always holds, we have W () = Npg(4 (U)).

Now G. H. Wenzel [10] has shown that the binary operations g,
given by

T1ZeYs = ((mz'mfl)d)'%

where ¢ is any mapping of @ into @ can be added to F' without changing
the automorphism group of A. All of these operations cannot be derived
from F because no essentially binary operation can be derived from unary
operations. Therefore, % is not saturated.

We shall call an algebra U = (4,F) pseudo-saturated if W (A}
= Npu (4 ().
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The proof used above to show U = (&, L(G)) is pseudo-saturated
can be slightly generalized:

PROPOSITION 4.8. Let A = (A, F) be a unary algebra with F a subgroup
of P(A). If Opyy(CpaT)) = F then U is pseudo-saturated.

Another simple criterion for pseudo-saturation, Whlch is also appli-
cable to the above example is the following.

PROPOSITION 4.9. Let U = (A, F) be an algebra such that D, T is a fun-
damental set of operations for W. If no new operations of arity n can be added
to F without changing A.(N), then W is pseudo-saturated.

Proof. Let @ = MC(F). By hypothesis, D,G = D, I'. If 7<W (M),
then (D, G)T = D,G, that is (D, )7 = D, I. Since D(D,F) = DT, we
conclude (DF)T = DT, that is, 7eW (). Therefore, W (MUA) = W(A).
Since W(A) =« W(MA) always, we find

W) = W(MA) = Npq (4 (MA)) = Np4 (4 Q0).

-Proposition 4.9 shows how to construct, in certain cases, pseudo-sat-
urated algebras without necessarily completely saturating the algebra.

CorOLLARY 4.10. If the algebra A = (A, I") has D, F as a fundamental
set of operations, and if @ = {geMC(F)| g is n-ary}, then the algebra B
= (4, @) is pseudo-saturated.

In particular, Corollary 4.10 applies whenever 2 has a finite set of
fundamental operations.

The following example shows the converse of Proposition 4.9 is false,
namely, an algebra % = (4, ') can have a fundamental set of operations
of arities n and be pseudo -saturated without satisfying D,F = {geMC(F)]|
g is m-ary}. We consider again the algebra W = (A, F) where A
= {1, 2, 3,4} and F = {f,,f.} given in section 4.3 above. We find that

= {geMCT| g is unary} consists of the sixteen operations given in
the table: .

L fillalfs |f4 lfslfe |f7 |fa |fn|fm‘fn'f12|f1a|f14[f15[f10

1{1fe1|e|4]|3]4|3j1]1]2]|2]3|3]4]4

2111243124323 |1|4|1(4]|2(3

34131121413 (1|2({3(2|4|1|4(1(3]|2

4 (4343|1212 |4(4]3[3|2[2]1]|1
Accmding to Corollary 4.10, B = (4, @) is pseudosaturated, so that
w(B) = ({1 (14)(2 )}) In fact we find W(B) = {fs, fio, f11, f12s f1ay

fias fis fra}
Let now Gy = {f, fa) f3» fas J55 fos f2) fas fs}. G is closed under com-

position and F < G, c @. Letting € = (4, 6G,), we have A(€) = A(B)
and, clearly, W(€) = W(8B). Thus € is pseudo-saturated but @, # G.
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SECTION 5

Weak automorphisms of unary algebras on groups

5.1. G. H. Wenzel [10] has deterniined and studied the automorphism
groups of unary algebras constructed on groups, that is, of algebras U
= (@, F) where G = (&, {-}) is a group and F < L(Q). In this section we
compute the weak automorphism groups of algebras of this type, and
determine when such an algebra is pseudo-saturated. ,

First we establish some notation. If F < @, F will denote the set of
elements of the submonoid of G generated by F, that is, the set of all
finite products of elements of I together with 1; and I, will denote the
set of elements of the subgroup of G generated by F, that is, the set of
all finite products of elements of F or inverses of elements of /. We will
slightly abuse the notation established earlier in the interest of brevity
by using A (F.) to denote the set of all automorphisms of the subgroup
(Fy, {*}) of G. We also introduce the notation Ax(F.) = {ccd (F)| Fo
= F}.

We begin with the lemma:

LemMmA 5.1, Let G = (@, {-}) be a group and F < G. Let = be an endomor-
phism of (F, {-}) and suppose @ is a mapping of G into G such that

(5.1) (b-2)D = (b)m-(2)D

for all beF and all z¢G. Then = has a unigue extension to an endomorphism
n of (Fu,{'}) and = satisfies
(B.2) (c2)D = (c)m+(2)D
for all ceF, and all zeG. Moreover, if @ is injective, & is injective, and if =
is surjective, so also is .

Proof. If = is extendable to F,, then it must be that for any word

bil Vs b;n
with b,,...,b,¢F and ¢ = 4+1 fori =1, ...,n, we have
(5.3) (b3 ... b)Y ;w = (bym)1 ... (b, m)"n.

Thus # must be defined by (5.3), and conversely, if (5.3) does define a map-
ping #, then because 1z = 1, % will be a homomorphism of (Fy, {‘})
into itself, Thus we need show that (5.3) does in fact define a mapping,
and that (5.2) is satisfied.

By (5.1), for all beF and all z¢G, we have

()@ = (b-b~2) D = bu-(b""2) D,
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so that
(b~2)P = (bm) !:(2)D.
Therefore, combining this with (5.1), we obtain
(5.4) (b1-2)D = (b m)1+(2) D
for all byel, all zeG and & = 1.
Applying (b.4) repeatedly yields
(5.5) (bt ... byn2)D = (byz) ... (b, ;) (2) D

for all b, ,..., b,eF, all ze@ and g = +1 for i =1,...,n.
Now if bj1 ... b = ¢l ... ¢y where by, ..., by, 01y ..oy Cpne ! and ¢, 6
= 41, then for any ze@,

byt ... b atne(2®) = (%1 ... bng) D
= (Cfl tee Of,f‘Z)(p = ("1"71:61 see c’);tﬂﬁm"(ij)i

whenece b,z ... b,%* = ¢,z ... ¢,,a’n. Therefore, (5.3) defines a mapping
n which is an endomorphism of (F,, {-}), and satisties (5.2).
If now @ is injective, and if b, ¢ Fy and bz = cm, then by (5.2)

(b2)D = br2® = cn-2d = (0z) D

whence bz = ¢z 50 that b = ¢. Therefore n, and =, are injective.
Finally, it is clear that if = is surjective then so is z. This completes
the proof of the lemma.

TuEOREM 5.2. Let G = (G, {-}) be a group and F < L(G). Let
F = {be@| l,eF}.
Decompose @ into a disjoint union of left cosets of Ty in G:

G= UF*w.‘,-

ve¥
If W= (@, F), then W) is isomorphic to the group on

A7(Ty) X F¥ XP(Y)
with multiplication

(1) T1y 01) (72, Tay 03) = (7‘107‘2: (11073) *(0,075), 0'100'2)-

Proof. Because ¢; = I, and l,0l, = l,,, the derived unary operations
of % are all those left translations I, for which beF.
Let ®<W (). Then @ induces a bijection =, of F such that

brp = ¢ if and only if (b2)D = ¢-(2®)
for all z¢@ (that is bm, = ¢ if and only if 1,® = 1,). Moreover, 1wy =1
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and a simple calculation shows (b-6)my = (bne) (64). Thus =, is an awto-
morphism of the monoid (F, {-}), and we have
(b2)D = (bmy) (20)

for all 2eG and all beF,
By Lemma 8.1, =y has a unique extension n, to an antomorphism

of (Fy, {'}), and
(f2)D = (fny) (2®P)
for all fel, and all zeG. We note that 7, eAF(F*). In particular, for
all yeY and all feF,,
(f@,) @ = (f15) (

It follows that .
(L)) P = Iy (,P)

for all yeY, and since @ i bijective we may express G as the disjoint
union

= J I«(, D).
veV

Therefore, @ determines a bijection o, of ¥ by
yo, = 6 if and only if F,(2,)P = F.;.
In other words,
yop =6 if and only if 2,0F, s,
and therefore @ also determines & mapping vs: ¥ — Fy by
yip =f if and only if 2,P = fu;.
In view if this, we may write
(5.6) (F@,)© = (fa) (¥70) oy

for all feF, and all yeX.
We now show that the mapping

4: © — (7?%7 Tpy Op)
is a bijection between W (A) and Ax(F4) ><F. xP(Y). Because of (5.6),
4 is injective. Given (x, 7, ¢) in A7(Fx) x Fy XP(Y), define @ on & by
(f2,) @ = (f)(yT) Zys-
Then it is easily verified that ®<W (%) and &4 = (=, 7, o). Hence 4 is
bijective.

Accordingly, we can transfer the group structure of W) to the
image of A in such a way that 4 is an isomorphism. If

P4 = (g, 71y 01)
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and
YA = (7, T2y 0a),
then using (5.6)

(f2,) (P 0P) = ((fm): (¥71) ¥ya)) ¥
= ((f"‘l) ’ ('}’71)) 7o' (Y01) Ta Dyay) ag.

= (fr:0my) (’}’[(710”2) ‘(0'10‘52)]) "Lyajo oy +
Therefore,
(71, T1y 01) (72 T2y 02) = (7,07, (7,0%3)*(01073), 0100,),
completing the proof.

The proofs of Lemma 5.1 and Theorein 5.2 use extensions of Wenzel’s
methods. Since A (U) will correspond to those of triples (=, v, ¢) for which
n is the identity it is no surprise that we obtain Wenzel’s result as a co-
rollary:

COROLLARY 5.3. A(Y) is isomorphic to the wreath product

(Fyy {-}) ~P(X).
We also have
COROLLARY 5.4. W(W)/A (W) is isomorphic to (Ax(Fy), {-}).
THEOREM 5.5. The algebra N = (G, F) where G = (@, {-}) 18 a group
and F = L(Q) is pseudo-saturated if and only if

Ap(Fy) = A(Ts).
Proof. Let F' = {I,eL(Q)| ceF,}, W = (@, F'); and let

(5.7) G =) Pya,
yel
be a fixed decomposition of & into disjoint left cosets of F in @. By the
proof of Theorem 5.2, A(A) = A(W).
Now if A7(F.) # A(F,), then there is a mwe A (F,)—A7(Fy) and by
the proof of theorem above, the mapping &: G — G defined relative
to (5.7) by

(f2)® =fr-a,

is & wealk automorphism of A’ but not of Y. Therefore, W (A) # W(A)
so that A cannot be pseudo-saturated.
Conversely, suppose Ax(F4) = A(F,). Then W(N') = W(A) by the
proof of Theorem 5.2. Thus we only need show A’ is pseudo-saturated.
Let F'’ be a set of unary operations on @ such that F' < F’ and A(W')
= A(UA”) where U’ = (G, F’). Because R(G)c A(N) = A(U"'), we
have F'' = L(G) (Wenzel). Let F'" = {be@| leF''},. Since F' < F”,
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we have F, as & subgroup of F’’. Suppose F, is a proper subgroup of F",
and let X = {6eY| P U Fyx, is non-empty}. Then
F' =) F.x;
deX

with |X|> 2, where |X| is the cardinality of X,

Pick any f,eF, different than 1 (if F,-is trivial, then %’ is clearly
pseudo-saturated) and pick any J,¢X. According to the proof of Theorem
5.2, there is an automorphism ¢ of A’ such that

(5.8) (fmao)ﬁﬂ '_—J“'fo'waQ for fel's
and
(5.9) (frs)p = fos  for felF, and § = 4,.

Since ¢ is also an automorphism of A’’ and maps F'’ into F'', by the
proof of Theorem 5.2, on the coset F'’, ¢ must be of the form

e =1"h

for all f”eF" and some f,eF''. But (5.9) implies f; = 1 which is incon-
sistent with (5.8) since f, ¢ 1. This contradiction implies |X| =1 so
that F' = F’’. By Proposition 4.9, %A’ is pseudo-saturated, as was to be
shown.

COROLLARY 5.6. If G is abelian, then U is pseudo-saturaied if and only
if F = TF,.

CoroLLARY 5.7. If F. is finite, then U is pseudo-saturated.

SECTION 6

Restricted weak automorphisms

6.1. Let A = (4, F) be an algebra. A bijective mapping h: 4 - 4
is called a restricted wealk automorphism of U if the mapping A: f — fh is
a bijection from F into I, where as before, if f is an n-ary operation on A4,

By e By (FF) = (@370 . g )R

for all z,,...,2,ed.

Clearly, the set of restricted weak automorphisms of 2 forms a group
under composition; the notation for this group will be (W|F)()
= ((W | F)(A), {o}). Every automorphism of U is a restricted weak auto-
morphism of U so that A () is a subgroup of (W|F)(N). Also, if he(W|.F)
(), then because % preserves compositions, k<W (W) so that (W|F)(Y)
is a subgroup of W(). By Corollary 1.4, A(%) is & normal subgroup of
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(W|IF)(Y). Indeed, if we define (4|F)(DF) = {ceA(DF)| Fo = F}
and put (A|F)(DF) = ((4|F)(DF), {o}), we can restate the results
of Sections 1.3 and 2.2 in the following form:

TuEoREM 6.1. The mapping h — %k is a homomorphism of (W|F)(%)
into (A|F)(DF) with kernel A (). '

COROLLARY 6.2. A(Y) is a normal subgroup of (W|F)(A).

COROLLARY 6.3. (W|F)(U)/A(N) is disomorphic to a subgroup of
(A|F){DF). . .

THEOREM 6.4. If the algebra A = (4, F) has a finite basis of n elements
then (W|F)(N) is a semidirect product of A(Y) by (A|F)(DF). That is,
(W|F)(U) is isomorphic to the group on (A|F)(DF)XG,(A) with multi-

plication
L)L
a1 LA =197 : : .
fn gn ﬁ‘br gn

6.2. Our main reason for introducing the notion of restricted weak
automorphism is to compare the concept of weak isomorphism as defined
in [4] with the conventional notion of isomorphism as defined in [3],
page 49 and [6], page 34. The comparison is stated as Theorem 6.5 below.

Let A =(4,F) and B = (B, F) be two algebras. Common. to the
usual way of defining an isomorphism between U and B is the establishing
of a bijective correspondence ¢ from F to G which preserves arities. This
is usnally accomplished by naming the operations of F and G with a co-
mmop. set of names and then requiring that an operation feI' correspond
to the operation g¢G of the same name. Having done this, an isomorphism
is then defined as a bijection ¢: A — B such that for every feF,

(6'1) ("1"'1""7011.70)‘]J =w199"'wn¢'(f9)

for all #, ..., ©,ed, where # is the arity of f.

However, it is easily observed that a mapping ¢ satisfying (6.1) u-
niquely determines the naming p. Thus we define a bijection ¢: A - B
to be a restricted weak isomorphism from A to B if the induced mapping,

0,° f > fo,, Where
Tyons T, (fgw) .= (Aml‘P—l e CU,,,(]O_'lf) )

is a bijection from 7' onto G. Although the notion of restricted weak
isomorphism is more “restrictive’ in particular situations than Goetz’s
notion, it is no less general, for Goetz’s definition results by replacing I
with DF and G with DG. In making a close comparison, we must work
only with the given fundamental operations of the algebras in question
as this is the case in usual isomorphism.
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Tor the given algebras U, B, let I, denote the set of restricted weak
isomorphisms ¢ from U to B such that g, = ¢ (that is, the set of usual
isomorphism from U to B with respect to the naming p). We have:

THEOREM 6.5. If I, is non-empty, then |I| = |A(A)|, and
{el I, #9}AU)| = (W] F) ()]

Proof. The first assertion is clear since if gyel,, then for any @el,,
qop~ted (W) and the mapping

@ —> Pt
is a bijection from I, onto A ().
The second assertion follows from this and the fact that the set I

of all restricted wealc isomorphisms from U to B is the disjoint union of
the sets I, #0 and |I| = |(W|F)(A)].

6.3. For groups of restricted weak automorphisms of finite algebras,
we can easily prove a stronger representation theorem then those of
Section 3. Namely:

THEOREM 6.6. Let G be a subgroup of P(A) where A is finite, and let
H be a normal subgroup of G. Then there is an algebra W = (4, I') such
that H = A(N) and G = (W|F)(N).

Proof. Armbrust and Schmidt [1] have proven the first assertion
in the conclusion of the theorem, and the proof of the second assertion
depends heavily on their construction. Namely, they have shown that
there is a single |A|-ary operation f on A such that A((A , {fh) = H.
Letus set A’ = (A, {f}). Because & is assumed to be a subgroup of Np 4 (H),
we find by the results of Section 4.2 that for any g <@, f7 is an operation
in the saturation MU' of A’. Thus taking F = {f§| geG} and setting
N = (4, F), we have A(N) = H because feF, and @ is a subgroup of
(W|F)(¥). Nowif pis a restricted weak automorphism of 9, then Fp = F

—

so in particular, fp = f7 for some g G. Then f = f(gp—1) so that gp—1eH <@,
whence ge@. Therefore, (W|F)(W) = @, completing the proof.

6.4. Finally, we note that the notion of restricted weak isomorphism
can be defined for relational systems as well. A relational system is a pair
R = (4, R) where A is, a non-empty set and R is & set of finitary relations
on A, that is each 7 e R is a subset of A", » = 4", for some positive integer n
called the arity of ». A resiricied weak isomorphism from the relational
system (4, R) to the relational system (B, S) is a bijective mapping
@p: A - B such that the mapping ¢: r —>7p given by

rp = {{z,y ..., Ty @)} (Byy ouey ) 7}

is a bijection from R onto &§.
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Every algebra (4, F) is a relational system if we represent an n-ary
operation feI' as the n-+1-ary relation

{(_$1, ...,.’Dn,()?l... a)nf)l wl, ...,wnEA}

and the definition of restricted wealk isomorphism applied to this rela-
tional system agrees with the former definition for algebras. We there-
fore use the same notation as above for automorphisms: for the relational
system R = (4, R), (W|R)(R) = ((W|R)(R), {o}) denotes the group of
restricted wealk isomorphisms of R onto R. As before 4 (R) denotes the
set of automorphisms of R that is, the set of those restricted weak auto-
morphisms ¢ that g = 1p. We put A(R) = (4(R), {o}).

Here again A(R) is a normal subgroup of (W|R)(R) but, in general,
one can only say that the factor group is isomorphic to a subgroup of
the arity-preserving bijections of R. We also note that Theorem 6.5 above
is true for relational systems.

However, in this context we can prove easily a representation theorem
for the pair A(R), (W|R)(R).

THEOREM 6.7. Let G = (@, {:}) be a group with normal subgroup H
= (H, {-}). Then there is a relational system R = (X, R) such that (W|R)(R)
s isomorphic to G under an isomorphism mapping A(R) onto H.

Proof. Birkhoff has shown in [2] that given G, there is a partial
ordering P of X =@ U@ such that G is isomorphic to A ((X, P)) under
the isomorphism f: G — A((X,P)) given by g8 = «, where

Ji8g = Gg1°g
and .

(915 92) ¢y = (919, 92)-
Let G = L% H; be a decomposition of & into disjoint cosets of H. Each
te
coset H; can be considered as a unary relation on X. We take B = {P} U
U {H;| iel} and R = (X, R). _

Now if p<(W|R)(R), Pp = P because P is the only binary relation
in R, so that ¢ = a, for some ge@. Conversely, if ge@, then Pz, =P,
and H;a, = H,;-ge<R for each icl. Finally, given H,, there is an H, such
that H;a, = H;; we conclude a,¢(W|R)(R). Therefore, the mapping
given above is an isomorphism of G onto (W|R)(R).

a ¢4 (R) if and only if H;a, = H; for all ieI; in particular, Ha, = H
or H-g = H whence geH. Conversely, if geH, then H,-g = H, for all
tel by the normality of H in G. Therefore 4 (R) = {a,| heH}, proving
the theorem.
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